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Preface 


“J know your Schrocdinger equation, and I have even used it, but 
don’t tell me I can understand it.” This challenge, flung by a late and 
most illustrious chemist, has spurred the attempt to produce a digestible 
explanation. Everybody knows that matter consists of nuclei and elec- 
trons, but only people who have been put through the grind of theoretical 
physics scem to have a feel for how these things hang together and func- 
tion just as they do. Why are atoms just so big? What is the affinity 
that makes them stick together in just certain groups? What makes a 
molecule act as it does? Our chemist friend could calculate the answers 
to many such questions, but seemed to have trouble in fitting the mathe- 
matical apparatus of atomic physics with the ordinary facts of macro- 
scopic Nature. 

The principles of quantum physics were discovered some thirty years 
ago, through a struggle that led to new attitudes and new mathematical 
tools. We feel that quantum physics is no more abstract than New- 
tonian mechanics, but it took a long time before Newtonian mechanics 
appeared as plausible as it does today. This book attempts to make 
quantum physics a little more plausible to a few more people. 
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A puzzle is no longer a puzzle when it ts all fitted together and PIC: 
sents an obvious unity. The pieces of the puzzle of atoms did not fit 
together according to the schemes Icarned in previous experiences. 
Somehow a fitting was laboriously achieved and only then did the 
novelty of the game come to the fore. With hindsight, one can try to 
show from the beginning the novel properties of the pieces and then 
solve the puzzle systematically. The thrill of discovery is perhaps lost, 
but the game might be mastered efficiently. We have tried to tell the 
story of atoms in this “economical” way, but the road still seems rough 
and wearing. We hope that some better efficiency expert will take a 
crack at it. 

This book is directed primarily to research workers in the natural 
sciences and presupposes, therefore, only a general knowledge of physics 
and mathematics. We have tried to develop ideas and establish laws 
through inductive analysis of experiments and only then to formulate 
the mathematical symbols, equations, and calculations that represent 
them. Since mathematics is a shorthand language, the preliminary 
reasoning in English is a costly proposition. As starting points of the 
inductive analysis we have chosen a few experiments that appear to 
illustrate most directly the characteristic properties of atomic systems. 
Some of these experiments are not accurate or easy to perform and 
therefore did not play a significant role in the historical development of 
quantum physics. That is, the experiments have been chosen for their 
pedagogical value; the conclusive evidence for quantum theory comes 
from its agreement with all the results of a vast array of accurate experi- 
ments. 

This book intends to give a qualitative picture of the properties of 
atoms rather than to teach how to calculate the solutions of quantum 
mechanical problems. It might serve as a basis for an introductory 
course on the structure of matter in a graduate school, for example, of 
engineering or chemistry. We also feel that the introductory course on 
atomic physics for physics students at the junior level can profitably 
follow the line of this book, but in this case many details should be 
added. Chapters 5 to 16 and Appendix VIII have been covered in a 
3-credit senior level course of quantum mechanics. 

The fundamental concepts of quantum physics are presented in Chap- 
ters 6 to 9, and are subsequently elaborated through application to some 
basic problems of atomic mechanics. Effective application to a wide 
variety of problems should utilize the mathematical methods of matrix 
and operator algebra; these methods can be introduced, after Chapter 9, 
following the lines indicated in Appendix VIII. The material in this 
Appendix should also help the student who wants to continue the study 
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of quantum mechanics utilizing any of the numerous available textbooks. 
Among these the following may be noted: 

L. I. Schiff, Quantum Mechanics, McGraw-Hill Book Co., New York, 
1949, a compact and comprehensive treatise; 

D. Bohm, Quantum Theory, Prentice-Hall, Inglewood Cliffs, N. J., 
1951, with extensive discussion of principles and techniques; 

V. Rojansky, Introductory Quantum Mechanics, Prentice-Hall, Engle- 
wood Cliffs, N. J., 1946, with a detailed study of numerous well chosen 
elementary examples and problems; 

I. A. Kramers, Quantum Mechanics, Interscience, New Y. ork, 1957; 

Ie. Persico, Quantum Mechanics, Prentice-Hall, Englewood Clitis, N. J.; 

I, Mandl, Quantum Mechanics, Academic Press, New York, 1954. 

The following books have been designed especially for application to 
chemistry: 

L. Pauling and I. B. Wilson, Introduction to Quantum Mechanics, 
McGraw-Hill Book Co., New York, 1935; 

H. Eyring, J. Walter, and G. Iu. Kimball, Quantum Chemistry, John 
Wiley, New York, 1944. 

W. Kauzmann, Quantum Chemistry, Academic Press, New York, 1957. 


A qualitative but extensive interpretation of properties of matter on 
the basis of atomic physics is given by 


I. O. Rice and E. Teller, The Structure of Matter, John Wiley, New 
York, 1949. 


This book has been written during the tenure by one of us of a Rocke- 
feller Public Service Award at the University of Rome, Italy. Extensive 
preliminary work had been done in previous years. Many ideas date to 
our earlicr association with the gereticists of the Carnegie Institution 
of Washington. The activity at the National Bureau of Standards has 
provided a continuous stimulus and an invaluable opportunity to de- 
velop ideas in the context of practical problems. Various lines of ap- 
proach to quantum physics were tried out in courses at the National 
Bureau of Standards, at the George Washington and Georgetown Uni- 
versities, and at the University of California (Berkeley), and were de- 
veloped during extended visits at the University of Colorado Medical 
School and at the Institute of Theoretical Physics of the University of 
Copenhagen. We wish to thank all these Institutions and the numerous 
friends who contributed generously time and suggestions. 

U. Fano 


December, 1958 L. Fano 
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: Basic 
PART I : facts 

3 and 

concepts 


Initial evidence 
regarding atoms 


The idca that matter is an aggregate of very small but stable units, 
called “atoms,’”’ remained a speculation until the fundamental laws of 
chemistry were discovered in the carly 1800’s. Chemical experimenta- 
tion is macroscopic rather than atomistic in that it deals with amounts of 
matter whose structure appears continuous and homogeneous despite 
its particulate nature. The particulate nature of matter is not directly 
manifest as long as one observes effects due to the collective action of 
very large numbers of particles. Nevertheless, one can draw from chemi- 
cal experimentation definite inferences concerning the existence, the 
classification, and many propertics of atoms. Additional inferences 
about atoms have been drawn from macroscopic experimentation on the 
transport of electricity by matter. Different kinds of atoms were shown 
to contain a single kind of carrier of negative electricity with small mass, 
—the electrons, whereas positive electricity is associated with a heavy 
constituent characteristic for each kind of atoms. This chapter reviews 
briefly the main lines of evidence provided by macroscopic experimenta- 
tion. 
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4 INITIAL EVIDENCE REGARDING ATOMS 


1.1 Evidence from Quantitative Chemical Analysis 


Chemistry begins with the identification of “chemical substances” 
whose quantitative properties have fixed values under any given set of 
external conditions. For example, the density and the specific heat of 
distilled water are always the same at given temperature and pressure. 
Most chemical substances can be broken down into other substances, 
but this process of breakdown (chemical analysis) reaches an ultimate 
limit. Substances that cannot be further analyzed are called “chemical 
elements.” 

Different chemical elements combine to form innumerable “compound” 
substances according to definite rules. The first rule is called the law of 
constant proportions: “When chemical elements are brought together 
under favorable conditions to form a specific compound, the proportion 
in weight of the combining elements is always the same.” When any 
compound is broken down into elements, the proportion in weight of the 
resulting elements is also the same. Vor instance, when hydrogen and 
oxygen combine to form water, | g of hydrogen combines with 8 g of 
oxygen; when water is decomposed, eight-ninths of its weight is oxygen, 
one-ninth hydrogen. 

Experimenting with two elements, bringing them together under 
different conditions to form more than one compound, shows that their 
combinations obey the law of muliiple proportions: “When two elements 
combine together in different ways to form more than one compound, 
the weights of one clement which combine with a definite weight of the 
other always bear a simple ratio to one another,”’ for example, 1 g of hy- 
drogen combines with 8 g of oxygen to form water and with 16 = 2 K 8g 
of oxygen to form hydrogen peroxide. A striking example is offered by 
the series of compounds of nitrogen and oxygen: 14 g of nitrogen can 
combine alternatively with amounts of oxygen weighing respectively 
1X82 8,3X8 4x8, or5X8 g. The fact that the amounts of 
oxygen which combine with the same amounts of nitrogen bear such 
simple ratios to one another is substantial evidence that oxygen consists of 
discrete particles or building blocks 1, 2, 3, 4, or 5 of which can combine 
with the same quantity of nitrogen. 

Because the examination of any amount of a chemical substance docs 
not reveal in it the existence of discrete particles of its component ele- 
ments, one concludes that such particles are small enough to escape 
direct observation. The experimental chemical evidence is then brought 
into order by assuming that each element consists of identical sub- 
microscopical particles, called “atoms” from the Greek word for “in- 
divisible.” 
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The formation of & compound from two or more elements in fixed 
weight proportions 1s attributed to the formation of a large number of 
submicroscopical identical aggregates of atoms of the different elements. 
Each aggregate consists of a set of atoms in simple numerical proportions. 
Each aggregate is the smallest unit of the compound substance and is 
called a “molecule.” A chemical reaction affecting a ponderable amount 
of matter results from the occurrence of identical transformations at the 
molecular level in which all atoms are regrouped into new identical sets. 

Further evidence on the molecular structure of chemical substances 
derives from measuring the volume of gaseous substances which take 
part in chemical reactions. When two gaseous elements are brought to- 
gether to form a compound, not only the weights of the substances enter- 
ing into the reaction are governed by simple laws but also their volumes. 
Gay-Lussac formulated the law: “In every gas formed or decomposed, 
the volumes of the component and of the compound gases bear simple 
ratios to one another.” * Thus, for instance, a volume V of oxygen com- 
pines with a double volume 2V of hydrogen to form a volume 2V of 
water vapor. The reduction in total volume from 3V to 2V resulting 
from the chemical combination corresponds to the aggregation of hy- 
drogen and oxygen atoms into compound molecules of water. 

The fact that the volumes of gases taking part in the reaction are in 
simple ratios indicates that the volume of a gas is related to the number 
of particles contained in it. This consideration led to Avogadro’s law: 
‘Equal volumes of different gases under the same conditions of tempcra- 
ture and pressure contain the same number of molecules.” 

The application of Avogadro’s law to the formation of water vapor 
from hydrogen and oxygen shows that 2 molecules of hydrogen and 1 of 
oxygen are required per every 2 molecules of water which are formed. 
Since the amounts of hydrogen and oxygen involved are in a weight ratio 
of approximately | to 8, it follows that the molecules of hydrogen, oxygen, 
and water are in a weight ratio of 1:16:9, This and other methods serve 
to determine the relative weights of most kinds of molecules. Finally, 
since only 1 molecule of oxygen is required for the formation of every 
2 molecules of water, cach of which contains oxygen, it follows that an 
oxygen molecule must contain at least 2 oxygen atoms. Thus, the 
detailed study of weight and volume relationships of different gaseous 
atoms forming different compounds indicates the number of atoms enter- 
ing into cach molecule. Analogous studies for liquid and solid sub- 
stances yield the usual chemical formulas. 


1 The law of Gay-Lussac and the subsequent law of Avogadro pertain to “perfect” 
gases; real gases behave approximately like perfect gases when they are sufficiently 
rarefied. 
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A table of relative weights of all kinds of known atoms and mole- 
cules can thus be prepared. The weight of the lightest kind of atom, 
namely hydrogen, was originally taken as the unit weight since the ab- 
solute weight of no atom or molecule was known. At a later time, it 
appeared that the weight of an oxygen atom was more useful as a stand- 
ard of reference and this weight was taken to be exactly 16; the cor- 
responding weight of a hydrogen atom is then 1.008. The relative 
weights of atoms and molecules determined in this way are called, re- 
spectively, “atomic” and “molecular” weights. 

To determine the absolute weight of atoms one should know the actual 
number of atoms contained in a given amount of matter. However, this 
knowledge is not required for the study of most macroscopic phenomena, 
it being sufficient to know that one “mole” of any substance, namely, an 
amount weighing a number of grams equal to the molecular weight, 
contains a standard number N of molecules. Similarly, an amount of 
any clement weighing a number of grams equal to its atomic weight 
contains N atoms. This number JN is called ‘““Avogadro’s number” and 
may remain unspecified for many purposes. Avogadro’s law is com- 
pleted by the knowledge that one mole of any gas at 0°C and atmos- 
pheric pressure (760 mm mercury) has a volume of 2.242 X 10* em’. 

The value of N may be determined by experimentation with certain 
macroscopic phenomena which depend on the size of the molecules. 
These methods are indirect and could not be utilized until a molecular 
theory of the phenomena had been developed. The first determination 
of N, due to Loschmidt, relied on the connection between the heat con- 
duction, or the viscosity, of a gas and the rate at which molecules inter- 
mix. ‘This rate depends in turn on the distance which a gas molecule 
travels before colliding with another molecule, and thereby depends on 
the size of individual molecules. The size of atoms turns out to be of the 
order of a few Angstrom (1 A = 1078 em). The value of N is known 
today with an accuracy of better than 1 part in 10,000 and is 6.025 X 
108, A determination of N by direct observation of an atomic effect 
will be described in the next chapter. 

The volume of a given mass of liquid or solid material depends but 
little on external variables, such as pressure or temperature. This 
volume, divided by the number of atoms or molecules in the given mass, 
may then be regarded loosely as the volume occupied by a single atom 
or molecule. Tor example, 18 g of water constitute 1 mole and have a 
volume of 18 cm*; to cach water molecule corresponds then a volume of 
18/6,025 X 1078 em® = 3 X 10778 em? = 30 A3. One mole of iron 
weighs 56 g and occupies 7.2 cm®, which yields a volume of 12 A® per 
atom. 
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1.2 Evidence from Electrolysis 


Electricity ean flow through aqueous solutions of acids, salts, or bases, 
interposed between two pieces of metal (electrodes) at different potential. 
Chemical substances, ror xan perogen and oxygen, separate out 
of the solution at the surface of the electrodes. This pher ’ alle 
clectrolysis, involves a transport of matter nevocinteg it the orca port 
of electricity. 

Faraday observed that the weights of substances separated and the 
quantity of electricity transported during their separation obey the 
following law: “The quantity of electricity is proportional to the weight 
of substance and independent of other factors; it is equal to a constant 
(Faraday’s constant) F’ = 9.652 X 10* coulombs,’ or to a small multiple 
of it, per every mole of material separated.” This result indicates that 
cach atom can carry only a fixed quantity of electricity, 


ve 


e=a= 1.602 X 107!® coulombs = 4.803 X 107° esu, (1) 


or a small multiple thereof. This quantity of electricity can be of cither 
sign. 

Faraday’s law may be formulated in terms of the ratio of the quantity 
of electricity Q transported through the solution to the weight of a 
chemical element separated at one clectrode. Since the weight in grams 
of a mole of atoms equals the atomie weight A of the clement, Faraday’s 


law reads 


Q PF e coulomb 
—=n—-=n (2) 
M A m gram 


where n is a small integer and m is the absolute weight of each atom. 
The ratio Q/M is called the specific charge carried by cach atom. 

Often there are separated at the electrodes not just atoms of one cle- 
ment but molecular groups of atoms, for example, sulfate groups. 
Faraday’s law also holds in this case; only the atomic weight A must be 
replaced with the molecular weight of the group. 

The number n in Eq. 2 equals the chemical valence of the atom or 
group of atoms in general; for example, it is 1 for hydrogen, 2 for sulfate, 
3 for aluminum. 

The atoms, or groups of atoms, that carry electricity to the electrodes 
are called “ions.” An ion is represented by its chemical symbol with a 


2'The coulomb is the unit of quantity of clectricity in the MKQS system, the 
esu in the CGS system; their ratio is 1 coulomb = 2.9979 X 10° esu. 
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superscript consisting of a number of + or — signs equal to the number 
of units ¢ of electricity which it carries. For example, the hydrogen ion 
is indicated by H*, the oxygen ion by O7~, the sulfate ion by SO.7 >, 


1.3 Transport of Electricity Through Gases 


Gases have a very low electrical conductivity under ordinary condi- 
tions but, when a sufficiently high potential difference is applicd between 
two clectrodes separated by a gas or vapor at sufficiently low pressure, 
a luminous discharge takes place and electricity flows readily through the 
gas. Since these phenomena occur even in gases of high purity, it 
appears that electricity is carried by gas molecules turned into ions. 

The low conductivity of ordinary gases indicates that a minimal frac- 
tion of all molecules carries any charge under ordinary conditions. When 
a low potential difference is applied between two electrodes in a gas, each 
of the few ions that are present migrates slowly to the electrode with 
opposite charge, its motion being hindered by innumerable collisions 
with gas molecules. When the potential difference is high, cach ion is 
accelerated sharply. Moreover, when the gas pressure is low, the frec 
acceleration between each two successive collisions lasts longer and the 
ions attain a high speed. The collisions are then violent and cause addi- 
tional ionization, that is, separation of charges, in rough analogy to the 
separation of electric charges by the mechanical action of rubbing. Thus 
an intense flow of electricity results, under favorable conditions, through 
the snowballing production of new ions. 

The carriers of electricity may be studied by piercing holes in the 
electrodes, Ions arriving at the electrodes are then carricd by their 
inertia through the holes into a region where the gas pressure may be 
lowered and the ions may be subjected conveniently to analysis. A 
single hole, long and narrow, accepts only ions directed in a beam along 
its axis and makes it possible to evacuate the space beyond the electrode 
so that the beam travels on freely, undisturbed by collisions with gas 
molecules. 

Experimentation with an arrangement of this kind, shown schemati- 
cally in Fig. 1.1, reveals that electricity of different signs is transported 
in a gas discharge by quite different kinds of carrier. 


Canal rays. Mass spectroscopy. Isotopes. In the conditions 
of Tig. 1.1, a luminous beam is observed to emerge from the canal in the 
negative electrode (cathode) but not from the positive one (anode). 
This beam is called “canal rays.” It produces a glowing spot when it 
strikes a glass wall, provided the potential applied to the electrodes is 
sufficiently high. 
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The nature of canal rays is studied by subjecting them to electric and 
magnetic actions, passing the beam between the plates of a condenser or 
between the poles of & magnet. As indicated in Fig. 1.1, the beam is 
deflected toward a negatively charged condenser plate. This result con- 
firms that the canal rays consist of positive charge carriers, presumably 
ions of the gas in the discharge tube, in agreement with the fact that they 
have been drawn through the negative electrode of the tube. The beam 
is also deflected when passing through the poles of a magnet, in the same 
direction as a wire carrying a current parallel to the beam. 


To pump - To pump 


Deflected 
Undeflected glow 
glow Undeflected 
Deflected glow 
glow 


Luminous tracks Discharge area 


of canal rays 


Fig. 1.1 Schematic setup for canal and cathode rays. Canal rays are deflected 
toward the negative plate of a condenser, cathode rays toward the positive plate. 


Any deflection of the beam is opposed by the inertia of its constituent 
particles. Other conditions being equal, the deflection is inversely pro- 
portional to the mass of the charge-carrying particles and, of course, 
directly proportional to the electric charge of each particle. Therefore, 
a measurement of the deflections, together with a knowledge of the elec- 
tric and magnetic fields in the space traversed by the beam, serves to 
determine the charge-to-mass ratio, or specific charge, of the particles 
in the beam. For particles of known velocity, measurement of the de- 
flection in a single field, electric or magnetic, would suffice to determine 
the specific charge. Concurrent measurement of both deflections gives 
the result irrespective of particle velocity. A formula relating the specific 
charge to the deflections and to the fields is derived in Appendix I. 

Each particle in a beam of canal rays is deflected by electric or mag- 
netic fields according to its own specific charge. A beam containing a 
mixture of particles with different specific charges can thus be resolved 
into homogeneous components, whereas specific charge measurements 
of ions by electrolysis, according to (2), yield only an average value, 
namely, the ratio of total charge to total mass. Therefore, the determi- 
nation of the specific charge of particles by electric and magnetic de- 
flection constitutes an important analytic tool. It is called “mass 


JQ INITIAL EVIDENCE REGARDING ATOMS 


spectroscopy” because the charge of cach particle may often be regarded 
as known, so that a measurement of specific charge amounts to an analy- 
sis and measurement of the mass of particles. 

The canal rays arising from a discharge in a gas consist of the various 
kinds of positive ions, atomic and molecular, that are generated in 
accordance with the chemical composition of the gas. For example, 
from a pure monoatomic gas, such as neon, one would expect only the 
ions Net, Net*, Nett+, ‘++; since the atomic weight of neon, as 
determined by ordinary methods, is 20.2, the specific charge of these 
ions should be, according to (2), 9.652 & 10*/20.2, 2 x 9.652 X 10*/20.2 

- coulombs/gram, respectively. Experimental analysis of the canal 
rays from neon by mags spectroscopy fulfills this expectation only ap- 
proximately. It reveals in fact a greater number of components than 
indicated above; namely, each of the beams expected with specific charge 
n(9.652 X 10*/20.2) coulombs/ gram is actually resolved into three com- 
ponents with somewhat different specific charges. Most kinds of positive 
ions, which are expected from chemical and electrochemical evidence to 
have a unique specific charge, turn out to be mixtures of components 
with different specific charges. 

The different specific charges might reflect. differences in charge, in 
mass, or in both of them. Differences in mass are more readily expected, 
since the masses of different atoms or ions bear no simple ratio to one 
another, but the charges of ions are otherwise known to be multiples of 
the elementary charge e. Assuming all charges to be multiples of e¢, 
neon atoms turn out to have atomic weight very close to one of the 
integers 20, 21, and 22. That is, the specific charges of all ions of neon 
are represented by the three formulas 


9.652 X 10* 9.652% 10 «99.52 x 108 
Bg, pa ee le oe 


coulombs/gram. (3) 


The mass analysis of ions from most chemical elements gives similar 
results, 

It is concluded that the atomic weights determined by mass spectro- 
scopy are the correct ones, whereas the values determined by ordinary 
chemical methods are generally averages taken over mixtures of atoms 
which have different masses but identical chemical properties. Atoms 
of the same chemical element with different masses are called “isotopes,”’ 


* Mass spectroscopy techniques are very accurate. The main limitation to their 
absolute accuracy stems from uncertainty in magnetic field determination (nearly 
one part in 10,000). Relative measurements are accurate to the order of one part 
in 1,000,000, 
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from Greek words meaning “in the same place,” because they belong in 
the same place in Mendeleev’s periodic chart of chemical elements. 
The isotopes of each chemical element found in nature range in number 
e weights are represented to within 


from one to ten, and their atomi 
ace? . s 
numbers,” each of which differs 


ten percent by integers, called “mass 
from the next one by one or tivo.! 

Cathode rays. Electrons. As mentioned before, no luminous beam 
is observed to emerge from a canal in the positive electrode of a gas dis- 
charge tube, as would be expected if the discharge involved equally 
positive and negative ions. Nevertheless, the transport of electricity 
through the gas requires that some carriers of negative charge reach the 
Positive electrode (anode). These carriers become manifest beyond the 
anode only when the gas pressure is very low, of the order of 107° atmos- 
pheres; a glow is then observed on a glass wall behind the anode. A small 
screen interposed between the anode and the wall casts a shadow on the 
glow, thus showing that the glow is due to a radiation which originates 
from the gas discharge and is stopped by the sereen. The radiation im- 
parts a momentum to the screen, 25 demonstrated by an experiment 
where the serecn is an element of a light paddle wheel. 

The radiation persists and is studied more conveniently when the gas 
pressure is reduced in the tube. The phenomenon changes character 
when the pressure decreascs below 107° atmospheres. Provided the 
negative electrode (cathode) is heated or has a pointed shape, a glow 


persists behond the anode and electricity flows between the electrodes, 
although the gas discharge no longer manifests itself. The electricity 
ch originates from the cathode, 


appears to be carried by a radiation whi 

is attracted toward the anode, and is carried on by inertia if it fails to be 

stopped by the anode itself. This radiation is called “cathode rays.’ 
Analysis of cathode rays by mass spectroscopy confirms that they con- 

sist of carriers of negative electricity and shows their specific charge to 

be orders of magnitude higher than that of ions and always equal to 


1.7589 < 10% coulombs/gram. (4) 


The simplest interpretation of this result, confirmed by all subsequent 
evidence, is that each cathode ray particle carries one unit ¢ of negative 
charge of the magnitude given by (1). ‘The mass of these particles is 
then obtained from their specific charge and is 


m = 9.108 X 107° grams. (5) 


ement contain different numbers of neutrons, 


4It is now known that isotopes of an cl 
Tho residual departures of atomic weights 


particles of atomic weight close to one. 
from multiples of a basic unit have also been accounted for. 


| 
: 
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To this value corresponds a very low atomic weight (mass in grams of 
one mole of particles), namely, 1/1822. Accordingly, cathode ray parti- 
cles cannot be identified with ions of any chemical substance. On the 
contrary, cathode rays with identical properties are obtained from what- 
ever materials have been utilized in their preparation. The cathode ray 
particles are called “electrons.” 


1.4 Conclusions. Energy Scale of Atomic Phenomena 


Whereas in electrolysis atoms and molecular groups of atoms carry 
units of electricity of either sign, in a gas discharge they are seen to carry 
only units of positive electricity, the negative electricity being trans- 
ported by electrons. The low mass of electrons and the lack of specificity 
of their origin suggest that they are ordinary constituents of all kinds of 
atoms. These circumstances indicate that each kind of atom has : 
characteristic part carrying a positive electric charge which is ordinarily 
neutralized by a complement of electrons with negative charge. Loss of 
one or more electrons changes an atom into a positive ion, capture of 
one or more electrons changes it into a negative ion. Picturing positive 
ions as incomplete structures and negative ions as overloaded structures 
accounts for the fact that positive ions exist amongst the violent col- 
lisions of a gas discharge, whereas negative ions are not readily found 
there. 

To remove an electron from an atom all the way to infinity, one must 
overcome the electric attraction of the positive ion that is left behind. 
It is of interest, for purpose of orientation, to evaluate the amount of 
energy required for this process. Suppose that one starts with the elec- 
tron with a charge ¢ = 1.60 X 107! coulombs at 2 A = 2X 10-8 em 
from the center of a positive ion. At this position the electric potential 
V is 7.20 volts*® and, therefore, the potential energy of the negative 
electron is —eV = ~1.60 X 107! x 7.20 = —11.5 x 107! joules. 
Work equal to this energy has to be performed to remove the electron. 

It is also of interest to compare this energy with the energies involved 
in chemical reactions. If 11.5 X 107! joules were spent to remove 
one electron from each atom of one mole of a monoatomic substance, 
the total energy expenditure would be NeV = 6.02 X 1023 X LL.B X 


5 The volt is the unit of electric potential in the MKQS system ; the unit of potential 
in the CGS system equals 300 volts. The calculation of atomic potentials is simplest 
in the CGS system, where V = e/r; with e = 4.80 & 19719 esuandr = 2 X 107% cm, 
V equals 2.40 X 10~® CGS units, that is, 7.20 volts. The joule is the unit of energy 
in the MKQS system and equals 1 coulomb X 1 volt; the CGS unit of energy is the 
erg, equal to 10~? joule; the thermal unit of energy is the caloric, equal to 4.184 joules. 
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LO" = 6.92 x 10° joules = 165 keal. This encrgy of 165 keal /mole 
is of the order of magnitude of the energies released in the formation of 
chemical bonds. That is, the energics involved in the formation and in 
the transformations of molecules are comparable to the electric potential 
energy of electrons at the periphery of atoms. 

The potential energy of an electron at a point where the electric 
potential is one volt is a 
It is called the “electron vo 


1.60 X 10729 coulomb X 1 volt 


It,” © indicated by ev, and amounts to 


lev = 
1.60 X 10779 joules = 1.60 X 107"? ergs 


tl 


lt 


23 kcal/mole. (6) 


cathode rays generated with a potential difference of 10,000 
each electron arrives at the anode 


10 kev. 


Ina beam of 
volts between cathode and anode, 


with a kinetic energy of 10,000 ev = 


PROBLEMS 


Atomic weight Aye = 55.84.) 


1.1 How many atoms are there in 1 g of iron? ( 
{1 g of water were spread uni- 


1.2 Calculate the number of molecules per em? i 
formly over the earth's surface. 

1.3 A layer of BI’; gas contains 0.008 g per em? of arca. Calculate: (a) its thick- 
ness (assuming normal pressure and temperature); (b) the number of B and F atoms 
per em? of the layer; (¢) the number of electro : 
though incorrectly, instead of electron 


ms per em”. 


‘The term volt is often used colloquially, 
volt. 


convenient unit of energy for atomic physics. 
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The detection 
of atomic events 


Atoms and events involving individual atomic particles are not usually 
accessible to direct observation because of their small size. However, 
since the beginning of this century, methods have been developed to 
detect the effects of individual atomic events. 

It is helpful for this purpose that the concentration of electricity on 
electrons and ions—indicated by the specific charge (4) and (2) in 
Chapter 1—is enormous compared with the concentrations dealt with 
in macroscopic experiments of clectrostatics. When a macroscopic body 
is charged, for example, with negative electricity, it acquires ordinarily 
a number of extra electrons that is but an infinitesimal fraction of the 
number of its atoms. That is, a very small percentage increase of the 
number of electrons yields a macroscopically measurable electrical ef- 
feet. The addition or loss of a single electron may affect appreciably the 
electric force acting on a particle of matter large enough to be observed 
visually. Millikan observed such an effect and thereby measured the 
charge ¢ of an electron. 


The detection of atomic particles is also facilitated when each particle 
14 
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carries a large amount of energy. Particles with kinetic energies of the 
order of one million electron volts (Mev) first became available through 
the discovery of natural radioactivity, that is, of the spontaneous emis- 
sion of penetrating radiations by certain heavy elements. Procedures of 
mass spectroscopy show that the a rays from radioactive substances con- 
sist of Het* ions (@ particles) and the 8 rays of electrons. (There are 
also high-frequency electromagnetic radiations called y rays.) Com- 
pared with the beams of canal and cathode rays of the early 1900’s, 
beams of a and @ rays contain few particles with high energy per particle, 
which made it possible to detect visually the arrival of individual 
particles on a luminescent screen. Individual fast charged particles can 
also be detected through the ionization which they produce by collisions 
with the molecules of a gas. 

The detection of single atomic events permitted a direct confirmation 
of inferences about atoms and atomic particles that had been derived 
from macroscopic experiments. The Millikan experiment is described 
briefly below as an example of direct measurement of atomic properties. 
More important, however, were experiments providing entirely new 
evidence. Typical among these were experiments in which one observes 
the effect of single collisions between incident particles and atoms of a 
test material. Such experiments utilize techniques, surveyed in Sect. 
2.2, for detecting the passage or the arrival of atomic particles. The 
experiments also involve tests to ensure that the observed phenomena 
are in faet due to single collisions (Sect. 2.3). 


2.1) Millikan’s Oil Drop Experiment 


Millikan gave the first direct demonstration of the existence of an 
elementary unit of charge and at the same time the first direct measure- 
ment of this charge. 

A fine spray of microscopic oil droplets is introduced between the 
plates of a condenser (Fig. 2.1), where the motion of a single droplet may 
be followed through a microscope. The system is thermostated to 
eliminate convection currents. In the absence of disturbing clfects, a 
falling droplet quickly attains a uniform velocity, which is limited by 
the viscosity of air and obeys a law given by Stokes. 

Most droplets acquire an electric charge through friction in the process 
of spraying or through other causes. By applying an electric field De 
tween the plates of the condenser the fall of any one droplet can be 
altered, stopped or reversed. By comparing the motion of a droplet 
with and without a known electric field the charge of the droplet can be 
determined. When a droplet is held at rest, the clectric force balances 
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air) ‘The electric force 


exactly the weight of the droplet suspended in ee 
condenser divided by 


equals the known field strength (potential of the OM 
its plate spacing) times the electric charge of the droplet which is to be 
measured. The weight of each droplet is not known directly because its 
size is too small to be measured visually. The size and weight are there- 
fore determined by a separate measurement of the limiting: velocity of 
fall with the electric field switched off and by application of the Stokes 
law. The accuracy of the whole procedure is limited to the order of one 
percent by the accuracy with which the viscosity of air is known. 


Sprayer 


- Oil droplets 


Microscope] en 


RANI 


Fig. 2.1 Millikan’s method for measuring the elementary charge. 


The charge of each droplet, measured in this manner, is observed to 
vary abruptly from time to time, especially when the air is slightly 
ionized, for instance, by irradiation. For each droplet and at cach time 
the charge is always found to be a small multiple of an elementary charge 
e = 1.60 X 107° coulomb, of either sign. This is the unit charge (1) of 
Chapter 1, which is carried by an electron or by a monovalent ion. This 
experiment, taken together with the determination of Faraday’s con- 
stant I’ by electrolysis, constitutes a direct determination of Avogadro’s 
number NV = I'/e. 


6 


2.2 Methods of Detection of Charged Particles 
Charged particles, clectrons or ions, are detected primarily through 
the light, the ionizing action or the photographic action which they 
produce while traversing suitable materials. Certain luminescent ma- 
terials transform into light a substantial fraction of the kinetic energy 
1'The droplet acts somewhat as the needle of an extremely sensitive electrometer. 


The sensitivity relates to the minimal capacity of the droplet, of the order of 10-7 
to 107° farad. 
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j is fracti J so constant that the 
of an incident charged particle; this fraction may be so ee that ; 

m4 Kha har ale anerc . 

wumnount of light emitted serves as a measure of the particle energy 
7 j } J © by J ratad wares 

Scintillations produced by the arrival of individual particles on a screen 


Fig. 2.2 Ionization chamber. 


were observed visually for many years. In recent year’s, scapes 
are detected, measured, and recorded by electronic devices. Partie cs 
which do not have sufficient energy to produce @ detectable scintillation 
may be first accelerated by attraction toward a grid at a suitable po- 
tential. The arrival of successive particles on a detector may be oS 
tinguished, of course, only if the process of detection and recording 18 
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Vig. 2.4 Mxamples of cloud chamber pictures. 


(a) a rays in hydrogen. 
(b) we rays in fluorine showing a sharp deflection and recoil of a fluorine atom. 


(c) Bray track which forks where an atanic electron has recoiled with high energy. 

(d) B-ray tracks resolved into separate droplets. 

(a) and (b) Courtesy J. K. Bégpild, from Atlas of Typical Expansion Chamber 
Photographs, Pergamon Press, London, 1954. (c) Courtesy H. Maier-Leibniz, Tech- 
nische Hochschule, Miinchen. (d) Courtesy I. V. Hayward, University of California, 
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(d) 
Fig. 2.4 (Continued) 


Ionization, that is, production of ions, takes place along the track 
of a charged particle through a gas, provided the particle has sufficient 
energy. (This is the effect which starts a discharge in a gas.) Electrons 
are knocked off gas molecules by the impact of a charged particle; gas 
molecules are thereby changed into positive ions and the ejected electrons 
attach themselves to other molecules, changing them into negative ions, 
unless they are attracted first to a positive electrode. The ionization due 
to the passage of a single particle can be detected electrically by attract- 
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ing the charges of opposite sign to two electrodes. In an “ionization 
chamber” (Iig. 2.2), one merely observes the potential change on the 
electrodes which results from the deposition of the bunch of electric 
charges generated by the passage of a single charged particle. Tor ex- 
ample, if an a particle generates 100,000 ions of either sign, which are 
collected on electrodes with a capacity of 107'' farad, the potential 
change of these electrodes amounts to 1.60 millivolts. 

Tn other instruments, the ionization is amplified in the gas itself, before 
the charge is deposited on the electrodes; the anode is made of thin wire 
so that the electrons are sharply accelerated when they approach it and 
start a secondary discharge. When this discharge remains limited to the 
vicinity of its starting point, the device is called a “proportional counter’ 
(Fig. 2.3). When the discharge spreads to the whole space between the 
electrodes, the device is called a “Geiger counter.” Geiger counters are 
characterized by a high potential applied to their electrodes, nearly 
sufficient to produce a spontaneous discharge; therefore, the discharge 
is readily triggered, even by a single ionization produced by an incident 
particle. 

The ionization trail of a charged particle may be made visible by the 
“aloud chamber” method, originally developed by C. T. R. Wilson about 
1911. Ina gas supersaturated with a vapor, each ion acts as the center 
of condensation of a droplet. The passage of a particle through a cham- 
ber with the proper conditions of supersaturation leaves, therefore, a 
trail of droplets forming a visible cloud (Fig. 2.4). 

The cloud chamber technique has the advantage of providing a pic- 
torial record of events. It shows not only the rate of ionizations and the 
occurrence of deflections but also secondary effects of collisions with gas 
atoms when the atoms or some of their electrons recoil fast. enough to 
form side tracks (Fig. 2.4b and c). These advantages are shared by the 
emulsion technique, which relies on the photographic action of fast 
charged particles, analogous to their ionizing action in gases. A particle 
traversing an AgBr grain makes it developable. Special types of emul- 
sion have been prepared in recent years which, upon development, show 
tracks of fast charged particles as trails of darkened grains (Fig. 2.5). 
The developed emulsion must be examined under a microscope because 
the very high density of the materials in the emulsion, as compared with 
cloud chamber gases, makes the particles’ tracks much shorter. (I’or 
example, an @ particle track is several centimeters long in a cloud cham- 
ber at atmospheric pressure, but only of the order of 10~* cm in an emul- 
sion.) 

Still another technique has been developed for the observation of 
very high-energy particles whose trails extend over centimeters of a 
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liquid. Under suitable conditions the ions produced by a particle in a 
liquid act as centers of formation of bubbles much like ions in the eas 
of a cloud chamber lead to formation of droplets. The “bubble chamber” 
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Fig. 2.5 Tracks of fast hydrogen ions in emulsion. One ion collides with a hydrogen 
atom in the emulsion and knocks it off sharing its energy with it in nearly equal 
parts. (Courtesy C. I’. Powell, from Powell and Occhialini, Nuclear Physics in 
Photographs, Clarendon Press, Oxford, 1947.) 


technique, based on this principle, provides pictorial records of events 
quite analogous to those obtained from cloud chambers or emulsions but 
extending over much larger masses of matter. 
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2.3. Elementary Collision Processes and Their 
Quantitative Observation 


‘The study of particle tracks, by the methods indicated above, gives 
evidence on the interactions between a particle and the material which 
it traverses. Many properties of particle tracks result from a multitude 
of collisions between a particle and different atoms or molecules. Among 
these properties are, for example: the total amount of ionization produced 
by an « particle in the gas of an ionization chamber; the total length of a 
particle track which depends on the initial energy of the particle and on 
its average rate of energy dissipation through successive collisions; the 
progressive curvature of tracks, which also results from successive col- 
lisions. On the other hand, there are events occurring infrequently along 
tracks, such as occasional sharp deflections or even forks (see Fig. 2.40 
and ¢), which appear to originate from collisions with single atoms or 
molecules of the material. These events are called “elementary pro- 
cesses” and provide direct evidence regarding the properties of atoms 
and atomic particles. Multiple processes also provide such evidence, but 
only through elaborate theoretical analysis. 

Elementary processes must occur with a frequency proportional to the 
number of encounters between a particle and the atoms in the material. 
To test whether a certain process is elementary one must verify: (a) that 
it occurs with a uniform frequency along the track, as long as the proper- 
ties of the particle and of the material remain constant; and (b) that its 
frequency per unit track length is proportional to the density of the 
material traversed, again as long as the relevant properties of the ma- 
terial are independent of its density. A progressive reduction of the 
density of a material draws successive elementary processes farther and 
farther apart along the track; therefore, multiple processes such as the 
slowing down. of 8 particles can be resolved into elementary processes of 
energy loss in a gas at low pressure (see Fig. 2.4d). 


Since the frequency of an elementary process in a given length of track is pro- 
portional to this length and to the density of the material, the significant quantity 
to be derived from the observation of elementary processes is their frequency per 
unit track length per unit density of the material. This quantity relates immediately 
to collisions with individual atoms (or molecules) when the density is expressed as 
the number of atoms (or molecules) per unit volume of the material. Tor example, 
we shall discuss in the next chapter sharp deflections of a-particle tracks which are 
observed oceasionally in cloud chambers (Fig. 2.4b). These deflections are studied 
quantitatively with the arrangement shown schematically in Fig. 2.6 and are verified 
to be elementary processes. One measures first the number vo of & particles received 
per unit time by the detector when placed so as, to intercept the whole incident beam. 
Then one inserts in the beam a thin metal foil and one measures the number n of 
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particles received per unit time when the detector is placed so as to intercept particles 
deflected in a certain direction. The frequency of the elementary processes which 
are scored is n/no, and is proportional to the thickness ¢ of the foil and to its density 
d. The ratio 
n/no 

ld () 


S = 


is independent of the foil thickness and density. When d is expressed as number 
of atoms per unit volume, S represents the frequency of deflection toward the de- 
teetor by collision with a single atom. Throughout atomic and nuclear physics one 
utilizes particle detectors to study elementary processes resulting from collisions 
with single atoms (or molecules) and one expresses the quantitative results by eq. 1. 


Sensitive 


Detector 
9 cmmInI7 


Fig. 2.6 Observation of particles which have undergone large-angle deflection. 
After insertion of the metal foil, the detector has been rotated by an angle 0 in the 
plane perpendicular to the paper. 


The significance of the frequency § is visualized by the following geometrical 
model, If, ina layer of material of thickness ¢ and density d (atoms per unit volume), 
cach atom carried a target of area S, the aggregate arca of all targets would constitute 
a fraction Sdt of the area of the laycr. Provided this fraction is much smaller than 
one, that is, provided the layer is so thin that no target is sercencd by another one, 
the frequency 7 of hits on the targets by a beam of no particles would be just noSdé, 
that is, it would equal the frequency of the observed atomic events. For this reason 
one talks of the frequency of collision processes as though it were the frequency of 
hitting targets of area S. This figure of speech has proved convenient and S, as 
defined by (1), is called the “effective target area’’ or, more commonly, the “effective 
eross section” of an atom for occurrence of the elementary process that is being 
considered. 

Jn the experiment of Fig. 2.6 and in many others, the observation of a collision 
process involves the detection of particles traveling in certain directions from the 
point of collision. ‘Phe frequency of detection S depends, then, on the sensitive aren 
A of the detector and on its distance r from the point of colliston, which are incidental 
characteristics of the detector. More specifically, 8 is proportional to the solid angle 
Q = A/r* subtended by the sensitive arca of the detector, provided this angle is 
sufficiently small. The ratio 

S nr 


72 no ld 


is the parameter of greatest: intrinsic significance to be derived from the experi- 


vrs Seneveee. Lene cary tyros eryeere seneezgineerepmtae Gaara nits cavereneroer sm 


FY 


24 THE DETECTION OF ATOMIC EVENTS 


montal data. This ratio represents the frequency——per unit track of the incident 
particle and per unit density of the material (one atom per unit volume) —of elemen- 
tary processes from which a particle emerges traveling within a unit solid angle about 
a given direction. The frequency ¢ is called the “effective cross section per unit solid 
angle” or also, briefly, the “differential cross section” of the collision process under 
consideration. It depends, of course, on such variables as the angle between the 
directions of observation and of incidence, or the energy of the incident particles, 
but it is independent of no, t, d, A, and r, because any change of these variables is 
compensated by a change of the observed frequency n. 


PROBLEMS 


2.1 Thea particles of a very thin source of polonium produce 1.2 scintillations por 
second per em? of a screen at 1 m from the source in an evacuated vessel. Calculate 
the number of particles emitted per second by the source. 

2.2 Calculate the current carried to the electrodes of a large ionization chamber 
when the source of Problem 2.1 is placed in it. Consider that each & particle dissi- 
pates an energy of 5.2 X 108 ev and that one positive and one negative ion are pro- 
duced, on the average, per every 34 ev of energy dissipation. 

2.3 In a hydrogen bubble chamber traversed by high energy particles (7 mes- 
ons), 60 events were scored in which a track stopped abruptly and a pair of separate 
V-shaped tracks (due to A° and 6° disintegrations) appeared as secondary effects. 
The track length observed was 21,000 meters. Calculate the cross section for the 
production of these events in the collision of the track particles with H atoms. (The 
hydrogen density in the chamber was 0.057 g/cm.) 

2.4 A neutron beam from a nuclear reactor experiences a 2 percent loss of inten- 
sity when it traverses the BI’; layer of Problem 1.3, which contains 2.7 < 10" mole- 
cules/em2. This loss increases to 5 percent when the concentration of the boron iso- 
tope of atomic weight 10 in the BI; is enriched from its normal proportion of 18 
percent to 45 percent. Show that the neutron loss is due almost entirely to the iso- 
tope B" and calculate the cross section of its collision with neutrons. 
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The structure of atoms 
discovered 
by Rutherford 


About 1910, Rutherford discovered the main features of atomic struc- 
ture by studying the passage of « particles through matter. The high 
energy of a particles enables them to penetrate through very numerous 
layers of atoms and thus to serve as sharp probes of atomic structure. 
Rutherford studied the sharp deflections experienced occasionally by 
a particles traversing atoms. He accounted for these deflections in 
great detail by assuming that the mass and the positive electric charge 
within each atom are highly concentrated within a “nucleus”? over 
10,000 times smaller in diameter than a whole atom. The positive charge 
of the nueleus is a characteristic of the atoms of cach element; it equals 
the elementary charge ¢ multiplied by the “atomic number” of the atom, 
which is its number in the sequence of chemical elements in Mendeleev’s 
periodic system. Rutherford’s results and conclusions were confirmed 
by all subsequent evidence. 

The mass and positive charge in an atom being so concentrated, the 
bulk of an atom’s volume, which we will call its “body,” must consist of 
its light weight, negatively charged fraction, namely, of electrons. In 
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order that the negative charge of the electrons balance the positive charge 
of the nucleus, the body of a neutral atom with atomic number 7 must 
consist of Z electrons. Thus the body of electrons which a nucleus draws 
around itself depends on the charge rather than on the mass of the 
nucleus. 

The chemical behavior of atoms, that is, their aptitude to become 
attached to or separated from other atoms, may be expected to be ¢ 
property of the outer portion of the body. This accounts for the ex- 
istence of isotopes, species of atoms with different mass but almost 
identical chemical properties. In general, most physicochemical proper- 
ties of cach kind of atoms, including their size and stability, should be 
accounted for as properties of its body of electrons. A preliminary dis- 
cussion of the structural stability of the body will be given at the end of 
this chapter. 


3.1 Qualitative Analysis of a-Particle Scattering 


Cloud chamber pictures of a-particle tracks, such as those of lig. 2.4, 
show that these particles traverse a few centimeters of gas at ordinary 
pressure before the end of their track. Given the gas density and the 
size of molecules, one estimates that an a particle collides with molecules 
roughly 100,000 times before the end of its track. ‘lhe pictures show 
that hardly any of these collisions results in appreciable deflection of the 
a particle. 

Substantial deflections should result normally from collisions between 
bodies of comparable mass, such as an « particle (Het* ion) and a gas 
molecule, 1f these bodies are impenetrable to one another. It follows 
that the « particles penetrate through most of the molecules with which 
they collide. ‘The collisions without deflections lead, however, to the 
ionization shown in the cloud chamber pictures. The initial kinctic 
energy of @ particles is dissipated progressively in the course of the col- 
lisions, as shown by the increasing deflection of tracks in a magnetic 
field. 

A few sharp deflections are noticed here and there along a-particle 
tracks. An experimental arrangement of the type indicated in Fig. 2.6 
showed to fearon and his cO- workers that when an eparide |! beam 


all around, even in vhaekwad din stions. ‘This Marae. angle SCE cabtering” 


must be due to elementary collision process 08 beet aUse bs frequency 
meets the criteria given in Sect. 2.3. _} — 
Rutherford considered what in the atoms could be responsible for the 


large-angle scattering. TVirstly, atomic electrons cannot deflect an « 
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Senlicting must. Fale. foe Interaction t "potween i a ale. aa “he: 


Peay, positively | charged portion of ¢ 
The scarcity of sharp deflections roieated to Rutherford that the 


ay, positively charged portions of the a particles and of atoms 
_ merely pass by each other without much mutual disturbance in the great 
, Therefore, these heavy portions should be small. 


majority of collisions. ‘Uherefore, these heavy portions should be small. ! 


j / On the other hand, positive charges that are e highly concentrated repel 
cach other very strongly when they happen to approach closely. The 
electric repulsion may then suflice alone to cause sharp deflections despite 
the high kinetic energy of the @ particles. s. | 
Rutherford followed up in detail the consequences of this hypothesis. 
He calculated the probability of large-angle scattering as a function of 
the a-particle energy and of the scattering angle. Experimental determi- 
nations of this functional dependence agrecd outstandingly with the 


results of the calculation and thus gave evidence that the positive . 


charges and the masses of atoms are concentrated in very small nuclei. 
3.2 Calculation of the Scattering Probability 


I 

The motion of an a particle tr: aversing an atom was treated by Ruther- 
ford according to ordinary mechanics. He regarded the a particle asa 
pointlike body with the mass of a Hett ion, and assumed the positive 
charge and mass of the scattering atom to be concentrated in a pointlike 
nucleus. The positive charges of the a particle and of the nucleus may 
be expressed in terms of the elementary charge e and indicated by ze 
and Ze, respectively; the values of z and Z need not be specified initially. 
The motion of the @ particle is then affected only by the electrostatic 
repulsion exerted on it by the nucleus? 

The foree between an a particle and the nucleus influences their 
motion with respect to one another. Its effect:is conveniently calculated 
in a frame of reference attached to the center of mass of the two bodies. 
If the atomic nucleus is much heavier than the a particle (an atom of 
Au is 50 times heavier than a Het* ion), the center of mass coincides 
approximately with the position of the nucleus; one may then calculate 
approximately as though the nucleus were at a fixed position and only 

1In a collision between bodies with masses M and m, with M > m and the light 
body initially at rest, conservation of momentum and energy requires that the 
fractional change AP/P of the momentum of the heavy body cannot excced the 
order of magnitude of m/M, which is about 1/7800 for an e@ particle and an electron. 

2'The attraction exerted by the atomic clectrons on the particle counteracts the 
nuclear repulsion and is called “screening effect.” It may, however, be disregarded 
in a calculation of large-angle scattering. 
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the @ particle moved, whereas in practice the nucleus recoils. Here we 
shall regard the nucleus as fixed, but Appendix II shows that the exact 
calculation differs only by a minor adjustment. Serene 
The repulsion by the nucleus forces the a particle to follow a path of 
the type indicated in Fig. 3.1. The Coulomb law of force between 
electric charges (whether attraction or repulsion) has the same analy tical 
form as the law of gravitational attraction. In either case of repulsion 


Scattering nucleus 


Fig 3.1 Scattering of a particles by a nucleus. ‘The track with small impact param- 
eter 6 is deflected by the large angle 0, the track with impact parameter b’ by the 
angle 6’. The distances of closest approach of the « particles to the nucleus are p 
1 
coss0 
particle scattered by a gold nucleus, 


and p’;p = b (tet + Approximate scale b = 1.8 < 107!em for a 4 Meve 


or attraction, the incident particle follows a Kepler orbit which is a 


,~ hyperbola. The parameters of the orbit, and in particular the total de- 


flection @ experienced by the a particle, depend on the magnitudes of the 
charges ze and Ze, on the mass m and velocity v of the a particle, and on 
the distance b shown in Fig. 3.1 and called “impact parameter.” This 
is the distance of the initial line of flight of the & particle from the atomic 
nucleus. The smaller 6 is, the larger becomes the repulsion and the 
larger the deflection. In the event of a head-on collision (0 = 0) the 
a particle continues in a straight line until its kinetic energy is spent 
and the repulsion forces it back in the direction from where it came 


(@ = 180°). Appendix III shows that the deflection is related to the 
impact parameter by 


tg30 = —- (1) 
m 
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For « particles of given velocity colliding with atoms of a given kind, 
the deflection depends only on the impact parameter, 


All particles whose initial line of flight was aimed so as to pass within a distance 
b from a nucleus are deflected by an angle larger than 0, where @ is related to b by (1). 
Therefore, a cirele of radius 6 and area 7b? around a nucleus constitutes an aiming 
target for collision processes with deflection larger than 0. In Sect. 2.3 the observed 
frequency of any elementary collision process was represented as an “effective target 
area” or “cross section,” as though there were a corresponding aiming target attached 
to cach atom, Rutherford’s calculation associates with deflection toward a given 
detector an actual target of definite size and shape. The calculation and the under- 
lying hypotheses are to be tested by comparing the calculated size of targets with 
the magnitude of the effective cross sections derived from the observed frequency 
of deflections. 

The comparison is performed conveniently for the differential cross section (2), 
Chapter 2, pertaining to scattering per unit solid angle about a direction of given 
obliquity @. Deflection angles comprised ‘ 
between @ and @ -+ Ad correspond to impact rA@ 
parameters between b and b — Ab, where 

, 2zZer 
mv? te 30 


(2) 


according to (1), and b — Ab is similarly 
related to @-+ A9. A direct relationship 
between Ab and Aé follows from (2) by dif- 
ferentiation and is 


és 2Ze* 1 ’ 
GoM 7 2 AO: (3) 


mv? sin? 30“ 


The impact parameters between b and 
b — Ab cover a ring-shaped target of area 
S = 2xb Ab. The directions with obliquity 
between @ and @ + A@ cover a ring-shaped 
conical region of solid angle Q = 27 sind Ag 
(see Fig. 3.2). The differential cross section 
is therefore oa! 


Fig. 3.2 Arca A = 2nr sinér Ad of a 
ring-shaped detector which  intcr- 
cepts, at a distance r from the point of 
_... + seattering, all particles deflected by 

Ss 2Qxb Ab DAD angles between @ and @-+ 4d The 
QQ Qnsind AD sind AG () detector covers a solid angle 2 = A/r? 
= 27 sind Ad. 


This cross section is expressed in terms of 
ze, Ze, m, v, and 0 by expressing 6 and Ab according to (2) and (3); it is also con- 
venient to express sin? as 2 sin30 cosh0. 


The final formula by Rutherford gives the number n of @ particles 
received by a detector at obliquity @ divided by: (a) the number no of 
particles incident on a metal foil; (6) the thickness of the foil; (c) the 
density d of the foil expressed in atoms per unit volume; and (d) the 
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solid angle @ subtended by the detector: 


n (= ) 1 6) 
o= = p —_rre a) 
ngldQ 2mv?/ sin* 50 


3.3 Comparison with Experimental Results 


The number of scattered particles as given by (5) is a sensitive func- 
tion of the a-particle velocity and of the scattering angle, since it de- 
pends on vt and sin*39. Geiger and Marsden performed experimental 


Fig. 3.3 Apparatus for the study of a-particle scattering, after Rutherford’s drawing. 
The luminescent sercen S and the microscope turn with the platform A around the 
source of particles @ and the scattering foil F. 


measurements of the number of scattered particles for large-angle scat- 
tering with the arrangement of Fig. 2.6, shown in better detail in Vig. 
3.3. Thereby they subjected the Rutherford formula to tests extending 
over a wide range of values of expression (5). The tests showed re- 
markable agreement with the theoretical formula and thus gave strong 
support to Rutherford’s theory of large-angle scattering and to the under- 
lying assumption of the nuclear structure of atoms. 

lor given values of v and 0, and considering that m and ¢ are known, 
an experimental determination of o yields then a value of the product 
24, which was initially unknown. Experiments with foils of different, 
clements show that the values of zZ increase smoothly as one progresses 
from element to element along the periodic system of chemistry. More- 
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over, these values coincide, to within the experimental uncertainty, with 
the product of the atomic numbers of helium and of the foil element. 
The values g and Z are therefore taken to represent, respectively, the 
alomic numbers of these two elements. Since helium has atomic number 
2, an ion Het* is completely stripped of electrons, that is, a particles 
are bare nuclei of helium. 

The number of observed particles scattered by small angles @ may fall 
below the value predicted by (5) owing to the screening effect of the 
attraction exerted by the atomic clectrons on each @ particle. Depar- 
tures are also observed for very large deflections when the impact param- 
eter (2) drops below 10—' em. These departures are attributed to non- 
electric forces between the a particle and the nucleus of an atom, which 
become appreciable for sufficiently close approach of the two particles. 
A different type of departure from Rutherford’s result, which occurs 
only in the scattering of a particles by helium atoms, will be described 
in Chapter 17. 


3.4 The Structural Stability of Atoms 


The electrons which constitute the body of an atom are subject to 
electric attraction by the nucleus, which thereby tends to contract the 
volume of the atom. Each kind of atom maintains, nevertheless, a 
rather well-defined volume, which shrinks hardly at all even under the 
influence of strong pressures. These facts suggest that the body of an 
atom has a tendency to expand and that its volume adjusts itsclf so that 
the tendency to expand balances the inward pull exerted by the nucleus. 
External pressures would then cause only small readjustments of this 
balance.* 

This surmise is confirmed by data on the size of “isoclectronic sc- 
quences” of ions, that is, of sequences of ions of different elements but 
with equal numbers of electrons. (For example, F~, Na‘, Mert, 
Alt++ constitute a sequence of ions with ten electrons.) These data 
are derived from the density and structure of crystals containing ions, 
and show that, as the nuclear charge increases from one ion to the next 
of the sequence, the size of the “body” shrinks. The radii of F-, Na’, 
Meg*t* and Alt** are, respectively, 1.36, 0.95, 0.65, and 0.50 A. On 
the other hand, in the sequence of neutral atoms along the periodic sys- 


3 Pressures available in the laboratory are small as compared to the pull of nuclear 
attraction. For example, a pressure of 1000 kg/em? performs work equal to 10° 
ergs per cm? of contraction of a material. Translated in atomic units, 10° ergs/em*® 
equals 6 X 1074 ev/A®%, The data in Sect. 1.4 show that the nuclear attraction 
performs work at a rate of at least 10 ev per A® of contraction of the atomic volume. 
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tem, the nuclear attraction increases but the number of electrons also 
increases, and the atomic volume shows no strong trend of uniform In- 
crease or decrease. 7 

Notice that atoms of hydrogen, which have the atomic number 4 = 1 
and hence a single electron, have the same qualitative properties a5 
other atoms. Hence the expansive tendency of the “body” of electrons 
does not appear to result. from interactions among different electrons 
but to be a property of even a single electron. ‘The evidence considered 
thus far does not suffice to define this property more precisely or to re- 
late it to other, more general phenomena. This will be done progres: 
sively in the following chapters. : 

Following Rutherford’s success in calculating the a-particle scattering 
by treating particles as pointlike bodies according to the ordinary 
methods of mechanics, it was a natural step to calculate the motion of 
electrons by a similar treatment. According to this point of view, an 
electron could move around a nucleus, under the influence of its electric 
attraction, on a stable circular or elliptical orbit. The centrifugal force 
of the motion on such an orbit would exactly balance the attraction and 
prevent the electron from““‘falling”’ onto the nucleus, just as it prevents 
planets from falling onto the sun. This treatment of the mechantes 
of atomic clectrons is called the “planetary model” of atomic structure. 

The planetary model fails, however, in that it provides no reason why 
the radii of the orbits should be of any particular order of magnitude, 
or why all atoms of the same element should have the same size. More- 
over, the stability of orbits in the planetary model is deceptive, in that 
the model presupposes the absence of any substantial interaction. with 
other physical systems. In fact, the solar system itself would collapse 
with a release of energy if the planets were pushed in by an external 
pressure. Still further, the motion of an electron around the nucleus 
constitutes a high-frequency variable current which should act as an 
antenna and radiate encrgy away; this energy dissipation should lead 
by itself to rapid collapse of the electron onto the nucleus. Finally, 
atoms would be flat according to the planctary model, at least in the 
case of hydrogen, contrary to evidence. 

The concepts and laws derived from macroscopic experiments thus 
appear inadequate to account for the properties of atoms, particularly 
for their stability. Bohr realized this failure very soon after Rutherford’s 
discovery. In time, the interpretation of new experiments revealed 
physical relationships which are not brought out by macroscopic in- 
vestigations. New concepts and laws were then formulated which ac- 
count for atomic as well as for macroscopic phenomena. 
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PROBLEMS 


3.1 A beam of e particles of 5 Mev kinetic energy traverses a gold foil; 1 particle 
in 800,000 is scattered so as to hit a surface of 0.5 em? at 10 em from the point of 
traversal of the foil and in a direction at 60° from the beam axis. Calculate: (a) the 
foil thickness t; (6) the distance p of closest approach to a nucleus by the particles 
which hit the detector’s surface; (c) the change in the number of particles hitting the 
detector, when the gold foil is replaced with a silver foil with an equal number of 
atoms per unit area. 
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Energy levels 
of atoms and radiation 


As we have seen, bombardment of matter with high energy « particles 
serves to probe into the innermost structure of atoms. Bombardment 
with particles of low energy, particularly electrons, serves to study the 
properties of the outer layers of atoms. Observations on the emission 
and absorption of light! by single atoms or atomic particles contribute 
much to the same study. 

Bombardment of atoms with low energy electrons shows that atoms 
do not absorb just any small amount of energy. Each atom has ay 8C- 
quence of metastable (“stationary’’) states with energies at varlous 
levels, of the order of 1 to 10 ev above that of the ordinary state; an atom 
‘an absorb only the energy required to raise it to one of these levels or 
to break it up into an ion and a free electron. 

In energy exchanges between atomic systems and light, or other 
electromagnetic radiation, the amount of energy exchanged is strictly 

1¢Light” is intended here to include infrared and ultraviolet 1s well as visible 


light. Radio waves (including microwaves) and X rays are included with light in 
the broader term “clectromagnetic radiation.” 
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related to the radiation frequency. Radiation of frequency » gives to 
atoms, or takes from atoms, in cach elementary process only a definite 
amount of energy Z, equal to » multiplied by a constant A called Planck’s 
constant, HZ = hv2 The discontinuity of energy exchanges shows that 
the energy transported by radiation of given frequency has itself a dis- 
crete set of energy levels. 

The discontinuities in the energy levels of atoms and radiation escape 
detection in macroscopic experiments where one observes only the ag- 
evregate amount of energy transferred in a multitude of atomic processes. 
These discontinuities, and in general the novel characteristics of atomic 
phenomena, are called “quantum effects.” “Quantum physics” is the 
study of phenomena where quantum effects are apparent ; “macroscopic” 
or “classical” physics is the study of phenomena where quantum effects 
fail to stand out. Concurrent study of the quantum properties of matter 
and radiation helps toward their over-all understanding, 

Free atoms absorb or emit radiation as they pass from one to another 
stationary state, the energy difference between the two states being 
related to the radiation frequency by EZ = hv. In these processes, 
atoms act as radio antennas carrying oscillating currents of frequency ». 
The spectral analysis—analysis into components of different frequencies 
—of the radiation emitted or absorbed can be performed with high ac- 
curacy and provides a wealth of information about the stationary states 
of atoms. 

The following sections outline the experiments which show the cx- 
istence of energy levels and their properties. The connection between 
the quantum properties of radiation and its macroscopic properties will 
be discussed in the next chapter. 

A final section of this chapter describes the set of energy levels of the 
hydrogen atom and of ions with a single electron. The qualitative 
interpretation and quantitative calculation of these levels constitute ¢ 
main problem of atomic theory. In 1913, Bohr succeeded first in cal- 
culating the levels by complementing the planctary model with suitable 
postulates; a satisfactory solution of the whole problem, to be given in 
Chapter 14, was obtained only in 1926, 


2 The frequency of electromagnetic radiation is the frequency of oscillation of the 
force which the radiation excrts on electric charges. The frequency equals the light 
velocity ¢ divided by the wavelength 4. Therefore, the relationship # = hy may 
also be written # = he/d. 

3'The Compton effect and analogous processes of radiation scattcring fulfill this rule 
insofar as they are regarded as two-step processes in which atoms first take up a 
certain amount of energy and then release a part of it. 


36 ENERGY LEVELS OF ATOMS AND RADIATION 
4.1 The Photoelectric Effect 


The “photoelcetric effect’’ is the release of electrons from matter under 
the influence of light or of other electromagnetic radiation. It Cee 
at the surface of a number of substances, particularly alkaline metals, 
when exposed to visible light. Light in the far ultraviolet produces it in 
all substances. Since light delivers energy to any material by wi nel . 
is absorbed, it is understandable that some of the encrgy thus available 
serves to remove electrons, as thermal energy does in a hot wire. 

The photoelectric effect appears, in the first place, as a release of cue 
tive electricity. Mass spectroscopy procedures verify that the negative 
electricity consists of electrons. Procedures analogous to mass spectros- 
copy determine the kinetic energy of the “photoclectrons” ejected from 
the material. 

Figure 4.1 shows a schematic “photocell” for the analysis of photo- 
electrons. Light is directed through a window onto the surface of a 


Current meter 


Photoelectric surface 


Fig. 4.1 Scheme of cell for the measurement of photoelectron cnergics. 


material under study in an evacuated vessel. Electrons, if any are re- 
leased from the surface, are sucked up by a positive grid and may pass 
through its holes to reach a collecting electrode. A current meter meas- 
ures the rate at which the photoelectrons reach the collector. If a nega- 
tive potential difference of V volts is applied between the collector and 
the emitting surface, the collector repels the electrons and will receive 
only those which have left the surface with a kinetic energy of at least 
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V electron volts, whereas lower energy electrons are turned back. Meas- 
uring the collector current 7 as a function of the potential V yields 
thereby an analysis of the energy distribution of the photoelectrons. 
The experiments show that the energy and the number of the photo- 
clectrons depend, respectively, on the color and on the intensity of the 
incident light. Other conditions being equal, the intensity of the photo- 


Current intensity 


Counter- potential ———————> 


Fig. 4.2 Photoclectric current intensity versus counter-potential for incident light 
of different frequencies. (Adapted from Millikan, 1916.) 


electric current is proportional to the intensity of the meident light. On 
the other hand, the energy distribution of the photoelectrons depends 
on the color, that is, on the frequency (or wavelength) of the light. 

In the first place, no photoelectric effect whatsoever is observed unless 
the incident light contains spectral components of color sufficiently far 
in the direction of ultraviolet. The light may be filtered preliminarily 
through a “monochromator,” which lets through radiation with fre- 
quency very close to any desired value of » By varying », the 
photoelectric current is found to appear only if » exceeds a threshold valuc 
yo, Which depends exclusively on the chemical nature of the photoelectric 
surface. For example, the threshold frequency is 6.0 X 10!* cycles/sec 
for sodium, 12.1 X 10!* for nickel, and 11.7 < 10" for gold. In par- 
ticular, the threshold is wholly independent of the light intensity. Elec- 
tromagnetic radiation is thus shown to have a potency which depends 
on its frequency. High-frequency (short wavelength) radiation achieves 
effects which lower frequency radiation cannot achieve, no matter how 
intense tt ts.4 


4 Iixperiments on the chemical and biological actions of clectromagnetic radiation 
also show very clearly that short-wave (high-frequency) radiation achieves effects 
that lower frequency radiation does not achieve even upon delivery of much larger 
amounts of energy. 
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This finding is extended by the analysis of photoelectron energies, 
performed by observing the function 7(V) of the photoclectric current 
versus counter-potential. Jor incident light of any given frequency », 
above the threshold »), i(V) decreases as the counter-potential V in- 
creases, and vanishes at, and above, a definite potential V; which stops 
all photoelectrons (sce Fig. 4.2). The value of V; may be measured for 
various frequencies and plotted against v. The result, shown in Fig. 4.3, 
is a straight line, whose slope has the same value, 4.185 & 107° volt 
sec,> for all photoelectric surfaces. That is, plots corresponding to dif- 


Fig. 4.3 Plot of the counter-potential V; necessary to stop all photoelectrons emitted 
by a given material under the influence of light of frequency ». For light of frequency 
smaller than vo, no photoclectrons are emitted. The slope of the plots is the same 
for all materials while v9 is a characteristic of the material and the extraction potential 
—Vo equals 4.185 & 107} yp. 


ferent surface materials yield parallel lines, with different intercepts yo. 

Tor »,< v9 there are, of course, no photoclectrons and hence no 
measurable value of V; Hf the plot of Fig. 4.8 is nevertheless extra- 
polated to the axis » = 0, one finds a negative intercept Vo = 4.1385 X 
107545. The value Vo thus determined coincides with a characteristic 
of the surface material which is known from other phenomena, namely, 
the “extraction potential” or “work function.” This is the electric po- 
tential which holds electrons within a metal and prevents them from 
escaping out of its surface.® 

The energy which each photoclectron receives from the radiation 

§ When frequencies are measured in reciprocal seconds, the slope, which represents 
the ratio potential/frequency, is expressed in volt/sec—! = volt sec. 

®The difference between the value of Vo for different metals causes electrons to 


pour through the contact surface between two metals in the Volta effect. It also 


causes hot surfaces of different metals to release electrons at different rates in the 
thermoionie effect. 
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consists then of two parts. One portion is spent in extracting the clec- 
tron from the surface and amounts to ad least eVo, that is, at least Vo 
electron volts. The other portion becomes kinetic energy of the electron 
and amounts to no more than eV, that is, than V; clectron volts, because 
no photoelectron surmounts a counter-potential greater than V,. 
Einstein surmised in 1905 that cach electron receives an amount of 
energy exactly equal to eVp + eV,; those electrons which were bound 
within the material by more than the minimum cnergy eV, emerge with 
correspondingly reduced kinetic energy. 

This surmise is confirmed by observations on the photoelectric effect: 
produced in moneatomic gases and metal vapors rather than on solid 
surfaces. The threshold frequency vp lies in the ultraviolet, often in 
the far ultraviolet, for gases and vapors. It is found here that all photo- 
electrons are released with the same kinetic energy eV;, and that all ap- 
pear to have spent the same cnergy ¢V9 in breaking loose from an atom.” 
It is also verified, by varying the density of the gas, that the photo- 
electric effect results from elementary processes of intcraction between 
light and single gas atoms, since it mects the eriteria of Sect. 2.3. 

According to Kinstein’s interpretation, the total energy received by 
each electron is proportional to the radiation frequency, because eVy + 
eVi = e(Vo + Vy) and Vo + V;, equals the frequency » multiplied by 
4.185 X 107! volt sec, as shown in Fig. 4.3. This relationship is ex- 
pressed by Linstein’s equation 


= eVo + eV, = hy, (1) 
where the proportionality factor 
h = 4.135 X LO7' ev sec = 6.625 X 10727 erg see (2) 


is called the Planck constant.” 

All subsequent evidence has confirmed that energy exchanges between 
atomic systems and electromagnetic radiation obey Fq. 1. That is, 
electromagnetic radiation cnergy is always absorbed or emitted in dis 
crete amounts of magnitude proportional to the radiation frequency. 
The elementary quantity of radiation hy is called a “photon” or “ight 
quantum.” 

The subdivision of radiation energy into finite units escapes detection 
in all macroscopic experiments that fail to bring out the effects of inter- 
action between radiation and single atomic particles. This diseontinu- 

7To be exaet, photoelectric processes in which electrons require different energies 
for extraction occur also in gases. Tere, there is 1 number of different. possible 
extraction energies Vo, V1, Vo--+ and only the lowest one, Vo, is relevant as long as 
hy <eV;. In solids the different possible extraction potentials are not separated 
because of interaction among atoms. 
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ous structure of radiation energy had been inferred by Planck in 1900, 
before Kinstein’s interpretation of the photoclectric effect, from an 
analysis of the thermal equilibrium between matter and radiation. 
His discovery showed that discontinuities akin to the atomic structure 
of matter are more widespread than had been expected. 

The discontinuous or “atomistic” structure of radiation and matter 
are similar only insofar as photons, like atomic particles, enter ele- 
mentary processes or emerge from them as single, individual units. 
Otherwise, the properties of matter and radiation are quite different. 
An atom occupies a certain portion of space and no other atom can be 
crowded in it without profound disruption to both atoms; therefore, onc 
sannot raise the density of a solid material much above its normal value 
without crushing its atomic structure. The intensity of electromagnetic 
radiation in any region of space is subject to no analogous limitation. 

The relationship between energy transfer and oscillation frequency, 
which is revealed by the photoelectric effect, links the energy and time 
variables of phenomena in a previously unsuspected manner. One sces 
here and in the following that the energy transferred in an clementary 
process is strictly related to the oscillation frequency of the incident 
light and of electric currents within atoms. The delivery of a large 
amount of energy in a single process requires a rapidly varying action, 
and, conversely, any rapidly varying action is capable of delivering a 
large amount of energy. The implications of this connection will emerge 
in the following chapters. 


4.2. Inelastic Collisions of Electrons with Atoms . 


An elastic collision between two bodies is one in which the internal 
energy of each body remains unchanged, whereas in an inelastic collision 
the internal energy usually increases at the expense of kinetic energy. 
If an electron collides with an atom at rest and the collision is clastic, 
the atom hardly recoils because it is much heavier than the electron and 
takes up a negligible fraction of the electron’s kinetic energy. Therefore, 
if an electron emerges from a collision with a substantial energy loss, the 
collision must have been inclastic and the energy must have been ab- 
sorbed by the atom. Observation of the energy losses experienced by 
clectrons serves to study the energy absorption by atoms. 

Equipment for this study consists of three main parts, as shown 
schematically in Tig. 4.4: 


(1) A device to produce a beam of electrons with uniform kinetic 
energy. This device, called an “electron gun,” may consist of a hot wire 
(“filament”) which releases large numbers of electrons with low velocity, 
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of a grid at a potential positive with respect to the filament which at- 
tracts the electrons and lets them through, and of collimating slits or 
pinholes in diaphragms which let through only electrons traveling in a 
given direction. The energy of the electrons in the beam is determined 
by the potential of the grid. The clectron gun is evacuated to avoid 
collisions of the electrons with gas molecules. 


Collision chamber 


Electron 
emitting 


n gun 
filament Berens 


Analyzer 


2 4 : 
Fig. 4.4 Scheme of apparatus for the measurement of energy losses of electrons 
in a gas. 


(2) A collision chamber, containing a rarefied monoatomic gas or 
vapor. At a pressure of 0.01 mm Hg, electrons travel on the average 
about 1 cm before colliding with gas molecules; the probability for an 
electron to experience repeated collisions in traversing the chamber may 
thus be minimized by keeping the pressure low. 

(3) A device to analyze the kinetic energy of clectrons which have 
traversed the chamber. This device may be of the simple type indicated 
in Fig. 4.1 for a photocell, that is, it may consist only of a collector at a 
variable negative potential. 


Additional devices may be attached to the collision chamber to analyze 
any by-products of the collisions. 


The energy levels of atoms. Franck and Hertz performed in 1914 
the first experiment to observe elementary processes of inelastic collision 
between clectrons and atoms. The experiment showed, first of all, that 
electrons with kinetic energies up to a few clectron volts experience only 
clastic collisions against atoms.’ As the electron energy is increased, 
all collisions remain clastic until the energy reaches a threshold value 
FE, which is characteristic for the chemical species of atoms in the col- 
lision chamber, for example, 4.9 ev for Hg, 1.6 ev for Cs, 16.6 ev for Ne. 


8 This result holds only for collisions against isolated atoms; inclastic collisions 
oceur at lower energies when atoms are grouped in diatomic or polyatomic molecules. 
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When the energy exceeds the threshold i,, many electrons emerge 
from the chamber with kinetic energy reduced by an amount just equal 
to [,, whereas the others lose no significant amount of energy (Fig. 4.5). 
This means that many electrons have experienced inelastic collisions 
in which a fixed amount of energy /*; is transferred from one electron to 


E=1,5 ev 


Number of emerging electrons 


Energy of emerging electrons 


AH fod ny . soe . . oe . 

Fig. 45 Energy distribution of clectrons emerging after collisions with Na atoms. 
The incident electron energies are HW = L5ev, B= 2.5ev, and Hf = 3.5 ev for the 
hy Lee Treat 4 4 : ‘ 

three plots. The first two excited levels of Na lie at iy = 2.1 and He = 3.2 ev. 


the internal energy of an atom. The number of electrons that have lost 
energy 18 proportional to the density of atoms in the collision chamber— 
Provided this density is sufficiently low; according to the criteria of Sect. 
2.3, the inelastic collisions are thus shown to be elementary processes 
hetween one clectron and one atom. 

New types of inelastic collisions set in successively, when the energy 
i of the bombarding electrons is raised above successive thresholds He, 
Hsp vee, Electrons emerge from the chamber with energies reduced to 
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Li — By, B — Hs, +++ Showing that collisions have occurred with energ 
transfers [M., Hs, °°" (Fig. 4.5). 

The lack of inelastic collisions at subthreshold bombarding energics 
shows that the atoms are left after the collisions in unchanged states of 
internal energy. When inelastic collisions take place, at higher bom- 
barding energies, the energy lost by an electron in an inelastic process 
must have been retained by an atom which is thereby left in a new state 
of internal energy. To cach of the discrete energy losses of the electrons 
must correspond a different state of internal energy of the atoms. All 
atoms of the same element possess a characteristic, discrete set of states 
with different levels of internal energy, in which they can exist after col- 
lisions. These states are called “stationary states,” because an atom 
can pass from one of them to another only through a mechanism of inter- 
action that provides for the transfer of the required amount of energy. 
(By contrast, the internal energy of macroscopic bodies appears to be a 
continuous variable which may change ever so little.) The stationary 
state of lowest energy, which is the normal, stable state of a free atom, 
is called the “ground state’; the others are called “excited states” be- 
cause their higher level of internal energy implics a more active internal 
motion. 

The threshold energies 1/1, #2, Hs, --- are called “critical potentials.” 
The differences between successive critical potentials decrease rapidly 
to a point where critical potentials can no longer be distinguished by 
analyzing the energies of clectrons emerging from the chamber. The 
analysis of energy levels can, however, be continued by observing by- 
products of inelastic collisions. 


Radiation emission. Light emerges from the collison chamber of 
Vig. 4.4 when inelastic collisions set in for bombarding energies above the 
first threshold #y. The intensity of this light is proportional to the cur- 
rent of bombarding electrons; its frequency depends only on the threshold 
energy according to an equation equivalent to (1), namely yy = 1y/h. 
We have here a situation reciprocal to that encountered in the photo- 
electric effect: in the photoelectric effect radiation of frequency » makes 
available to matter amounts of energy Hf = hy; here atoms with ex- 
citation energies HZ, available for release emit radiation of frequency 
y = It)/h. We conclude that, after electron bombardment, atoms 
emit radiation energy one photon at the time just as they absorb it in the 
photoelectric effect. 


°The term “potential” refers to the accelerating potential applied to the grid of 
the electron gun; a critical potential should accordingly be expressed in volt, rather 
than in electron volt or in other energy units. 
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When the energy of the bombarding clectrong ig raised progressively 
above the successive thresholds Mo, Hs, + *, one observes, in general, the 
emission of light with new frequencies, first, yg = He/h and vo, = 
(By — E;)/h, then, v3 = Hs/h, v3, = (3 — By)/h, etc. Thus atoms 
return from excited states to the ground state either in a single jump or 
in successive steps through intermediate levels, if any. In every transi- 
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Vig. 4.6 A few energy levels and radiative transitions for sodium. The frequencies 
of the emitted lines are xj = (FE; — Ej) /h, 


tion process accompanied by radiation emission, the radiation frequency 
equals the energy difference of the initial and final state divided by the 
Planck constant A (Iig. 4.6). 

When a critical potential is detected through the onset of light emis- 
sion of a specific frequency, it is often called a “radiation potential.” 
The measurement of radiation potentials permits a better analysis of 
atomic energy levels than the measurement of clectron energies after 
collisions, However, the precision of this measurement is still greatly 
limited by the poor homogeneity of the energies of bombarding electrons 
~All emission processes consistent with this rule do not take place with comparable 
intensity. Many of them are hardly observable. 
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for a given potential setting of the electron gun. By far the best analysis 
of levels is provided by the study of light emission irrespective of the 
method of excitation (see Sect. 4.3.). 


Ionization. Positive ions appear in the collision chamber of the 
experiment of Fig. 4.4, when the bombarding clectron energy exceeds a 
new critical potential, somewhat higher than the potentials considered 
thus far. The presence of positive ions is demonstrated by inserting a 
negatively charged grid in a wall of the chamber and analyzing by mass 
spectroscopy the particles flowing through the grid. That electrons 
have been ejected from the atoms in the chamber is confirmed by an 
inerease in the flow of electrons out of the chamber. 

As the energy // of the bombarding electrons is increased, starting from 
a low value, no ions are detected until H reaches a threshold /,, but 
thereafter the yield of ions rises sharply. The threshold /;, expressed 
in volt of accelerating potential, is called the “ionization potential’ of 
the clement and coincides with the extraction potential Vo determined 
according to Fig. 4.3 from the photoelectric effect in free atoms of the 
same element. The energy J; is also called the “binding energy” of the 
clectron which is ejected, because it represents the energy required to 
release the electron by breaking the bond which was holding it: within 
the atom. 

The variations of the ionization potential from one chemical clement 
to another are indicated in Fig. 4.7 and follow a periodic pattern in ac- 
cordance with chemical classification. The lowest ionization potentials 
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Fig. 4.7 Ionization potentials of the elements. 


are observed in alkali atoms (3 to 6 volts), the highest in rare gases (up 
to 24 volts). On the whole the ionization potentials decrease slightly 
from one row to the next of the periodic system. 

When ionization takes placc, clectrons emerge from the collision cham- 
ber with a continuous distribution of energies. Two clectrons emerge 
from each ionizing collision, one that had arrived from the clectron gun 
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and one released from the atom; these electrons share in any proportion 
the energy /’ — Ki; available after the ionization requirement. 

If the energy of the bombarding electrons is raised further above the 
ionization threshold //;, the yield of ions from any element but hydrogen 
shows successive steplike rises at higher critical potentials. These rises 
are often accompanied by the onset of light emission with new frequen- 
cies, indicating the occurrence of ionizing collisions in which the residug| 
ion is left in an excited state; the light is emitted by the ion as it drops 
to a state of lower energy. Other critical potentials mark the appearance 
of doubly or multiply charged ions. 


Further critical potentials. X rays. Critical potentials of the order of 109 
volts exist for all clements except hydrogen and helium. They are in fact very 
numerous and difficult to analyze owing to the variety of possible degrees of ioniza- 
tion and excitation of the residual ions. The ionization yield reaches a maximum 
in most elements for bombarding energies of the order of 100 ev. It deereases at 
still higher energies, because the incident electrons move so fast that their collisions 
with atoms are fleeting and allow little opportunity for energy transfers. 

At accelerating potentials of the order of 1000 volts or more, critical potentials 
are still observed in elements with atomic numbers of the order of 10 or more. They 
are detected as radiation potentials, marking the onset of the emission of cleetro- 
magnetic radiation with new frequencies in the X-ray range. These critical poten- 
tials correspond to ionizing collisions in which the residual ion is left in a state of 
very high excitation, so that it has a large amount of energy available to emit photons 
of high-energy radiation. The values of these high critical potentials form a simple 
pattern characteristic for cach clement; they lie singly or in small groups widely 
separated from one another, differing by factors as large as 5 or 10. 

The wide separation between groups of critical potentials indicates that the elec- 
tronic “body” of atoms and ions has levels of excitation energy of quite different 
magnitude. One surmises readily that excitations of higher and higher order of 
magnitude affect deeper and deeper layers, or “shells,” of the body of electrons, 
which are held with increasing stiffness by the nuclear attraction. Increasing stiff- 
ness expresses itself, of course, in the increasing frequency of the oscillating current 
which must be the source of the X-ray emission. This surmise is borne out by the 
variation of the X-ray critical potentials from one clement to the next along the 
periodic system. As mentioned before, the lower critical potentials, including the 
first ionization threshold 7, vary in cycles corresponding to the periodicity of the 
chemical elements; they appear to involve disturbances of the outer layers of atoms 
which are the seat of chemical properties. On the contrary, each X-ray potential 
rises monotonically by a small fraction from one element to the next (sce Fig. 4.8), 
showing no relation to chemical periodicity but a direct relationship to the strength 
of the nuclear attraction upon the electrons. For each element the values of the 
X-ray potentials and of the frequencies of the emitted X rays are also practically 
independent of the state of chemical aggregation of the clement, whereas the lower 
potentials are greatly altered by chemical combination. 

The highest critical potential of each element, called K potential, is of the order 
of 102? volts (@ is the atomic number). Next is a group of three potentials, called 
the L potentials, lying 5 to 10 times lower than the A potential. As scen in Fig, 
4,8, each group of X-ray potentials rises rapidly with increasing Z, and new groups 
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Fig. 4.8 X-ray critical potentials. 


appear in the range of energics where observations are convenicnt. This indicates 
that, as the number of electrons increases, more and more of them are drawn in to 
form new recognizable layers of the atomic body. The systematics of this process 
will be analyzed in Chapter 18. 


4.3 Evidence from Spectroscopy 


This section outlines the type of information obtained from the spec- 
troscopic analysis of the light absorbed or emitted by free atoms in a gas 
or vapor. 

“Spectroscopy” means, in general, the analysis of clectromagnetic 
radiation into components with different frequencies of oscillation, The 
simplest. spectroscopes utilize a glass prism which deflects light of dif- 
ferent colors by different angles; components of different colors that 
arrive on a prism in a parallel beam are projected onto different points 
of a screen. Diffraction gratings and other devices can be utilized in- 
stead of prisms to provide a more accurate analysis. X-ray spectroscopy 
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relies primarily on suitable diffraction gratings, which we need not din 
cuss here, and is otherwise analogous to light, spectroscopy. 

All forms of matter emit clectromagnetic radiation when they have 
been brought to a state of excited internal motion. Excitation my 
result from bombardment by electrons, ions, or atoms, or simply wheu 
high temperature increases the violence of ordinary collisions betweeu 
atoms. Favorable conditions for intense excitation of free atoms ocety 
in gascous discharges, including ares and sparks. Radiation emitted 
by a substance and analyzed with a spectroscope spreads out on the 
spectroscope screen in a pattern which constitutes the “emission spec 
trum” of the substance. 

The spectral analysis of the absorption of radiation utilizes a radiation 
source with a frequency spectrum as smooth and uniform as practicablo, 
This spectrum is analyzed and displayed on a screen. When a vessal 
containing a test substance is inserted between the source and the spet- 
troscope, it absorbs preferentially radiation of certain frequencics. 
Shadows appear on the spectroscope screen in correspondence to those 
frequencies. ‘The set of shadows constitutes the “absorption spectrum” 
of the substance. 

The gross features of the emission and absorption spectra may be anti- 
cipated from the results of the preceding sections. Atoms are normally 
in their ground state and therefore can absorb only radiation of such fre- 
quencies as will bring them to one of their excited stationary states or to 
an ionized state, in which an electron has been removed from the atom. 
The excited states form a sequence, with energies /,, M2, --~ higher than 
the ground state. Accordingly, the absorption spectrum will contain 
localized shadows at a sequence of frequencies »; = [2,/h, vg = Ho/h--- 
such that the corresponding photon energies hy, hyg --+ are exactly 
sufficient to raise atoms to their various excited levels. This sct of local- 
ized shadows constitutes the “line” or “discrete” absorption spectrwn. 
The lines of this spectrum have, in general, quite different intensities; 
many of them are usually so weak as to be unobservable. On the other 
hand, the lines are very sharp, and appear distinctly in much greater 
number than the excited levels distinguishable by the Franck-Hertz 
procedure. 

Absorption of radiation in a process that brings an atom to an ionized 
state constitutes a photoclectric effect. This process occurs for radiation 
of all frequencies in excess of the threshold 


VO ae oe (3) 


where Vo is the extraction potential of Iq. 1 and #; = eVo is the bind- 
ing energy of the electron to be ejected. Accordingly, the absorption 
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spectrum contains an extended shadow or “band,” limited on the low- 
frequency side by a sharp edge at the frequency o- Ionization processes 
whieh leave the ion in one of its states of excitation with levels Ey, 


Ii!, »-- can be produced by absorption of radiation with frequencies 
in excess of other thresholds 71’ = (eVo + £y’)/h, v9’ = (eVo + 
E2!)/h, --+. There will thus be additional extended shadows, super- 
posed on one another, marked by sharp edges at the frequencics 71’; 
vol, +++. This set of bands constitutes the continuous absorption spcc- 


trum, or “absorption continuum.” It extends into the X-ray range of 
frequencies in correspondence to excitation energics 7 of the order of 
thousands of electron volts. 

The emission spectrum of the atoms of cach clement consists of lines 
and bands like the absorption spectrum, but contains many more of 
them. ach line or band of the absorption spectrum also appears in 
emission. These lines are emitted by atoms dropping from excited states 
to the ground state. The bands are emitted when a free electron be- 
comes attached to an ion to form a neutral atom in the ground state 
(inverse process to the photoclectric effect). The other lines, which do 
not appear in the absorption spectrum, are emitted by atoms dropping 
from an excited state to another one at a lower energy level. The fre- 
quencies of all lines in the emission spectrum are given by the formula 
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Vig = (4) 
where /; and Jé;, indicate the energies of any two stationary states with 
E; > E,. The intensities of all lines represented by this formula differ 
from one another, in general, up to many orders of magnitude, the 
majority of them too weak to be observed. Nevertheless, there are 
spectra with thousands of observed lines. The continuous emission 
spectrum contains also numerous bands, emitted in processes in which a 
free clectron becomes attached to an ion to form a neutral atom in one 
of its various excited states. 

The spectra of all elements have the features just indicated. Many 
spectra were analyzed long before the existence of atomic energy levels 
was demonstrated directly by the Franck-Hertz experiment. It was 
noticed by Rydberg and Ritz that the reciprocal values of the measured 
wavelengths of numerous spectral lines can be represented by a “com- 
bination principle,” in the form 

L 
22 (See : 
Re Ti Tky (5) 


that is, as differences of a smaller number of quantities r;, rz, «++, called 
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the “spectral terms.” Initially, this representation had only the »d- 
vantage of compactness, but after linstein’s interpretation of the photo- 
electric effect, it was realized that each term must correspond to an 
energy level. Equations 4 and 5, together with » = ¢/, show that the 
energy levels are related to the spectral terms by 


i; => her;. (6) 


Textensive and accurate tables and diagrams of energy levels have been 
prepared from the analysis of spectra, primarily emission spectra, A 
sample level diagram is shown in Fig. 4.6. The arrows in the diagram 
indicate the transitions actually observed in the emission spectrum. 
‘The presence or absence of the lines corresponding to the various con- 
ceivable transitions, and the relative intensities of the observed lines 
provide a basis for the classification of energy levels. This classification 
had great importance for the development of atomic mechanics and will 
be discussed in Chapter 18. 


4.4 Energy Levels of the IHfydrogen Atom and of Related Systems 


Because the “body” of 2 hydrogen atom consists of a single electron, its properties 
should be accounted for most simply, from general principles. The special position 
of hydrogen in the periodic system of clements attracted much work to measure- 
ments of the hydrogen spectrum and to analysis of the numerical data thus obtained. 
This analysis led to the early discovery of an empirical formula which represents 
the spectral terms of hydrogen. 

In 1885, Balmer recognized that the wavelengths of the four brilliant lines in the 
visible spectrum of hydrogen can be represented by 


1 1 1 
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where 2 = 109,678 cm~? is called the “Rydberg constant,” and n equals, respectively, 
3, 4, 5, and 6 for the four lines. This observation led Rydberg to discover the combina- 
tion principle showing that all wavelengths of the line emission spectrum, from the 
infrared to the far ultraviolet, are represented quite accurately by (5) with the 
spectral terms 

tT = —R/n?, (8) 


where » is any positive integer. In the representation (5) the wavelengths of the 
serics of Balmer lines are indicated by Ang} this scrics continues in the near ultra- 
violet for n > 6. Other series of lines are known whose wavelengths are indicated 
by Ann, With n’ = 1, 3, 4, 5, 6, 7 and n > n’; the series with n’ = 1 lies in the far 
ultraviolet, those with n’ > 3 lic in the infrared. ‘The lines of cach series “converge,” 
that is, become increasingly close to one another as 7m increases and they approach a 
limit which coincides with the edge of a band. The wavelengths of these edges are 
accordingly represented by 
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The absorption spectrum of hydrogen atoms consists of a single series of lines, 
namely, the Lyman scrics in the far ultraviolet, and of a continuous band beyond 
the limit. of this serics. The ionization potential of hydrogen is, therefore, according 
to (4) and (8), 
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represents the energy levels of the stationary states of the hydrogen atom, in a scale 
where E = 0 indicates the energy of the atom after dissociation into an electron and 
a nucleus with zero kinetic energy. The energy levels measured from the ground 
gtate arc given by Bn — 1. 

Analysis of the hydrogen spectrum with very high resolution shows that most of 
the lines considered above are actually clusters of lines whose frequency differences 
are of the order of one part in a million. The details of the spectrum, called its 
fe and further details called “hyperfine structure,” will be considered 

The ions Het, Lit+, Bett+, cte., are isolectronic to H, that is, their “bodies” 
consist also of a single electron. Their spectra are found to have the samo structure 
ag the H spectrum, but with all frequencics scaled up approximately in proportion 
to the squared atomic number Z? (that is, by a factor of 4 for Het, of 9 for Litt, ete.). 
Accordingly, their energy levels are given by a modification of (11), namely 


, heR 13.6 
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To be exact, the energy levels are fitted best by (12) with values of the Rydberg 
constant differing from one another by small fractions, of less than one part in a 
thousand. These different values are indicated respectively by Ru, Rie, Rr, ete. 
The spectrum of the hydrogen isotope of atomic weight two (deuterium) is also 
fitted best by an appropriate value of R, ealled Rp. As will be seen, these differences 
result from the differences in the nuclear mass among the various atoms and ions 
with a single electron. 

The line spectra of all atoms consist, like that of hydrogen, of series of lincs con- 
verging to the edges of continuous bands. The resemblance to hydrogen stems from 
the circumstance that any atom, when it is nearly ionized, may be visualized as 
consisting of a single electron loosely bound to a residual ion, To the extent that 
the electron is already removed out of the “body” of this residual ion, and the ion 
acts on it as though it were a unit positive point charge, the loosely bound electron 
should behave like the clectron of a hydrogen atom, 


Bohr’s theory of the Rydberg constant. In 1918, Niels Bohr obtained a re- 
markable theoretical success by a modification of the planetary model. As pointed 
out in Sect. 3.4, the planetary model provides no basis to explain why the orbit of 
an clectron around a nucleus should be of any particular size. Bohr considered which 
sizes of circular orbits would correspond to the experimental evidence regarding the 
hydrogen spectrum. He considered in particular very Jarge orbits, corresponding 
to states of high excitation, because any departures from the laws of macroscopic 
physics should have least influence when an atom becomes very large. 
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According to the planetary model, the electron may follow a circular orbit of any 
radius 7. To each radius corresponds an energy H and a frequency of revolution » 
which will be given explicitly below as a function »(Z), The electron following such 
an orbit should emit radiation of frequency » continuously, and its energy # should 
decrease progressively to compensate for the loss of energy through irradiation. 

On the other hand, experiments show that energy is in fact radiated away in 
photons hy. Each actual emission process is accompanied by a jump from an energy 
level Z,, to a lower level which is most frequently H,... To preserve a connection 
between these facts and the planetary model, Bohr postulated that the energy dif- 
ference between successive levels be related to the frequency of planctary revolution 


b 
f En — Bya = hv(En). (18) 


He solved this equation for Z, as a function of n, with the approximation n > 1, 

The explicit relationship between » and & is derived as follows: A circular orbit 
is stable if the centrifugal force on the electron balances the clectric attraction exerted 
on it by a nucleus with charge Ze, that is, if 

me Ze 


eS ge (Lh) 


where m and v are the mass and velocity of the electron. The electron energy consists 
of kinetic energy and of a potential energy which represents the attraction by the 
nucleus and is, accordingly, negative, 


E= amv? = S (15) 
Combination of (15) and (14) yields 
ae 1 Ze? 
B= -—ym = oe (16) 


The frequency of revolution equals the velocity divided by the length 2xr of the 
orbit and can be expressed in terms of # by means of (16), 
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Bohr’s postulate (13) becomes then 
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For large values of n, that is, for large orbits, the difference Z, ~ #,_. may be 
represented approximately as a derivative d/dn, so that (18) is replaced with the 


differential equation 
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whose solution is 


‘ Qr?mZe! 
Ey = — “Pa (20) 


One arrives at the same result from an alternative form of Bohr’s postulate, which 
requires the orbit of the nth stationary state to fulfill the condition 


2armv = nh. (21) 
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The result (20) coincides with the experimental formula (12) provided that 
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We (22) 
Entering here the values of ¢, h, m, and ¢, given respectively by Millikan’s experiment, 
by the photoelectric effect, by mass spectroscopy, and by measurements of the 
light velocity, yields approximately 2 = 109,700 em~, in very good agreement 
with the experimental value of the Rydberg constant. 

The agreement is carried further by considering that the nucleus is not to be re- 
garded as fixed in the planctary model, but rather as moving together with the 
electron about their common center of mass. As shown in Appendix IJ, this effect 
is taken into account by replacing the mass m of the electron with the reduced mass 
my = mMy/(n + Mw), where My is the mass of a nucleus N. Replacing then 
in (22) m with the values of m1, mp, mue, ctc., for the nuclei of H, deuterium, He, 
ete., one obtains values Ry, Rp, Rue, etc., whose ratios agree very well with those 
of the experimental values of the Rydberg constant. 

This calculation of energy levels, utilizing only the planetary model, Eq. 17, and 
Bohr’s postulate (13), constituted a remarkable success of atomic theory. ‘This 
success did not do away with the unrealistic aspects of the planetary model. It 
demonstrated the possibility of deriving significant results by somewhat tentative 
procedures, combining macroscopic theory with qualitative findings of atomic ex- 
perimentation. Such procedures, developed further primarily by Bohr and by Som- 
merfeld, proved very useful until they were replaced in the mid-twenties by quantum 
mechanics. 


PROBLEMS 


4.1 The threshold wavelength Xo for photoelectric effect in tungsten is 2700 A. 
Calculate the maximum kinetic energy Kay of electrons cjected from tungsten by 
light of \ = 1700 A. 

4.2 An electron with nogligible initial energy falls through a difference of poten- 
tial and produces radiation when it hits a target. I’ind the minimum potential dif- 
ference required to produce: (a) X rays of 0.6 A wavelength; (8) light of 6000 A; (c) 
microwaves of 6 cm. 

4.3 An electron with 4 ev kinetic energy collides with a mercury atom at rest and 
is deflected by 90°. Calculate its loss of kinetic energy, taking into account the 
conservation of momentum in the collision. 

4.4 Atomic hydrogen is bombarded with clectrons in a Franck-Hertz experiment. 
Emission of the red (lowest frequency) line of the Balmer serics is observed, but the 
other lines of that series do not appear. This observation fixes an upper and a lower 
limit to the kinetic energy K of the bombarding electrons. Calculate these limits 


_assuming the atoms to be initially in their ground state and disregarding their recoil. 


4.5 In the experiment of Problem 4.4, the first two lines of the Lyman series L1, 
and L2, are observed besides the Balmer line B1. The relative numbers of photons 
of these three lines are Ny: Ny2:Npi = 6:1:2. Find the ratios among the numbers, 
Cn, of collisions that raise the atoms to their various excited energy levels Zn (n = 
2, 3,4, °°") 

4.6 Calculate the ratio of the energy levels with the same quantum number in 
the spectra of the two isotopes of Lit+ with atomic weights 6.0 and 7.0. 
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Macroscopic and quantum 
properties of electro- 
magnetic radiation— 

initial survey 


The quantum properties of clectromagnetic radiation, described in 
the preceding chapter, appear quite novel from the point of view of 
macroscopic electromagnetism. We begin now to consider how the 
macroscopic and atomistic properties of radiation hang together, and 
how the laws of macroscopic electromagnetism should be adjusted to 
attain a comprehensive formulation of macroscopic and quantum 
phenomena. The concepts and methods to be developed for the treat~ 
ment of radiation have general validity throughout atomic physics. 

The macroscopic description of a system need not @ priord remain 
meaningful at the atomic level. In the example of gas mechanics, pres- 
sure is a macroscopic variable which is meaningless with regard to one 
or a few molecules. The mechanics of individual molecules develops on 
foundations independent of macroscopic gas mechanics, and macroscopic 
gas mechanics may be established as a statistical description of the col- 
lective behavior of an assembly of gas molecules with known individual 
behavior. With regard to clectromagnetism, the situation is quite dif- 
ferent. The concepts and laws of macroscopic electromagnetism remain 
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meaningful at the atomic level; they only need reinterpretation and 
broadening. 

The applicability of macroscopic electromagnetism to elementary pro- 
cesses emerges from the fact that its results prove valid at any low level 
of light intensity. That is, one may experiment at extremely low in- 
tensity and let the effects of numerous atomic processes of emission and 
absorption accumulate for a long time so that their aggregate effect be 
detectable by macroscopic devices, for example, by photographic plates. 
Under these conditions, the clementary processes of emission and ab- 
sorption by atoms must occur independently of one another within 
separate intervals of time. Yet the final results of any such experiment, 
on refraction, polarization, interference, etc., of light, verify the predic- 
tions of macroscopic electromagnetism. Similar experiments, in which 
one observes separately the effects of single elementary processes, give 
basic information for the modification and extension of the macroscopic 
laws, as will be shown in later chapters. 

Passing references have been made in the last chapter to general 
properties of radiation, such as its emission and absorption by electric 
currents. Section 5.1 gives a sketchy review of the main relevant facts 
of macroscopic electromagnetism, starting with the gencral question of 
energy exchanges between electric currents and the space surrounding 
them. Quantum effects will be discussed in Sect. 5.2. 


5.1 Relevant Elements of Macroscopic Electromagnetism 


The space surrounding an electric current is the seat of a magnetic 
field, whose presence is detected, for example, by the orientation of a 
magnetic needle. The onsct of a current in an electric circuit and of the 
associated magnetic field is never abrupt, but is marked by a lag due to 
self-induction. During this lag, the current generator performs work to 
establish the current against the opposition of self-induction. ‘The 
energy provided by this work is regarded as stored in the magnetic 
ficld which is being established. Indeed, when the current generator is 
switched off, self-induction has a reverse effect: The current keeps ran- 
ning for a while, despite the resistance of the circuit, and dies off gradu- 
ally together with the magnetic field. In this phase of the phenomenon, 
energy is returned by the field to the circuit. 

Both the start and the disappearance of the magnetic field in the space 
surrounding a current are associated with further clectric actions. For 
example, an clectrie current is driven temporarily in a circuit adjacent 
to one in which a current starts or dies off. This effect of electromagnetic 
induction underlies the common a-c transformer action, in which an 
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oscillating current js pumped in a coil of wire (the “primary” winding) 
and a current is obtained in another coil (the “secondary” winding). 
_ Little energy is dissipated away from the space surrounding a current 
in the course of induction processes, provided the rates of change of 
current intensity remain low, as in ordinary a-c phenomena. The 


energy ; : : ; 

: raat Eas by currents in one phase of a process is almost entirely 

Cc y ‘ 5 ai Le 
urned to currents in another phase. Roughly speaking, the dissipa- 


tion remains low because the electromagnetic equilibrium is never greatly 
disturbed by slow variations of currents. This does not hold in the case 
of sharp current variations, as illustrated by a mechanical analog: 
A slow inflation of a balloon proceeds reversibly without energy dissipa- 
tion, but a sudden deflation by a puncture results in dissipation by the 
sharp noise which propagates away. 

Rapid variations of electric currents lead to substantial energy dissipa- 
tion. The more rapid the current variations, the less readily can the 
magnetic and electric forces in the surrounding space readjust to follow 
the current variations. This unbalance leads to energy transfer away 
from the current. A very rapid current increase requires an especially 
large expenditure of energy, and a very rapid decrease draws only an 
especially low return of energy. The reactions caused by a sharp electro- 
magnetic unbalance in a portion of space overshoot the equilibrium, just 
as in the phenomena of elastic unbalance. Thereby the disturbance fails 
to subside and propagates from one point to the next, farther and farther 
away. 

The transport of energy by a rapidly varying electromagnetic dis- 
turbance is called clectromagnetic radiation. It results from any rapid 
variation of electric current, such as takes place in a radio antenna. 
The higher the rate of change of the current, the higher is the rate of 
energy dissipation through radiation. 

Klectromagnetic radiation exerts the same kind of action on matter 
as electromagnetic induction. It exerts a force on all electric charges and 
on all currents. he work performed by this force absorbs the energy 
of radiation and returns it to matter. Thus the energy, which, we said, 
is dissipated by a radio antenna, is in fact generally returned to matter, 
somewhere, sometime, often a great distance away. 

An electromagnetic disturbance which propagates as radiation main- 
tains the pattern of time variations of the current from which the radia- 
tion originates. The work performed by the disturbance on a given 
portion of matter, that is, the rate of energy absorption, depends on the 
displacement which the disturbance impresses on the charges (and cur- 
rents) within this matter. This displacement depends in turn on the 
readiness with which the charges can follow the pattern of variation im- 
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pressed by the radiation source. The “tuning” of a radio receiver con- 
sists of adjusting the circuit of its antenna so that it oscillates most 
readily with the frequency of a given transmitter. Patterns of sinus- 
oidal oscillation ! are often utilized; they are characterized by the fre- 
quency of oscillation. The time variation of any electromagnetic dis- 
turbance may be treated as a combination of sinusoidal oscillations of 
different frequencies (see Appendix IV). 

The phenomena outlined in the preceding paragraphs obey laws 
formulated by Maxwell in the 1850's. In Maxwell’s formulation, radia- 
tion and other electromagnetic phenomena are described by the strength 
and direction of the electric and magnetic field at each point of space 
and at each instant of time. The electric field is defined as the electric 
force acting on a test charge divided by the magnitude of the charge, in 
the limit where the test charge is vanishingly small and therefore does 
not disturb the phenomena under consideration. (Notice that this limit 
of a vanishingly small charge is unrealistic from the atomic point of 
view.) ‘The magnetic field is defined similarly in terms of the force 
acting on a test current or on a test magnetic needle. 

In the absence of charges and currents, that is, for radiation in empty 
space, Maxwell’s equations are relationships among the rates of variation 
of the electric and magnetic field from point to point and in the course 
of time. Unless the variations from point to point of the electric field 
fulfill certain conditions, the magnetic field is bound to vary in the 
course of time, that is, there is no clectromagnetic equilibrium. Simi- 
larly, the electric field varies in the course of time unless the variations 
of the magnetic field from point to point fulfill certain conditions. 
Iinergy is stored in any region of space where the electric and magnetic 
field have non-zero strength. Energy flows through space when the 
fields vary in the course of time. 

In a region of space where there are electric charges and currents, 
Maxwell’s equations relate the rates of variations of the fields not only 
among themselves but also to the charges and currents. Electromagnetic 
equilibrium is possible only if the distributions in space of charges and 
currents remain constant in the course of time. Any variation of charges 
and currents generates a traveling electromagnetic disturbance and con- 
versely the fields tend to disturb the charges and currents since they 
exert forces on them. ‘Thereby radiation, a phenomenon that exists in 
empty space, interacts with the charges and currents which exist in 
matter. Radiation and matter are treated initially as separate, Inde- 

1 The intensity ¢ of a current that oscillates sinusoidally is represented as a function 
of the time ¢ by tt) = 7 sin (2rvt + 4), where ip is the amplitude (peak value of the 
intensity), » the frequency and ¢ the phase of oscillation at the time ¢ = 0. 
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pendent systems, in macroscopic and also in quantum physics; their 
interaction is introduced as a wechanism which causes energy exchanges 
between the two systems. 

Maxwell’s formulation was based on evidence obtained with slowly 
varying currents and ficlds. In the succeeding century electrical circuits 
have been developed which oscillate with frequencies up to the order 
of 10'° eycles/sec. ‘The radiation emitted and absorbed by these cir- 
cuits behaves according to Maxwell’s equations. 

Light and X rays have been identified as electromagnetic radiation 
With oscillation frequencies beyond the limits attained by electrical cir- 
cuits. The identification rests on the fact that these radiations propa- 
gate according to Maxwell’s equations and, in particular, travel in empty 
space with the velocity predicted by Maxwell for electromagnetic dis- 
turbances. (Prior to Maxwell, light was known to be an oscillatory 
phenomenon of very short wavelength and high velocity—-and hence of 
extremely high frequency—but its nature was otherwise unknown.) 
All phenomena of emission, propagation, and absorption of light, in 
which light interacts with macroscopic amounts of matter, can be in- 
terpreted in terms of submicroscopic currents within matter. 

Because atoms and molecules are lighter and stiffer than macroscopic 
portions of matter, and because they contain charged particles, it is 
understandable that they can be the seat of oscillating currents of ex- 
tremely high f requency. ‘Thus light is seen to differ from lower frequency 
radiation in that it is generated, modified, and absorbed by atomic elec- 
trie currents rather than by macroscopic ones. (Interaction of radio- 
frequency radiations with atomic currents are also observed, see Sect. 
7.2.) The selective absorption or emission of light of specific frequency 
by a material, for example, by a monoatomic gas, means therefore from 
the macroscopic point of view that currents readily oscillate with those 
frequencies within the atoms or molecules of the material. 


5.2 Discussion of Quantum Properties 


The first quantum property of radiation which has been described in 
Chapter 4 is the discontinuity of the amounts of energy exchanged be- 
tween radiation and atoms, or atomic particles. For example, when a 
mercury atom emits light in a transition from its first excited state to 
the ground state, it gives up its excitation energy of 4.9 ev in a single pro- 
cess. This energy may be absorbed by another mercury atom which 
thereby becomes excited. Notice that the time between emission and 
absorption is very long if the two atoms are far from one another. 
During this time the energy is regarded as stored in the electromagnetic 
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field of the radiation. The light emitted by mercury atoms in this transi- 
tion is shown by spectroscopic analysis to have a wavelength of 2537 A. 
To this wavelength corresponds, according to macroscopie clectromag- 
netism, a frequency of 1.18 X 10% ecycles/sec, equal to the encrey of 
4.9 ev divided by Planck’s constant h. 

The electromagnetic field of a radiation characterized macroscopically 
by a frequency v is always found on the atomic scale to store energy in 
photons of magnitude hy. he field is then said to have discrete energy 
levels, just like atoms do, the levels being separated by equal amounts hv. 

According to macroscopic electromagnetism, the energy stored in the 
field is a continuous variable, like the mechanical energy of a macro- 
scopic body. The existence of separate energy levels of the field was 
overlooked in macroscopic electromagnetism, and did not in fact deserve 
attention because the difference between energy levels is too small to 
be of any macroscopic consequence. Macroscopically, the energy ex- 
changed between matter and ficld appears to proceed with continuity 
in the course of time. Here, too, it is understandable that any discon- 
tinuity is of no consequence when, as in radio phenomena, the total 
quantity of energy transferred in a measurable time interval amounts 
to an exceedingly large number of photons. (A radio emission of 1 kw 
at 1000 kilocycles consists of 1.5 X 10°° photons per second.) 

Macroscopic electromagnetism is nevertheless relevant to atomic 
phenomena because it accounts for the collective emission, absorption, 
and transmission of light, for example, by the free molecules of a gas. 
Let us then consider some typical situations in which macroscopic and 
atomic features appear simultaneously. 

As we have seen, an electromagnetic disturbance preserves its pattern 
of time variation in the course of its propagation. This property has ¢ 
determining effect on the distribution of energy at the atomic level. 
Consider an atomic transition which releases an amount of energy // as 
radiation of frequency v. The radiation travels with constant frequency 
(unless it is modified by interaction with another oscillating current) 
and is eventually absorbed in an atomic process which takes up a photon 
of the same energy hy = I! as had been released initially. Thereby the 
energy originally available in an atom is not degraded or ‘dispersed in 
different directions as a result of transmission by radiation. Macro- 
scopically, the energy emitted by a radio antenna or by an assembly of 
atoms becomes distributed in all—or at least in most—directions around 
the source. The smoothness of this distribution represents a statistical 
average over a multitude of atomic processes; however, the energy 
radiated by one atom is picked up eventually by another atom in a parti- 
cular direction. 
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A similar relationshj 


P prevails for the distribution in time of the energy 
emitted by a source, 


If an oscillating current is started in an electric 
circuit, for example, by shorting a condenser through an inductance, 
and is left to Proceed freely, it radiates, Progressive loss of energy by 
radiation emission causes the current intensity to decrease as an ex- 
ponential function of time;? the rate of energy emission also decreases 
exponentially. The emission is scen to proceed in this way when one 
observes macroscopically the light emitted by a large number of Hboms 
after they have been excited. For example, one may look at the light 
emission by the canal tays, described in Sect. 1.3, which consist of ions 
emerging at high speed from an aperture; many of these ions are initially 
in an excited state and radiate as they fly on. Indeed the beam is made 
visible by its luminosity. As the ions travel away from the discharge 
where they have been excited, the variation in time of their rate of light 
emission is displayed as a variation of luminosity along the beam. The 
intensity of each spectral line emitted by the beam is observed to de- 
crease exponentially at increasing distances from the origin of the beam, 
according to the macroscopic law. On the other hand, one may observe 
through a diaphragm the light emitted only at a particular spot along 
the beam; analysis of this light with a photoelectric cell shows it to con- 
sist of photons of the same energies as are received from the whole beam 
observed without the diaphragm. Here, again, the macroscopic distri- 
bution of intensity in the course of time represents a statistical average; 
each elementary process of photon emission appears to have occurred 
aut a definite time instant. The frequency of photon detection decreases 
exponentially as the spot observed with the photoelectric eell is moved 
down the beam. £0 : 

The relation between the smooth macroscopic distribution of light 
intensity and the sharply concentrated distribution which pertains - 
individual atomic processes is of fundamental importance. sre 
out at the beginning of this chapter, the macroscopic distribution s ae 
have a meaning for each single atomic process, because it oe a 
changed in experiments at extremely low intensity levels, such sna a 
emission processes by different atoms are widely separated in time. 1e 
nature of this relationship will be discussed in the next chapter. 

Notice that the structure of radiation energy is analogous, in its ae 
bination of continuous and discontinuous aspects, to the sia 3 
the “body”? of atoms. The atomic “body” behaves macroscopically as 


: i al intervals 
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* An exponential function is one that varies by equal f canily ene 
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a solid, continuous distribution of matter, but, on the other hand, its 
content of matter increases or decreases by one clectron at a time, just 
as the energy content of radiation varies by one photon at a time. 

Another analogy between the properties of radiation and atoms 
emerges from a discussion of cavity resonators. A cavity resonator is a 
device, consisting of a box with metallic reflecting walls, in which the 
electromagnetic field can oscillate with high intensity only at certain 
characteristic frequencies. These frequencies depend on the dimensions 
of the box, much as the characteristic frequencies of a vibrating string 
depend on its length. (The lowest frequency 71 of a cavity resonator is 
such that the corresponding wavelength \, = ¢/»; is of the order of 
magnitude of the box dimensions.) Each of the characteristic fre- 
quencies decreases if the box dimensions are increased. From the point 
of view of quantum effects, the lowest energy amount, namely, one 
photon, of radiation that can be excited in a resonator has a minimum 
value hv, which is inversely related to the resonator’s size. This means 
that each unit of radiation energy has a tendency to expand, similar to 
the tendency of the “body” of atoms, because its energy decreases if the 
resonator’s size increases. Macroscopically, it is well known that radia- 
tion reflected by a wall exerts a pressure on it; therefore, radiation 
in a resonator performs work if it is allowed to expand pushing back 
the cavity walls. Atomistically, some of this work is performed at the 
expense of the energy of cach photon, while the number of photons re- 
mains the same. It will be shown in later chapters that the stability of 
the “body” of atoms is duc to the fact that each electron held within an 
atom must have a certain minimum kinetic cnergy inversely related to 
the atomic size, much as the energy of each photon in a resonator is in- 
versely related to the cavity size. 

The cavity resonator also illustrates a basic difference between the 
properties of radiation and of the “body” of atoms. The radiation in- 
tensity in a resonator can be raised beyond any limit, that is, the resona- 
tor can contain any number of photons, at least in principle, without 
any change in the frequency or other properties of the radiation. On the 
other hand, the addition of even a single electron to the body of an atom, 
if possible at all, changes altogether the energy levels and the chemical 
properties of the atom. 


PROBLEMS 


5.1 An oscillating current of frequency » and mean square intensity @), flowing 
through a straight antenna of length | << = ¢/», emits radiation. The radiation in- 
tensity I ata distance r >> Xin a direction forming an angle 0 with the antenna is, ac- 
cording to macroscopic theory formulated in CGS units, I(r, 6) = ave)? sin? /c*r?. 
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Calculate, with » = 105 cyclos/scc, Vi) = lamp.,! = 10m: (@) JG, 0) ab r = 100 
km, 0 = 60°; (6) the mean numbor of photons/em? see corresponding to this intensity; 
(c) the total power radiated by the antenna. 

5.2 Mercury atoms excited in a strong magnetic field emit light of undisturbed 
wavelength } = 1849 A with the same macroscopic distribution of intensity as a radio 
antenna parallel to the field (see Problem 5.1). Consider the emission from a dis- 
charge in a magnetic field in a gas that contains 107 g of mercury vapor. A counter 
with a window area of 10-3 em? at 10 m from the discharge in a direction forming a 
60° angle with the magnetic field detects 100 photons/sec of 1849 A light. Regard 
cach Hg atom as an antenna consisting of an electron oscillating with frequency » = 
¢/\ and mean square amplitude (a”); the correspondence with antenna characteristics 
is (PP = 4r*2(a2). Calculate: (a) the total power radiated at 1849 A; (0) the total 
tate of photon emission; (¢) the rate of photon emission per Hg atom; (d) the root 
mean square amplitude, Vie), of oscillation for one atom. 
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The statistical aspect 
of atomic physics 


Light, even though it is emitted in separate processes by individual 
atoms, appears to obey the laws of macroscopic electromagnetism with 
regard to its emission, propagation, and absorption when it is observed 
with macroscopic devices. As seen in the last chapter, one can perform 
macroscopic experiments with light at exceedingly low levels of intensity 
without affecting their results. It remains to be seen if, and to what 
extent, individual atomic processes also obey macroscopic laws. This 
can be done by low-intensity experiments in which light is detected 
through devices that score the absorption of single photons. 

Experiments of this type record light absorption events localized 
sharply in space and time, and so distributed at various points of space 
and instants of time that the aggregate distribution of light absorption 
obeys the macroscopic laws. Within this limitation, the single absorp- 
tion events are distributed completely af random. Randomness means, 
specifically, that in different experimental runs under identical conditions 
the absorption events have different distribution in space and time. In 
ageregate, the photon absorptions have “statistical” features, such as 
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averages, indices of fluctuation, etc., Which reproduce from one to an- 
other experiment; the detailed distribution of individual observations 
does not reproduce. 

Random distribution of single events is observed throughout atomic 
physics, with the limitation that the statistical distribution of a large 
number of events is reproducible and follows a definite law. For ex- 
ample, the Franck-Hertz experiment on inelastic collisions between 
electrons and atoms can be performed at low intensity detecting in~ 
dividual electrons which emerge from the scattering chamber with given 
deflections and given energy losses. The time intervals between the 
detection of successive electrons, and the sequence In which electrons 
emerge with various deflections and energy losses are quite random. 
Only the statistical features of the distribution of time intervals, deflec- 
tions, and losses are reproducible. Similarly, the time intervals and direc- 
tions of e-particle emission by a radioactive material are random, with a 
fixed average rate of emission and uniform distribution in all directions. 

The theory of quantum physics regards the randomness of single 
atomic events as a fundamental primitive law. ‘The objective of quan- 
tum theory becomes then to predict the probabilities of the various 
Possible outcomes of any experiment in which single events are to be 
detected. The occurrence of any specific outcome in any particular 
experimental run is regarded as inherently unpredictable. 

For many problems of radiation emission, propagation, and absorp- 
tion, macroscopic electromagnetism provides the answer to the problem 
formulated according to quantum theory. For instance, if the macro- 
scopic intensity of light of frequency y at a certain position (expressed 
as incident energy per unit area per unit time) is indicated by J, the 
probability of recording one photon with an ideal detector of unit area 
equals I/hy per unit time. To deal with the majority of problems of 
quantum theory, one must formulate the pertinent laws and develop 
methods of calculation. 

The randomness of atomic events was gradually recognized as a 
primitive phenomenon in 1926 by Born, Bohr, and their collaborators. 
The adoption of this point of view resolved the apparent inconsistencies 
which had stood in the way of atomic theory. Jor example, the fact 
that atomic electrons in a stationary state do not radiate, even though 
they are certainly neither at rest nor in uniform motion, appeared in- 
consistent with electromagnetism, as long as theory was expected to 
assign to each electron at each instant a definite position and velocity. 
However, if a stationary state of the electrons is fully described by 
the probability distribution of their possible positions and velocities, 
the average current may well vanish (no radiation emission) while 


EXPERIMENTS ON THE TIME DISTRIBUTION OF ATOMIC EVENTS 65 


nevertheless the velocitics have a non-zero mean square value (positive 
kinetic energy). 

This point of view developed, historically, from a combination of 
partial experimental evidence, fragmentary methods of calculation, and 
intuition. Its soundness was proved when consistent theoretical methods 
developed from it and accounted in detail for the mass of experimental 
data on atoms and radiation available at the time.!’ Even today, no 
single experiment provides evidence leading unequivocally to the point 
of view of quantum theory. Section 6.1 describes a type of experiment 
which appears particularly instructive. Section 6.2 compares the roles 
of the concepts of probability in the analysis of atomic and of macro- 
scopic phenomena. 


6.1 Experiments on the Time Distribution of Atomic Events 


The occurrence of single atomic events can be detected with counters, 
working on the principles indicated in Chapter 2. When the detection 
frequency is sufficiently low, one can record the instants of detection of 
successive events and analyze their distribution in time. Such a dis- 
tribution is always strikingly irregular, as anyone can testify who has 
ever listened to the clicking of a Geiger counter as it receives radiation 
from a radioactive substance. 

If a number of experimental runs is performed under identical con- 
ditions, the records of the instants of occurrence of successive events are 
quite different for the different runs. That is, the instants of occurrence 
of individual events are nol reproducible. Only their cumulative dis- 
tribution has statistical features, outlined below, which are well repro- 
ducible. 

The absorption of single light photons can be recorded, for example, 
by means of a Geiger counter which is “photoelectric,” that is, which 
has internal metal surfaces with low photoelectric threshold exposed to 
light arriving from outside the counter. We consider here an experiment. 
performed by Meyer and Gerlach in 1913 with a device equivalent to a 
photoelectric Geiger counter but somewhat more elementary. 

The Meyer-Gerlach apparatus was essentially the same as used by 
Millikan for his oil drop experiment described in Chapter 2 (Fig. 2.1.). 
The main innovation consisted in illuminating the particles under 
observation with ultraviolet light to produce photoelectric effects. 


1 Phenomena taking place within regions of space no larger than about 10-8 em, 
and involving the nature of particles, such as electrons, have still not been organized 
successfully by theory. Those phenomena have no essential influence on the subject 
matter of this book. 
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Meyer and Gerlach also replaced Millikan’s oil drops with metal grains 
whose Photoclectrie threshold is conveniently low. Whenever a single 
electron 18 ejected from a particle, the particle’s charge increases by:one 
unit ¢, the force exerted on it by the condenser changes suddenly, and 
. anes the particle’s motion, The emission of single photoelectrons sae 
aie benny through the microscope. Pi a denen 
: gcement the observer can score the stecesstve 
lnstants at which photoelectric emission occurs from any one motel 
grain, The average rate of emission events per unit time, determined 
by scoring their total number over a great length of time, is proportional 
to the intensity of the light falling upon the grain, in agreement with the 
results of Macroscopic experiments. The interest of the experiment lies 
Mm analyzing the time intervals which separate successive emission events. 

Por example, one may record the occurrence or non-occurrence of 
emissions during each one of a long series of equal time periods and a 
record for cach of these periods the time clapsed since the last emission 
prior to it. The two scores turn out to be wholly uncorrelated. (Some 
notes about statistical distributions and about correlation tests are 
given in Appendix V.) The lack of correlation shows that the length 
of time since the last emission has no bearing upon the frequency of 
occurrence in later time periods, : 

Notice, again, that the scores obtained in separate, identical, exper 
ments are different, but the lack of correlation is common to all experi- 
ments. 

One may also measure a large number N of time intervals 71, 72, **7> 
between successive emission events, classify these intervals according 
to their length, for example, according to whether they lie between 0 
and 6 see, between 6 and 26, 25 and 38 see, etc., and then plot the number 
n of intervals in cach class. In Vig. 6.la, the number of intervals lying 
between 0 and 2 see is plotted in correspondence to the abscissa t = | 
sec, the mid-point of this class of interval lengths; the next point is 
plotted in correspondence to the abscissa t = 3 sec, the mid-point. be- 
tween 2 and 4 sec, etc. The points in a plot of this type lie along an 
exponential curve ? represented by 


n= nel, (1) 


where n is the ordinate corresponding to the time ¢, mo the intercept of 
the curve on the ordinate axis, and 7 is the mean length of all intervals, 
defined by 


1 
ES iat tach rhs): (2) 


? See footnote 2 on page 60. 
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If various experiments are performed under identical conditions and 
their results are entered separately in the plot of Fig. 6.1, the various 
sets of points thus obtained do not coincide, in general; nevertheless, 
they all lie along the curve described by Eq. 1, within the limits of the 
statistical sampling error. 

The main property of the statistical distribution shown in Fig. 6.1 
and of its mathematical representation (1) is that the number of inter- 
vals in cach class is a fixed fraction of the total number of intervals in 
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Fig. 6.1 Distribution of time intervals between successive elementary processes. 
Solid curves from Eq. 1; experimental points: (a) photoelectric emission (adapted 
from IE. Meyer and W. Gerlach, Ann. Physik, 45, 215, 1914); (b) a-particle emission 
(adapted from I, Rutherford, Radioactive Substances and their Radiations, Cambridge 
University Press, 1913, p. 190). 


all classes of greater time Jength to within the experimental error. This 
fraction approaches 6/r when the width 6 of each class is much smaller 
than 7. 

The experimental result represented by (1) may be stated as a mathe- 
matical law by saying that a photoelectric event has a probability dt/r 
of occurring in a given metal particle within any infinitesimal time 
period dé. This probability is independent of the time elapsed since the 
previous photoelectric event and is proportional to the light intensity; 
otherwise it depends, of course, on the size of the particle and on the 
frequency of the light. 

This probability law enables one to calculate the probability of observ- 
ing m photoelectric events within a time period 7’. If a total number NV 
of time periods is observed, the expected number n,, of periods in which 
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m events take place is given, according to Appendix V, by the Poisson 


distribution 
yp Ee" | 
Nm = Ne eerie: (3) 
m! 
where m! = 1*%2%3X--: Xm. This prediction is verified experi- 
mentally. 


Experiments in which one records the time distribution of any cle- 
mentary atomic process, such as collisions or the emission of radiations, 


D 


yield invariably distributions represented by the same Iiqs. 1 and 3 ob- 
tained in the Meyer-Gerlach experiment. In fact, the Meyer-Gerlach 
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Fig. 6.2 Distribution of numbers of elementary processes observed in equal time 
periods. Solid curve from Eq. 8 with 7'/r = 3.87. (Experimental points from 
E. Rutherford, Radioactive Substances and their Radiations, Cambridge University 
Press, 1918, p. 189.) 


experiment was not pushed to great accuracy, as shown by the small 
number of intervals entered in Tig. 6.la. Figures 6.1b and 6.2 show 
extensive data from an experiment carried out by Rutherford and col- 
laborators for the purpose of testing accurately the randomness of the 
times of a-particle emissions. 

In the Meyer-Gerlach experiment the possible occurrence of photo- 
emission soon after the light has been switched on constitutes a striking 
consequence of the probability law. Within a finite, however short, time 
period At there is a finite probability A¢/r that an electron be emitted 
from a given particle, even though the period Aé may be so short that 
the energy delivered to the whole particle by a weak light amounts to 
less than one photon hy according to macroscopic laws. The macroscopic 
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expression for the incident energy is JS At, where I is the light intensity 
and S the cross-sectional area of the particle. If, for example, 1 = 107'° 
watts/em2, S = 0.1n” = 10~° em? and At = 1 sec, the energy delivered 
to the particle is JS At = 107° joules = 0.62ev. If the light wave- 
length is, for example, 3000 A, corresponding to a photon energy of 
4 ev, the average number of photons available for absorption at the 
surface is 0.16 per sec. If the metal grains produce on the average 1 
photoeffect per 10 photons available, the average rate of photoemissions 
is 0.016 per sec. Therefore, one photoelectron may have been emitted 
by the end of the first second after switching on, with a probability of 
0.016, corresponding, on the average, to one success in 64 trials, even 
though the macroscopic value of the energy incident on the particle in 
each trial amounts to only 0.6 ev, which would be inadequate to eject 
an electron. 

One concludes that the macroscopic expression of the light energy 
incident on a surface represents a statistical average. The actual arrival 
of energy experiences random fluctuations about the average. The 
metal particles in the Meyer-Gerlach experiment act as probe indicators 
of these fluctuations. 


6.2. The Concept of Probability in Macroscopic 
and in Quantum Physics 


Probability plays a role in various branches of physics, such as the 
statistical theory of gas mechanics, and in many familiar phenomena, 
such as dice or card games. Let us consider how probability is introduced 
in the analysis of macroscopic phenomena, before discussing its role in 
quantum physics. 

The mathematical theory of probability derives logical consequences 
from an initial statement that a certain number of possible, mutually 
exclusive events are equally probable. We deal here not with the mathe- 
matical theory but with the physical considerations leading to an initial 
statement of equal probability. 

The theory of a fair game of cards assumes that all possible initial 
distributions of cards among the players are equally probable. The 
card distribution derives from a multitude of accidental events in the 
course of shuffling the cards. One believes it plausible that adequate 
shuffling erases any correlation between the sequences of cards in a deck 
before and after shufHling, and consequently between the card distribu- 
tions in successive games. Common experience supports this belief. 

On the other hand, if one starts with a deck of cards in a given arrange- 
ment and if one controls and reproduces accurately the procedure of 
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shuffling, one expects to obtain again and again the same card distribu- 
tion among players. Accordingly, the equal probability of card dis- 
tributions in a fair game rests on our intentional failure to control and 
reproduce the conditions affecting the operation of shuffling. 

Similarly, the statistical mechanics of gases, in its “classical’’ form, 
rests on the assumption that all possible positions and velocities of each 
gas molecule are equally probable, subject to suitable restrictions, for 
example, that all molecules be within a given container and that their 
total energy be fixed. The equiprobability is assumed to result from a 
multitude of collisions among molecules. Nevertheless, it is also re- 
garded as possible, in principle, to know the position and velocity of 
each molecule at a given time; in this event, statistical mechanics would 
not be applicable, just as the theory of a card game docs not apply when 
shuffling is “rigged.” 

In other words, the distribution of playing cards or of molecules is 
regarded as unpredictable and wnreproducible because of failure to control 
the numerous variables on which the distribution is known to depend. 

With regard to the time distribution of the emission of photoelectrons 
in the Meyer-Gerlach experiment, these authors sought to identify the 
source of unreproducibility in the process of escape of electrons through 
the air surrounding each metal particle, but their explanation is not 
convincing. In other equivalent phenomena, for example, in the ejec- 
tion of high-energy photoelectrons by X rays in gases, one knows of no 
variables which are responsible for the random distribution of the events. 
The same holds for all elementary processes of atomic physics, that is, 
for all processes involving individual particles or photons. 

As no variables manifest. themselves, whose control would eliminate 
or even reduce the randomness of elementary processes, onc need not 
assume that such variables actually exist. ‘Therefore, quantum mc- 
chanics regards the equiprobability of alternative events, such as the 
emission of a photoelectron in different short time periods of equal dura- 
tion, as a physical fact which nced not be a consequence of other facts, 
that is, as a primitive fact. More generally, it regards as a primitive 
fact the limited reproducibility of observations of atomic events per- 
formed under identical conditions, Whereas in macroscopic physics 
any difference in the outcome of experiments is assumed to stem from 


+The scientific procedure consists of assembling experimental evidence and of 
organizing it in our minds economically. Economy requires us to regard a minimum 
number of facts as fundamental, or primitive, the others as their logical consequences. 
During any period of the history of science, it depends on the evidence available at 
the time, on our analytical ability, and also to some extent on preference, which 
facts we regard as primitive. 
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actual differences in the experimental conditions, quantum mechanics 
makes no such gencral assumption. 

Physies can make predictions only about those features of the out- 
come of experiments which are reproducible. In atomic experiments, 
statistical parameters of the results, such as the average rates of occur- 
rence of certain events or the mean square values of departures from 
averages, are indecd reproducible. The variables of macroscopic phe- 
nomena, such as the intensity of the photoelectric current emitted by 
an illuminated metal surface, take reproducible values because they are 
statistical parameters of the same phenomena regarded from an atom- 
istie point of view. 


PROBLEMS 


6.1 A counter registers the radiation from a radioactive souree. The counts are 
recorded in ten-second intervals and it is found that in 10 percent of the intervals no 
counts arc registered. Utilize the Poisson distribution law, liq. 3, to calculate: (@) 
the mean time between successive counts; (b) the fraction of ten-second intervals in 
which three counts are registered. 

6.2 A-radioactive source is placed half-way betwecn two identical counters A and 
B so that the average counting rates of A and B are equal. Six successive counts are 
registered. Calculate the probabilities of the following distributions of counts: (a) 
the first three in one counter and the next three in the other, i-c., in cither sequence 
AAABBB or BBBAAA; (6) alternation of successive counts in the two counters, 
i.c., in cither sequence ABABAB or BABABA; (c) all counts in the same counter, 
ic, AAAAAA or BBBBBB; (d) three counts in one counter and three in the other, 
in any sequence. 

6.3 A counter detects radiation with a mean interval between counts + = 5 sec. 
‘The counter registers the number of counts, m, in cach 15 see period. "The observa- 
tion extends over N such periods. Calculate: (a) the mean (mm) of the counts per 
period; (6) the mean square (n*); (¢) the mean square deviation Am, (Utilize Eq. 3; 
note that mn» = (T/r)mm—1 and that Zm—o Mm = N.) 

6.4 A counter detects radiation from a distant radioactive source at a mean rate 
of N counts/sec. The counter is moved 2 percent closer to the source, so that the 
counting rate should inercase by 4 percent. Estimate the time ¢ required to verify 
the increase, taking as a criterion of significance that the observed counts should 
exceed Ni by three times the root mean square deviation of the expected number. 
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Analysis of radiation 
and particle beams; 
eigenstates and eigenvalues 


Experimental observations establish relationships between physica] 
variables, specifically between the variables one observes and the vari- 
ables which define the initial conditions of the experiment. We havo 
seen that observations of phenomena involving single atomic particles 
do not reproduce in detail in successive runs performed under identical] 
conditions, but obey statistical laws. Therefore, the relationships among 
the variables of quantum physics, for example, between the energy and 
the position of an atomic electron, differ substantially from the cor- 
responding relationships among macroscopic variables. This chapter 
will illustrate the nature of quantum variables and the relationships 
among them by discussing experiments on beams of clectromagnetic 
radiation and of particles. (Throughout this book, “radiation” means 
electromagnetic radiation and “particle” a particle of matter.) 

Consider, for example, the spectral analysis of the light emitted by 
atoms under bombardment by electrons. Upon filtration through a 
spectroscope the light becomes separated into components of different 
colors which emerge in different directions. The intensity of the dif- 
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ferent components may be measured by the response of photon counters 
at different positions along a screen. The average rate of scoring by a 
given counter is a measure of the intensity of one spectral component, 
but at any given time one cannot predict, in general, which counter 
will click next. However, if the light is initially made monochromatic 
by preliminary filtration through a spectroscope with a narrow exit 
slit, it is not further decomposed by a subsequent spectral analysis; 
one can then predict that every count will be scored by the detector at 
the right position on the screen. 

In the various experiments we shall describe, analysis of a beam by 
a given device may show it to be homogeneous with respect to a certain 
characteristic; in this event, the beam is not subdivided into components, 
its entire intensity is scored by a single detector, and there is no un- 
certainty as to which one of several counters will score next. A result 
of this type merely verifies the effectiveness of a preliminary filtration. 
Alternatively, the beam may be found to be inhomogencous; its intensity 
is then fractionated into different components and there is uncertainty 
as to the sequence of scoring by counters placed at the various exit 
channels of the analyzer. The fractionation is particularly clearcut 
when there are only a few components, as in the analysis of light polariza- 
tion, rather than a large number, or even an infinity, of them as is often 
the case for spectral analysis. Particle beams are resolved in a small 
number of components when they are analyzed according to particle 
orientation with respect to a magnetic ficld (Sect. 7.2). 

According to classical physics, the fractionation of a particle beam 
should attain an ultimate limit, when the particles are homogeneous 
in all their characteristics. Any further analysis should fail to subdivide 
the beam, so that the response of particle counters would be predictable 
in advance. Experiments to be described in Sect. 7.2 show that there 
is no such ultimate limit. A beam of particles can be fractionated 
again and again, indefinitely, by analyzers of different orientation, much 
like a beam of light can be fractionated further and further by successive 
filtration through crystals that transmit light of different polarizations. 

The fractionation by polarization filters is readily understood in 
classical physics because, clearly, a light beam cannot be at the same 
time circularly polarized and linearly polarized. If it is circularly po- 
larized after transmission through a certain crystal, it can be fractionated 
into linearly polarized components by filtration through a different 
crystal, and vice versa. Polarization filters of different kinds, or even 
only of different orientations, perform incompatible kinds of analysis. 
A light beam made homogeneous in the sense that it is characterized 
as right circularly polarized is clearly not linearly polarized and thus 


74 BEAM ANALYSIS; KIGENSTATES AND EIGENVALUES 


appears inhomogeneous when fractionated by a linear polarization filter. 
Circular and linear polarization constitute incompatible characteristics of 
a light beam. 

The fact that a beam of particles cannot be made homogencous in 
every respect implies that some characteristics of particles are incom- 
patible, in the same sense as linear and circular polarization are in- 
compatible. This conclusion was implicit in the finding that observa- 
tions of atomic phenomena are not reproducible in detail even though 
the experimental conditions are controlled to maximum uniformity. 
Maximum uniformity of conditions means full homogeneity with respect 
to some characteristics. The fact that some of the possible experimental 
observations remain unpredictable means that these observations bear 
on characteristics incompatible with those that have been controlled 
in the preparation of the experiment. Incompatibility of particle 
characteristics constitutes a main quantum effect which escapes macro- 
scopic observation. Examples of incompatibility will be given in this 
chapter and in the following ones. 

Notice how the quantum properties of particles and of radiation com- 
plement each other. The incompatibility of certain radiation charac- 
teristies is known in classical physics. Classical physics predicts the 
intensity of beam components when linearly polarized light is analyzed 
for circular polarization. Classical physics fails, however, to show that 
light is absorbed one photon at a time and that the “intensity” of each 
component represents the average rate of photon absorptions by a 
counter. With regard to particles, classical physics defines the intensity 
of a beam component as the average number of particles lowing in it. 
On the other hand, classical physics fails to detect the incompatibility 
of particle characteristics and to provide rules to calculate the intensities 
in the fractionation of particle beams. Quantum mechanics describes 
incompatibility and calculates fractional intensities by methods that 
apply equally to radiation and to particles. 

Quantum mechanics also treats on an equal footing characteristics 
of particles and radiation whose analytic representation Is quite dis- 
similar in macroscopic physics. Some characteristics, like the energy 
of a particle or the frequency of radiation, are variables that assume 
definite numerical values in atomic as in classical physics. On the other 
hand, experimental analysis can make a beam homogeneous with re- 
spect to a characteristic such as circular polarization which is not identi- 
fied usually by the numerical value of a parameter, although one could 
define a variable with two alternative values, namely 1 for circular 
dextro-rotatory and —1 for levo-rotatory polarization. In quantum 
physics, all characteristics of radiation and of particles are usually 
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culled “variables” in an extended sense; we shall thus speak of “com- 
patible variables” and “incompatible variables.” Numerical indices 
may be introduced to specify certain characteristics, where necessary, 
to facilitate a uniform treatment. 

A state of particles or radiation which is identified by a specific valuc 
of a variable, or by one value of cach of several variables, is called a 
“proper state” of that variable or variables. The half-German word 
“civenstate” is currently used instead of “proper state.” he specific 
value of the variable is called the “proper value” or “cigenvalue” cor- 
responding to the eigenstate which it identifies. 

The experimental fractionation of a beam is described in quantum 
mechanies by saying that the initial state of the beam is resolved into 
component states. If the initial state were an eigenstate of a certain 
variable, that is, if the beam were homogeneous with respect to that 
variable, the component states are cigenstates of a different variable. 
Tor instance, circularly polarized light is in an eigenstate of circular 
polarization; it can be resolved into linearly polarized components which 
are in eigenstates of linear polarization. The experiments on beam 
fractionation determine the probability of detecting a particle or photon 
in an cigenstate of a variable, when the beam was known to be in an 
cigenstate of another variable. Thus they establish probability re- 
lationships between eigenstates of different variables. These relation- 
ships constitute laws of quantum mechanics which replace, or at least 
supplement, the laws of macroscopic physics. Macroscopic laws are 
described by ordinary equations among the values of different variables, 
such as F = ma or x = 2% + vt. Quantum laws must take new forms 
to allow for the fact that a specific value of one variable is not, in general, 
associated uniquely with a specific value of another variable. 

Examples of light beam analysis are discussed in Sect. 7.1, examples 
of particle beam analysis in Sect. 7.2. Conclusions and gencralizations 
will be outlined in Sect. 7.3. 


7.1 Light Beams 


(a) Frequency and photon energy. Given a light beam which is 
not monochromatic, onc may extract from it a monochromatic com- 
ponent of desired frequency by filtration through a “monochromator,” 
that is, through a spectroscope provided with an exit slit at a suitable 
point of its screen. A monochromatic component delivers to matter, 
when it is absorbed, photons of uniform energy; therefore, monochro- 
matic radiation is in a state characterized by a specific value of the 
photon energy, that is, in an eigenstate of photon energy. 
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Radiation filtered through a monochromator may be tested by filtry- 
tion through a second monochromator identical to the first one; all of the 
radiation goes through the second filter if its slit is set I the same 
position as in the first filter, none goes through if the setting is differens, 
For equal settings of the slit, a photon counter scores at equal ratos 
whether it is placed behind the first or behind the second filter. 

Spectroscopic analysis of a non-monochromatic beam may be re- 
garded as a statistical analysis of the energy of photons absorbed from 
the beam. If the light intensity on a spectroscope screen is [ 1 and Jy 
at positions corresponding to frequencies v; and v2, the relative proba- 
bilities of detecting photon absorptions at these positions are Ty/hy, 
and Iz/hva. ‘These probabilities may be tested by low-intensity experj- 
ments, placing photon counters at the two positions. 

According to macroscopic theory, radiation is described matho- 
matically by the strengths and directions of the electric and magnetic 
fields at cach point of space and at each instant of time. If the radiation 
is monochromatic, the fields vary at cach point sinusoidally in the course 
of time. If the radiation is not monochromatic, the fields may he 
resolved into sums of sinusoidally varying components by the procedure 
of Fourier analysis outlined in Appendix IV. Tach component of the 
fields which oscillates sinusoidally represents a monochromatic com- 
ponent of the radiation. The sum of the intensities of all mono- 
chromatic components equals the intensity of the whole radiation. ‘This 
macroscopic calculation of the intensity of a monochromatic component 
of frequency » amounts to a calculation of the probability that the 
energy of a photon absorbed equals hv. 

Notice that monochromatic radiation constitutes an idealization, 
because a perfectly sinusoidal variation of any quantity in the course 
of time has no beginning and no end (see Appendix IV). Experimentally 
the spectroscopic analysis of radiation is also imperfect, because of 
theoretical limitations to the performance of monochromators, includ- 
ing the effect of the finite width of their exit slits. ‘Thus one deals in 
practice with radiation whose photon energy is not exactly specified 
but is at best confined within a narrow range of values. 


(b) Beam direction and photon momentum. Light may be 
collimated by filtration through diaphragms or focusing lenses, so as 
to travel in a given direction. Radiation thus collimated, when absorbed 
by matter, delivers to it a mechanical momentum in the direction of 
collimation. The magnitude of this momentum is known, from macro- 
scopic theory and experiments, to equal the energy absorbed divided 
by the velocity of light ¢ = 3.00 x 10'° cm/sec. It follows that each 


' 
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photon absorbed from monochromatic collimated radiation delivers 
to matter a momentum of magnitude 


p= (1) 


Therefore, monochromatic radiation traveling in a definite direction is 
in an eigenstate of photon momentum. 

The direction of radiation and the momentum delivered by each 
photon absorption may be tested and retested experimentally like the 
frequency of radiation and the energy delivered by cach photon absorp- 
tion. Because the light velocity c is very large, the momentum (1) is 
very small even in the scale of atomic phenomena, except for very high 
frequencies. Ixperiments on the ejection of electrons from matter by 
an X-ray beam show clearly a prevalence of ejection in the direction 
of the beam, which results from the momentum delivered by cach 
photon. 

According to macroscopic theory, radiation which is monochromatic 
and monodirectional is described mathematically by electric and mag- 
netic fields whose variations in space and time constitute a “plane sinus- 
oidal wave.” The name “plane wave’ signifies that the fields vary 
from point to point along the direction of propagation and are uniform 
on any plane perpendicular to that direction. If a radiation is not 
monochromatic and monodirectional, its fields may be resolved into 
sums of components that vary as plane sinusoidal waves, by applying 
the procedure of Fourier analysis (Appendix IV) to the field variations 
in space as well as in time. Each component of the fields that varies 
as a plane sinusoidal wave represents a monochromatic monodirectional 
component of the radiation. The sum of the intensities of all these 
components equals the intensity of the whole radiation. The macro- 
scopic calculation of the intensity of each monochromatic component 
amounts to a calculation of the probability that the momentum of a 
photon absorbed has magnitude and direction characteristic for that 
component. 

Perfectly collimated monochromatic radiation constitutes an idealiza- 
tion, because a perfect sinusoidal variation in one direction and a per- 
fect uniformity over planes perpendicular to it should extend to infinite 
distances. Experimentally, the directional analysis of radiation is also 
imperfect because of the effect of collimator edges, to be described in 
Chapter 10. Thus one deals in practice with radiation whose photon 
momentum is not specified exactly but is confined, at best, within nar- 
row ranges of magnitude and direction. 
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(c) Linear polarization. According to macroscopic clectromagnet- 
ism, the electric and the magnetic ficlds of radiation traveling in empty 
space or in an isotropic material are perpendicular to one another and 
to the direction of propagation. These limitations leave the direction 
of the fields undetermined within the plane perpendicular to the direc- 
tion of propagation. The field direction need not remain constant at 
any one point in the course of time. MRadiation whose electric field 
maintains a constant direction in the course of time is said to be polarized 
linearly in that direction. It is in an cigenstate of linear polarization, 
identified by the direction of the clectric field. 

Radiation emitted by currents that oscillate in a given direction is 
polarized linearly with its electric field in the plane defined by the direc- 
tion of the current and by the direction of propagation (Fig. 7.1), 
Radiation from radio and television antennas is often polarized linearly, 
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Fig. 7.1 Direction of the clectrie field E of radiation emitted by a current oscillating 
along the antenna A. 


The currents within gas atoms which emit light are usually oriented 
in random directions. However, when atoms are subjected to a magnetic 
field, their internal currents are affected by the field and their frequencies 
of oscillation depend on their orientation; linearly polarized light emitted 
by currents parallel to the ficld may then be singled out by filtration 
through a monochromator (see Sect. 7.2.). 

Light detectors such as photographic plates, photocells, or photon 
counters give usually a response independent of the polarization. NHow- 
ever, the polarization of light can be analyzed, like its frequency, by 
suitable devices. A device that separates light with different polariza- 
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tions and is followed by a diaphragm placed so as to let through only 
light in a state of specified polarization, serves as a “polarizer” filter 
to be utilized much like a monochromator. 

Light with different lincar polarizations is separated by means of 
materials whose propertics are “anisotropic,” that is, not uniform in 
all directions perpendicular to the beam axis. We consider here in 
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(b) (c) (d) 
Vig. 7.2. (a) Iccland spar crystal with optical axis and principal section in the plane 
of the paper. In (b), (c), (d) the crystal is represented by its principal section. 
Light polarized with the electric field perpendicular to the principal section travels 
undisturbed, ordinary ray, Fig. (0); light with the electric field in the principal 
section is shifted, extraordinary ray, Fig. (¢); light in any other state of polarization 
is split into an ordinary and an extraordinary ray, Fig. (d). 


particular erystals of Iceland spar, whose electrons yield to the pull of 
an electric field by a displacement skew to the pull, unless the field is 
either perpendicular or parallel to an axis of symmetry of the crystal 
(“optical axis”). Jigure 7.2a shows a spar crystal, its optical axis, and 
a “principal section,” that is, a plane through the optical axis and per- 
pendicular to a crystal face. 

A light beam which enters a crystal as in Fig. 7.2b, at normal incidence 
along a principal section and with linear polarization perpendicular to 
this section, travels through undisturbed. If the direction of polariza- 
tion lies on the principal section, the light experiences an anomalous 
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refraction, it follows the path marked in Fig. 7.2¢ and emerges In 2 
direction parallel to the direction of incidence but shifted sideways. If 
the direction of the electric field is oblique to the principal section, the 
incident light beam splits into two components which follow respectively, 
the two paths of Fig. 7.2d. The component which follows one straight 
path is called “ordinary ray,” the other “extraordinary TY: 

When a diaphragm is placed behind the spar crystal, so as to let 
through cither only the ordinary or only the extraordinary ray, the 
crystal acts as a “polarizer” filter. The transmitted light is linearly 
polarized in a direction respectively perpendicular or parallel to the 
principal section, independently of whether the incident light was 
linearly polarized or in what direction. The light is in an eigenstate of 
linear polarization defined by the orientation of the spar TY: stal. ; 

The transmitted light may be tested with a second filter identical to 
the first one and equally oriented. All of the light goes through the 
second filter if its diaphragm is sct in the same position as in the first 
filter; none of the light goes through if the settings are opposite. For 
equal settings of the filter a photon counter scores at equal rates whether 
it is placed behind the first or bchind the second filter. ; 

If the light incident on an Iceland spar filter is polarized linearly with 
its electric field E} oblique to the principal section, macroscople¢ theory 
calculates the intensity transmitted by the filter. The field E is analyzed 
into two components E, and E,, parallel and perpendicular to the 
principal section. If the direction of E forms an angle a with E|, the 
strength of E, equals E cose, whereas E, = E sine. To the electric 
fields E, and E, correspond two components of the incident light 
polarized linearly in the directions of these fields. The intensity of a 
light beam is proportional to the squared strength of the electric field, 
Accordingly, the relative intensities of the incident beam and of its 
two components polarized in the directions £2, and Jy are 1:cos"atsin*a, 
The sum of the two component intensities equals the incident intensity, 

The law of decomposition may be verified experimentally, for ex- 
ample, by utilizing a first crystal as a polarizer filter which passes the 
ordinary ray and turning the second crystal with respect to the first 
one by an angle « about the incident beam. If the intensity transmitted 

1A vector, that is, a quantity having a magnitude and a direction, is usually in- 
dicated by a bold face character. The magnitude of the vector is indicated cither 
by the same character in italics or by the bold face character between vertical bars, 
as, for example, |E|. The square of a vector is defined as the scalar product of 
the vector by itself, for example, E-E, and therefore equals simply the square of 
the vector’s magnitude. However, in Chapters 14 and following it will be expedient 
to indicate the square of the angular momentum vectors by the bold face vector 
symbol followed by the exponent 2, for example, I’. 
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by the polarizer filter is called J, the intensity emerging from the second 
filter is I cos? and J sin’a, respectively, for its two settings, ordinary 
and extraordinary. The experiment may be performed at low intensity, 
observing the light with a photon counter. 

Notice that an Iceland spar analyzer in a single fixed orientation, 
with the two alternative scttings of its diaphragm, performs a complete 
analysis of the incident light into two component eigenstates with 
linear polarizations perpendicular to one another. The whole incident 
intensity is distributed between the ordinary and the extraordinary ray, 
whether or not the incident light was linearly polarized. An analyzer 
with different orientation performs a different analysis of the incident 
light into a different pair of alternative cigenstates of linear polarization. 
Analyzers with different orientation observe different “variables” which 
are incompatible in the sense indicated on page 74. 

Without reference to macroscopic theory, one may draw from the 
experiments the following conclusions: (a) that light filtered as the 
ordinary ray of a “polarizer” crystal is in an eigenstate of linear polariza- 
tion identified by the orientation of that crystal; (b) that light in this 
state may be resolved into two component eigenstates identified by the 
ordinary and extraordinary rays of a second (“analyzer”) crystal; and 
(c) that the intensities of these components are proportional respectively 
to the squarcd cosine and the squared sine of the angle between the 
orientations of the polarizer and the analyzer. 

The state of polarization of light changes in the course of propagation 
through various materials. Tor example, propagation through sugar 
solutions rotates the direction of linear polarization, that is, it changes 
light from one to another state of linear polarization. Filtration through 
other materials yiclds polarization other than linear, that is, it yields 
light whose electric field does not maintain at any one point a constant 
direction in the course of time. The change of direction takes place 
at a uniform rate when the light is monochromatic. When the electric 
field strength at any one point remains constant in the course of time 
and only its direction changes, the polarization is called “circular.” 
Right and left circular polarizations correspond to opposite changes of 
direction. 

Light of any polarization can be fractionated by suitable crystal 
filters into two components, one of which is right circularly and the 
other left circularly polarized. In general, to any state of polarization 
there corresponds another one opposite or orthogonal to it. Linear po- 
larizations perpendicular to one another and circular polarizations with 
opposite directions (dextro-and levo-rotatory) are special orthogonal 
pairs of polarizations. 
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Light im any state of polarization can he analyzed experimentally into 
a pair of components with arbitrary orthogonal polarizations. Given 
a state of polarization, macroscopic theory ‘eal culates the intensities of 
its _components corresponding to any set of orthogonal cigenstates, 
This calculation determines the probability of observing 2 photon with 
a counter placed behind any given analyzer. . 

Light in an eigenstate of polarization identified by a given orientation 
of analyzer crystals ig split into two non-vanishing components by an 
analyzer with its crystals in different orientation. ‘Two analyzers with 
orystals in different orientation perform incompatible types of analysis. 

(d) Mathematical representation ation is often con- 
venicntly analyzed into monochromatic monodirectional, lincarly polarized com~ 
ponents. We give here, for purpose of illustration the mathematical representation 
of one such component according to macroscopic theory. . : 

If one chooses the dircetion of propagation of the radiation 25 the « axis, the dis 
rection of the electric field is perpendicular to it and may be taken as the y axis, 
The components of the electric field, at cach point (2, y, 2) of space and instant ¢ of 
time, are then 


Electromagnetic radi 


B,=0 
Ey = Ey sin| 2x G _ Ht) + | = Ey sin[2r(kx — vl) + ¥] (2) 
E, =0. 


In this formula, HZ indicates the peak strength of the electric field, ¢ the phase of 
oscillation at zc = 0 and i = 0, \ = c/y the wavelength, and k = 1/X\ = v/e the 
reciprocal wavelength or “wave number,” that is, the number of waves included in 
aunit length. The magnetic field is directed along the z axis, and its single component 
H, is proportional to Ey, at all points and times; the value of H, equals the value of 
E,, in the CGS system of units. Ey is a sinusoidal function of z, with period \ =1/h, 
and of t with period 1/r, The plot of Z, versus x at any instant ¢ is obtained by 
sliding the plot at ¢ = 0 along the z axis by the distance of propagation Aut = cl. 

The wave number relates to the momentum delivered by a photon, owing to (1), 
through the proportionality equation 


p = hk, (3) 


which is analogous to the Einstein equation of photon energy, Z = hy, and clearly 
derives from it. 

The plane wave (2) may be represented with vector symbols without reference to 
« system of coordinates with particular orientation. ‘The space coordinates of a 
point are then represented with a vector r, and the dircetion of propagation is repre- 
sented, together with the magnitude of the wave number, by a “wave vector" k, 
The product ka in (2) is replaced by the scalar product 


ker = hye + hy + hz, (4) 


and the peak electric field is represented in strength and direction by a vector Eo. 
Equation 2 becomes 
E = Ep sin[2r(k-r — vt) + 4], (6) 
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and (3) takes the more complete vector form 
p = hk. (6) 


According to (5) and (4), the electric field is a sinusoidal function of ¢ and of each 
space coordinate 2, y, Or 2. Therefore, E obeys the differential equation of the sine 
function with respect to cach of these variables, namely, 


2 = —47°E (7a) 
ee = ie (70) 
= = —4nthE (70) 
edge ee: (7d) 


These equations state that the second rate of variation of the electric field E with 
respect to each variable is proportional to E itself, at all places and at all times. The 
proportionality constant is a function of the oscillation frequency or of a component 
of the wave vector. 

The equations (7) belong to the mathematical class of “eigenvalue equations.” 
An. equation of this class requires that a function after being transformed in a speci- 
fied manner—in this case, by taking a second derivative—turn out to be proportional 
to the function itself. The proportionality factor is called an “eigenvalue” of the 
equation and the solution of the equation is an “eigenfunction.” In this example, 
the sinusoidal plane wave (5) is an eigenfunction of each of the equations 7; the cor- 
responding eigenvalues are respectively: —47°v’, —4ahg?, —4r7h,? and —4a2k2. 
The mathematical representation of all eigenstates of quantum mechanical systems 
is derived from eigenvalue equations. 

The four equations 7 may be combined utilizing the relationship between frequency 
and wavelength or wave number 


=RPeahk2Z+h?e +k. (8) 


-=-=hk, that is, 


Fel Se 


Summing (7b), (Ze), and (7d) and subtracting from the sum the equation (7a) divided 


by c. one finds . 9 
ae - vE OF OE 1dE 


ax? ° ay? — az ~ eae 


0. (9) 


This relationship, among the second rates of variation of E from point to point and 
in the course of time, constitutes the “wave equation.” This equation is established 
by electromagnetic theory as a consequence of the Maxwell equations which interre- 
late the variations of the electric field and of the magnetic field. The wave equation 
holds for the macroscopic fields of any clectromagnetic radiation in empty space, 
whether or not it is monochromatic or collimated. 

Notice the chain of arguments which is followed here. For a plane monochromatic 
wave, characterized by a frequency and direction or by a wave vector, the wave 
equation holds as a consequence of the eigenvalue equations 7 and of the equation 8 
relating frequency and wave vector. For radiation that has no definite wave vector 
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rere aw 

or frequency, the wave equation holds nevertheless, because the SMa Gas 
regarded as a combination of plane monochromatic components each 0 Ww euulien 
Inq. 9. This chain of arguments extends further, owing to the pee “ aad nv 
by the photoelectric effect between the oscillatory properties of eave ee ee 
mechanical properties of its photons. Equation 8 between Ail yaa ae ane o 
vector may be expressed as a relation between photon energy and momentum, 


HE hy hy? f ~ 2 i 
ce ave hk = p, that is, ce = p= pet Py + pz (10) 
2 


In view of the equivalence of (8) and (10), we may say that the wave equation repre- 
sents the ener 


‘ 8y-momentum relation for the photons of not aes 
directional radiation, that is, of radiation in an cigenstate of photon fe ont hi i 
momentum. The energy and the momentum components of photons Co a m i 
well defined values for radiation in a general state, that is, for radiatt ee nee Ne 
neous with respect to these characteristics. ‘The wave equation 9, which is bit = 
any state of radiation in empty space, represents implicitly the pike et to 
relation for photons even when these quantities have no definite values. 3 a i: 
seen in following chapters that wave equations may represent Be mC Gino 
mechanical properties of particles as well as of photons. z) into components 

Consider now the analysis of the plane linearly polarized wave (8) in 7 z i. las i 
E, and Ey relating to a spar crystal analyzer. If the direction perpen ae he 
the principal section of the analyzer is indicated by a vector P of unit asia a 
the decomposition may be performed mathematically with vector sym a . ' ne 
vector Ey has the direction of P and a magnitude equal to the componen® OF the 
field E along P, namely, to E*-P. We may then write 


: : ll 

EE, +E, E,=(E-P)P, Ey) =E-(E-P)P ee 

Both lincar polarizations E) and E| are singled out experimentally hee be ae 

as the polarizations of the ordinary and of the extraordinary ray. ne P patie 

terizations may be summed up mathematically by a single equation, of the elgen- 

value type (7) above. The equation is 

2 

(E-P) P = aE, (12) 

where @ is a proportionality constant (eigenvalue) to be determined, One verifies 
that (12) has only two solutions, namely 

E=E, fora = 1 (full transmission in the ordinary ray), (18) 


E=E, fora =0 (no transmission in the ordinary ray). (14) 
7.2 Molecular Beams 


The analysis of beams of charged particles into components with dif- 
ferent specific charge, described in Sect. 1.3, is an example of the type 
of analysis considered in this chapter. Here we concentrate on the 
analysis of beams of particles according to their magnetic properties, 
which arise from electric currents circulating within each particle. For 


2A particle may carry within itself a net circulation of electricity even pret the 
average value of the net internal current in any one direction vanishes at all times. 
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particles that carry a net electric charge, like ions, the force exerted on 
this charge overshadows the magnetic interaction with internal currents. 
Therefore, the magnetic analysis is performed on beams of particles 
that carry no net electric charge. 

Beams of particles with no net charge are usually called “molecular 
beams” even though they may consist of single atoms of gases or vapors, 
regarded as monoatomic molecules. Neutrons, which are particles 
with no net clectric charge and with mass approximatcly equal to that 
of hydrogen atoms, may be regarded for this purpose as atoms with 
atomic number zero. 

A molecular beam is prepared by letting a minute amount of the 
desired material escape through a small aperture into an evacuated 
vessel. When the concentration of molecules in the vessel is about 10 
million times lower than in atmospheric air, each gas molecule travels 
about one meter, on the average, without colliding with another mole- 
cule. The monoatomic molecules of metallic vapors are frequently 
studied in molecular beam experiments. The source of a beam consists 
then of a small oven containing a metal whose atoms evaporate and then 
leak out of a pinhole aperature. 

The arrival of molecules can be measured by observing the accumula- 
tion of material deposited, if this accumulation is sufficiently large. 
More sensitive methods of detection are available, but they are not as 
simple as in the case of charged particles, except for neutrons, because 
cach molecule carries no electric charge and little kinetic energy. Atoms 
of alkali vapors are conveniently detected through the ability of a hot 
tungsten wire to strip an electron from any alkali atom that falls upon 
its surface. The total amount of electricity thus collected by the wire 
measures the number of incident atoms. The alkali atoms leave the wire 
as positive ions; one could count these ions by accelerating them elec- 
trically to the point required to operate a counter. 

Poncil-like beams of molecules can be obtained by inserting small 
aperture diaphragms in the path of the molecules. The molecules 
emerge from their source with various speeds, whose average value 
depends on the level of thermal agitation in the source. The velocities 
in a beam can be analyzed by means of shutter systems, for example, 
by the device of rapidly rotating disks shown in Fig. 7.3. The first 
disk stops all incoming molecules except those that reach it just when 


3 Neutrons are released as by-products of collisions among atomic nuclei, and 
emerge in particularly large numbers from nuclear reactors. They exist in a free 
state only for limited intervals of time because they arc readily captured by almost 
any nucleus. ‘They can be easily detected and counted through the phenomena 
which follow their capture, such as emission of & particles. 
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the small aperture in the disk passes in front of the entrance slit. The 
molecules flying on are collected on the second disk which rotates at 
the same speed as the first one. If the disks rotate by an appreciable 
amount while the molecules fly from the first disk to the second, the 
point of arrival of each molecule on the second disk depends on the 
speed of the molecule. The distribution of material collected at various 


Detector 


Vig. 7.3 Velocity selection of a molecular beam by rotating wheels, 


points along the periphery of a wheel in an experiment of this nature 
measures directly the distribution of thermal velocities of the gas mole- 
cules emerging from a source. 

If one carves a small aperture in the second disk, only molecules of 
a certain velocity reach the disk just in time to fly through the aperture. 
Fig. 7.3 shows the aperture in the second disk displaced by an angle of 
¢ degrees with respect to the aperture in the first disk. If the disks 
rotate at n turns per second, the second aperture gets aligned with the 
entrance slit ¢/n360 seconds later than the aperture in the first slit. 
Yor a distance between the disks of d centimeters, molecules traveling 
with velocity d nd3G0 

$/n360 ¢ 


find both disk apertures aligned. In this way a beam of molecules hav- 
ing a chosen velocity can be selected out of the incident inhomogeneous 
beam. 

Molecular beams may thus be prepared in a state which is an eigen- 
state of velocity and direction, that is, an eigenstate of particle energy 
and momentum, analogous to radiation cigenstates of photon energy 
and momentum. From a practical standpoint, the energy and mo- 
mentum of particles can only be made uniform to within finite limits, 


cm/sec (15) 
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as in the analysis of radiation beams. For radiation it has been pointed 
out that, even from the standpoint of theory, an eigenstate of photon 
energy and momentum constitutes an idealization; we shall see in Chap- 
ter 10 that the same holds for particle beams. 


(a) Stern-Gerlach experiment. A magnetic field exerts a force on 
any electric charge in motion; the force is perpendicular to the field and 
to the direction of flow of electric current. If the current flows in a 
closed loop, the forces exerted on the different portions of the loop tend 
to cancel out. No net force, but only a torque, remains if the magnetic 
field has the same strength and direction at all points of the loop. here 
is a net force if the field is not uniform. 

Both the torque and the net force may be represented with good ap- 
proximation in terms of a potential magnetic energy of the current loop. 
This energy is proportional to the strength of the magnetic field H in 
the middle of the loop and may be indicated as 


— peti. (16) 


Lhe proportionality constant pert Indicates the effective magnetic mo- 
ment of the current loop; it equals the current intensity in the loop 
multiplied by the projection of the area of the loop on a plane perpen- 
dicular to H, that is, the component of the magnetic moment of the 
loop in the direction of H.t (The current intensity is rated positive 
if it appears to circulate counterclockwise to an observer standing in 
the direction of the ficld.) The potential energy decreases if vers in- 
creases owing to a change of orientation of the loop; the decrease of 
energy per unit angle of rotation equals the strength of the torque. 
The energy also decreases if the loop moves in a direction where I in- 
creases, for pert positive (for vers < 0 the energy decreases if H decreases) ; 
the energy decrease per unit displacement of the loop equals the strength 
of the net force on the loop. 

In 1921, Stern and Gerlach observed the deflection of a molecular 
beam in a non-uniform magnetic field. The deflection must be due to 
a net force acting on each molecule. Its magnitude determines the 
value of were of the molecules, since the variation of magnetic field 
strength encountered by the molecules along their path is a known 
design characteristic of the experiment. 

‘The magnetic energy of a current loop equals the flux of the magnetic ficld 
through the area enclosed by the loop, multiplied by the current intensity. Any 
current circulation may be analyzed into component currents along ideal loops, 
each of which contributes a component to the magnetic energy. Equation 16 repre- 
sents the magnetic cnergy schematically and defines pert as 2 convenient coefficient 
of proportionality. 
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The main tool of the experiment is a magnet whose shape is such 
that the magnetic field is strongly non-uniform as it is in the example 
of Fig. 7.4 within the V-shaped slot between the pole faces. A finely 
collimated beam of monoenergetic molecules is directed through the 
slot parallel to the pole faces. In the region traversed by the beam, 
the field points in a vertical direction and its strength increases as one 


Fig. 7.4 Splitting of a molecular beam after traversing a Stern-Gerlach magnet. 


approaches the lower pole edge. Even small deflections of the beam 
may be detected by observing its point of arrival on a distant screen 
beyond the magnet. 

The following fundamental result is observed: A collimated mono- 
energetic beam of molecules which passes through a magnet of this 
kind either remains undeflected or, depending on the nature of the 
molecules, it splits into a small number of components that experience 
different deflections. For example, a beam of He atoms remains un- 
deflected, whereas a beam of H or Ag atoms splits into two components, 
a beam of oxygen molecules yields three, a beam of N atoms four, a 
beam of O atoms five components.2 (A beam of neutrons is split into 
two components whose deflection is much smaller than in the other 
examples indicated here.) 

The component beams hit the screen at equally spaced intervals, 
symmetrically distributed with respect to the point of no deflection,® 
that is, to the point of arrival in the absence of a magnetic field. The 
symmetry implies that the middle component. beam remains undeflected 
if there is an odd number of components. If the number of components 
is even, there is no “middle” component, and the point of no deflection 
lies midway between the two components nearest to it. 


° This statement must be qualified because the pertinent properties of the internal 
structure of the incident atoms and molecules may depend to some extent on the 
strength of the magnetic field to which they are subjected (see Chapter 16). ; 

6 This result holds insofar as the deflections are small so that each molecule is 
subjected to the same net foree throughout the region between the pole faces, that 
is, insofar as the gradient of the magnetic ficld is uniform throughout the region 
traversed by the molecules. 
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Finally, the intensities of all component beams are equal provided the 
incident beam had not been subjected to previous magnetic actions. 

One may observe experimentally the number, deflection, and intensity 
of the separate component beams. One may work at exceedingly low 
intensity and record the arrival of one molecule at a time for each com- 
ponent beam. ‘The arrival of individual molecules is always subject 
to random fluctuations, but the probability of arrival per unit time at 
the point of collection of a beam is proportional to the macroscopic 
intensity of that beam. 

The uniform deflection of the molecules of one component beam shows 
that thejr internal circulating currents are characterized by a single 
value of the constant err of Eq. 16. This value is obtained by a pro- 
cedure analogous to that of Appendix I, from the observed value of the 
beam deflection, from the mass and velocity of the molecules, and from 
design characteristics of the deflecting magnet.’ The circulation of 
intramolecular currents about a direction parallel to the magnetic field 
remains constant as a molecule flies on freely,’ after leaving the magnet, 
as shown by the following experiment. A diaphragm is inserted at the 
exit of a Stern-Gerlach magnet, so as to let through only one among 


Fig. 7.5 Retest of a molecular beam with a second Stern-Gerlach magnet. A com- 
ponent beam is not resplit by a second magnet oriented equally to the first one. 


the component beams. This component beam is allowed to travel on 
for a distance and then analyzed with a second Stern-Gerlach magnet 
equal to the first one and equally oriented (Jig. 7.5), The beam ex- 
periences no further splitting in the second magnet and is deflected to 
the same extent as in the first magnet. 


7 Call m the mass of a molecule, v its velocity through the magnet, | the length of 
magnet traversed and grad// the rate of change of the field strength in a direction 
perpendicular to the beam. he force on a molecule is pert gradH, the acccleration 
ett gradi /m, the transverse velocity at the exit of the magnet 1 = pert grad i/mp, 
and the deflection angle 6 = 0;,/v = wert grad U/mv*, To a given observed angle 
6 corresponds the value ett = (mv?/L gradIZ)6. 

8“Preely” means that all stray magnetic actions are screened off from the space 
where the molecules travel. 
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The main Stern- 


Gerlach experiment and this second experiment of 
retest analysis are 


; analogous to the experiment of light beam splitting 
with an Iceland spar crystal and to the retest analysis with two crystal 
filters parallel to one another. The number of beam components varies, 


however, from one kind of atom to another. 
ry. 
These results are summari 


component beam are in 
net axis, characterized 


zed by stating that the molecules of one 
cigenstate of current circulation about the mag- 
by an eigenvalue of jogs. Since the component 
beams hit the screen at equally spaced points, symmetrically arranged 
With respect to the point of no deflection, the corresponding cigen- 
values form an evenly spaced sequence and to each eigenvalue cor- 
tesponds another one of equal magnitude and opposite sign. ‘The 
largest of these eigenvalues is indicated for each kind of particle with 
the symbol p and is called simply the “magnetic moment” of the particle. 
The difference between successive eigenvalues of the sequence is in- 
dicated by 4/7 and the sequence of all eigenvalues is represented by 


m 
Meff == mm> (17) 
Jj 


4 . . a an # ryy 
where m is a number which varies In steps of one from —j to 7. The 
numbers j and m are integers when the number of beam components 
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Vig. 7.6 Diagram of eigenvalues of pers as determined by the separation of beam 
components in a Stern-Gerlach experiment. 


is odd, so that there is an even number 27 of intervals between perp = 
# and pert = —p, whereas j and m are half-integers when the number 
of beam components is even (Fig. 7.6). The numbers m and j are called 
“quantum numbers” like all the numerical indices which identify dis- 
continuous features of quantum phenomena. 
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(b) Repeated beam splitting in different directions. In analogy 
with polarization experiments with the analyzer oriented differently 
from the polarizer, we consider the following schematic problem: One 
component beam has been filtered out of an initial molecular beam by 
means of a magnetic deflection followed by a sclecting slit (as in Fig. 
7.5). This component beam now enters “suddenly” ® into another de- 
flecting magnet whose field direction forms an angle 6 with the direction 
of the field in the first magnet (lig. 7.7). We call the first magnet a 
“nolarizer” and the second one an “analyzer.” 


Vig. 7.7 Retest of a molecular beam with a second Stern-Gerlach magnet. A com- 
ponent beam is resplit by a second magnet oriented differently from the first one. 


The second magnet splits the incident beam into a new set of com- 
ponent beams. These beams reach the end screen at a series of points 
aligned in a direction parallel to the field in the second magnet. The 
second magnet resolves as many component beams as the first one and 
the deflections are also equal in magnitude if the two magnets are 
identical except for orientation. However, the intensities of the com- 
ponent beams resolved by the second magnet are unequal, and depend 


® Internal currents within an atom or molecule undergo a progressive readjustment 
if the molecule passes slowly from one place to another one where the magnetic 
field points in a different direction. A change of direction of the magnetic field is 
effectively “slow” or “fast,” depending on the promptness of response of the intra- 
atomic currents. 

A clear-cut study of the effect of two successive different magnetic ficlds upon 
molecules requires that the transition from the first to the second field be sufficiently 
sudden. Experimental arrangements to achieve this goal were developed by Stern 
and Phipps and especially by Frisch and Scgré. Without going into details, we assume 
that one can achieve in practice an ideally sudden transition from field-free space 
into the space between the poles of a magnet, or from one magnet into another one 
with different orientation. 
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upon the angle @ between the orientations of the analyzer and polarizer 
magnets. 

"This result is quite analogous qualitatively to the corresponding result 
of polarization analysis. A beam of molecules in an cigenstate of cur- 
rent circulation about the axis of one magnet can be fractionated into 
component beams of molecules in different eigenstates of current circula- 
tion about the different axis of another magnet. A component beam 
separated by the second magnet is split once more if retested with a 
further magnet parallel to the first one. Magnets with different orien- 
tation perform incompatible types of analysis. 

The quantitative dependence of the component intensities upon the 
relative orientations of a polarizer and an analyzer is, however, dif- 
ferent for light and for molecules. In the analysis of linearly polarized 
light with an Iceland spar crystal, the relative intensities of the ordinary 
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and the extraordinary beams are cos’ and sin’a and are accounted 
for by macroscopic theory. Tor molecular beams there is a different 
intensity law depending on whether the beam is split into 2, 3, 4, +°° 
components. ‘The theoretical deduction of these laws will be given 
after further analysis in the next chapter. 

Each of the “relative intensities” of the component beams represents 
the probability that a molecule, having emerged from the polarizer 
magnet in the component beam identified by a quantum number m, 
will emerge from the analyzer magnet in the component beam identified 
by m. This probability may be indicated as Prim. It is a function of the 
angle @ and it depends on m and ™ and on the number of beam com- 
ponents, that is, on the quantum number 7 of Eq. 17 which equals the 
largest value of m or 7. Table 7.1 gives analytical expressions that 
represent the experimentally determined probabilities P® (6) for the cases 
of two-, three- and four-component beams (j = 4,1, and ). In general 
P® is a function of cosd of degree 2j. The table shows equal probability 
for a molecule in an cigenstate with m = a to emerge in an eigenstate 
with mm = b, and for a molecule with m = 6 to emerge with m = a (“reei- 
procity law”). The table also shows complete symmetry between de- 
flections in opposite directions, characterized by values of m and mm 
equal but with opposite sign. 

(c) Magnetic energy cigenstates. “Zeeman effect. Radio frequency 
spectra. The eigenstate of current circulation in an atom about the direction of 
magnetic ficld H, with the eigenvalue pert, is also an eigenstate of its magnetic 
energy with the eigenvalue —xettH. If the atom is otherwise in an eigenstate of its 
internal energy (it usually is in its ground state), it is also in an eigenstate of the 
total—internal plus magnetic—energy. Tach internal energy level considered in 
Chapter 4 is modified by the addition of the magnetic energy 


alk = Son (18) 
Jj 


which takes as many values as there are eigenvalucs of pert. That is, cach level of 
the atom in the absence of the field is, in gencral, “split” into a number of different 
levels by the action of the field. The nuinber of eigenvalucs of pert is a characteristic 
of each state of internal motion of the atom; specifically the valucs of both j and u 
in (18) vary from one to another of these states. The examples given in the deserip- 
tion of the Stern-Gerlach experiments, with regard to the number of component 
beams for various kinds of atoms, refer to the ground state of cach atom. Since 
the values of pert for most atoms are of the order of 10-2 CGS units (that is, erg/ 
gauss), the separation of levels of magnetic energy, for field strengths of 1000 to 


10 The description in this paragraph is schematized by disregarding deeper influences 
of the magnetic field on the internal structure of atoms, as indicated in footnote 5 
on page 88 and discussed in Sect. 16.3. The cigenvalues of pert are fixed, that is, 
independent of the strength of the magnetic field, only within certain ranges of this 
strength. 
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10,000 gauss is of the order of 107!” to 107" erg, that is, 10~° to 1o~* ev. This 
separation is, accordingly, orders of magnitude smaller than the separation of most 
levels of internal energy. ; : 

The splitting of the ordinary energy levels of internal motion brings about a 
modification of the optical line spectra described in Sect. 4.3. Consider the spectral 
line emitted or absorbed in a transition between two energy levels Za and Fy, of 
atoms of an clement in the absence of a magnetic ficld. When a magnetic field is 
applied to the atoms, the levels Za and Ep are split, respectively, according to (18), 
into levels Ha — jgHma/ja and Ey — woHmy/jo, with different values of ma and my. 
Therefore, the atoms emit or absorb no longer a single line of frequency (Ea — Ey) /h, 
but a number of lines of frequency 


z [ #. _- Ey = (10 = rics | (19) 
h Ja Jb 

corresponding to different valucs of ma and ms. This splitting of spectral lines was 
first observed by Zeeman in the 1890's and is called Zeeman effect; it will be discussed 
further in Sect. 16.3. The Zeeman effect was of great help for the analysis of enorgy 
levels because it provided additional information on the propertics of atoms in each 
level of excitation. Furthermore, sinee the energy levels in magnetic fields cor~ 
respond to stationary states with net circulation of currents of fixed orientation, the 
transitions between any two states with certain values of mq and mp are accompanied 
by oscillating currents which have also particular orientations with respect to the 
magnetic field. Therefore, the light of any given spectral line emitted by atoms in 
a magnetic field has a particular polarization. 

Transitions with absorption or emission of radiation are also possible between 
cnergy levels with the same value of internal energy H, and different values of a4. 
The radiation frequency corresponding to these transitions lies, for values of HW avail- 
able in the laboratory, in the radiofrequency range, often in the short-wave or micro- 
wave portions of this range. This phenomenon may be observed as the transition 
of an atom from one to another component of a molecular beam. Consider, for 
example, a molecular beam filtered through a polarizer magnet and thereby reduced 
to a single component with a certain value of m. The atoms in the beam can absorb 
or emit radiation and thereby pass into eigenstates with different values of m. Atoms 
that have experienced such transitions constitute new beam components and may 
he detected by retest analysis with another magnet (see Fig. 7.5). 

Spontancous emission of radiofrequency radiation is quite unlikely within the 
time spent by an atom in traversing the apparatus of Fig. 7.5. (As indicated in 
Chapter 5, the macroscopic intensity of radiation emitted by oscillating currents is 
a rapidly increasing function of the oscillation frequency.) Absorption of radio- 
frequency photons by atoms occurs when the atoms traverse a magnetic field, which 
splits their levels, and are simultancously subjected to an oscillating electric field 
whose frequency equals the level separation divided by Planck’s constant h. The 
action of the radiofrequency electric field also stimulates emission of radiation by 
the atoms, so that transitions with both absorption and emission of energy may be 
observed. 

Devices for observing radiofrequency spectra very effectively have been developed 
particularly by Rabi and collaborators in the late 1930’s. ‘To increase the intensity 
of the beam, its components are not actually separated out by filters; thereby one 
eliminates the velocity selection of the molecules required for precision work with 
separate components. A molecular beam is passed through a first Stern-Gerlach 
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magnet designed so as to refocus all components in a region of space where the 
magnetic field is uniform and parallel to the field in the magnet and where a radio- 
frequency electric field is applied. The beam passes then through a second (analyzer) 
Stern-Gerlach magnet, identical to the first one but with reverse orientation, which 
brings again all beam components to a second focus, on a detector. The refocusing 
works, however, only for molecules that traverse both magnets in the same beam 
component, that is, in the same eigenstate. Any transition with a change of m which 
takes place between the two magnets causes a loss of beam intensity at the second 
focus. Very extensive and accurate measurements of magnetic moments have been 
performed by this method. 


7.3. General Scope of Eigenstate Analysis 


The experiments with radiation and molecular beams show how to 
identify eigenstates of certain variables and how a beam in an eigen- 
state of one variable can be fractionated, also by experimental pro- 
cedures, into component beams which are in cigenstates of another 
variable. In common language one says briefly that a state of a beam 
is resolved into component eigenstates. ‘The concepts of eigenstate 
and of decomposition of eigenstates apply throughout quantum physics, 
even though direct experimental procedures of analysis are not available 
in the majority of cases. For purpose of illustration we mention here 
a few examples. 

Consider the stationary state (energy eigenstate) of a hydrogen atom 
corresponding to the lowest energy eigenvalue, that is, the ground state. 
The existence of such a state is deduced from the Franck-Herta and 
other experiments described in Chapter 4. The discussion of the sta- 
tistical aspects of quantum phenomena in Chapter 6 indicates that, if 
the atom is in a stationary state, one should not expect with certainty to 
find its electron at any particular position within the atom. Suppose 
that an experiment were set up to test whether or not the position co- 
ordinates of the electron have certain values x, y, z at a particular time. 
The result would be a specific response if the coordinates have those 
values, and no such response otherwise. ‘This experiment selects clec- 
trons in an eigenstate of the three position coordinates 2, Y, 2. If the 
experiment were performed repeatedly on a large number of hydrogen 
atoms in their ground state, the specific response would be obtained in a 
fraction of all trials. This fraction measures the probability that the 
electron coordinates have the values x, y, 2 when a hydrogen atom is 
in its ground state. The same experimental device, with a different 
setting, might measure the probability that the coordinates have other 
values x’, y’, 2’.. Therefore, this device would perform the analysis of 
an energy eigenstate of the hydrogen atom into position cigenstates of 
its electron. 
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As another example, consider inelastic collisions of electrons with 
atoms in the Franck-Hertz experiment (Sect. 4.2). [ach electron 
emerging from a collision may travel in any direction and have ony 
one of various velocities, depending on the amount of energy transfern ed 
to the atom. The state of this electron is presumably determined by 
its initial state, which is an eigenstate of velocity and direction, and by 
the mechanics of collision. An experimental device that determines the 
velocity and direction of the electrons after collisions performs an an- 
alysis of the state of electrons emerging from collisions into eigenstates 
of velocity and direction. 

The polarization analysis of light beams illustrates the general pre 
cedure of analysis into eigenstates with particular clarity, because te 
resolves the incident beam into a finite number of discrete components. 
The analysis into eigenstates of variables with continuous eigenvalues, 
such as energies, positions, directions, etc., is less clear-cut, but not dif- 
ferent in essence. These eigenstates often represent idealizations ; for 
example, as mentioned before, rigorously monochromatic light, that ne) 
light in an eigenstate of photon energy, cannot be prepared by realistic 
experimental procedures. ts 

Returning now to the eigenstates of current circulation within atoms, 
there is a set of eigenstates of circulation of current about each direction 
of space. ‘The sets pertaining to different axes are fully equivalent. The 
reciprocity property noticed in Table 7.1, namely that a molecule has 
equal probability of passing from an cigenstate with m = a to one with 
m = b and of passing from m = b to m = a, is quite obvious in this 
‘ase, because the two sets of states are interchanged by the irrelevant 
operation of interchanging the orientations of the polarizer and analyzer 
magnets. This reciprocity property is quite gencral. For examp le, the 
probability of finding the electron of a hydrogen atom at one point P, 
if the atom has been prepared in its ground state, is equal to the proba- 
bility of finding the atom in its ground state if its electron has been 
placed at the point P. The reciprocity of probabilities rests in essence 


"In the analytical treatment of a-particle scattering according to classical mc- 
chanics (Sect. 3.2), the direction of each « particle after scattering is a function of 
the impact parameter. The randomness of the a-particle direction derives, in that 
treatment, from the randomness of impact parameter, which was implicitly assumed 
by Rutherford to be of the card game varicty (Sect. 6.2), that is, to derive from 
“failure” to control the “aim” of each particle. In fact, it will be shown in the 
following that this randomness is a quantum effect and that the aim cannot be 
controlled exactly, there being no state of a particle which is an eigenstate of both 
the direction and the impact parameter. Therefore, the calculation of Sect. 3.2 
is not correct, but an exact quantum mechanical calculation yields the same cross 
section as was obtained by Rutherford. 
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always on the same ground, namely, that a quantum mechanical process 
of eigenstate analysis may function in reverse by interchanging the roles 
of the instruments that act as polarizer and analyzer, even though these 
instruments are not of the same kind. 

Eigenstates of an atomic system corresponding to different values of 
the same variable are said to be orthogonal to indicate that they are 
mutually exclusive, since a variable which has one specific value cer- 
tainly does not have any other value. Tests of mutual exclusiveness 
of eigenstates have been pointed out in the discussion of examples and 
are often obvious. For example, light with circular dextro-rotatory 
polarization is fully stopped by a filter that accepts only light with 
levo-rotatory polarization. The analysis of a state of a system into 
orthogonal eigenstates constitutes a listing of various alternative, 
mutually exclusive events that may ensue when the system is in that 
state, together with a listing of the probability of cach of those alter- 
native events. 

Orthogonal eigenstates are said to form a “complete set’? when there 
is no further state orthogonal to all states of the set. When a state is 
resolved into a complete set of orthogonal eigenstates, the probabilities 
pertaining to all these eigenstates add up to one. 

Quantum mechanics deals usually with states of atomic systems which 
can be identified, at least in principle, as eigenstates of some physical 
variable, In some instances, the method of identification is obvious; 
for example, a state of linear polarization is an eigenstate of the polariza- 
tion which is transmitted without loss of intensity as the ordinary ray 
by a spar crystal with a certain orientation. Often this method of 
identification is not practicable because it is not easy to design an ana- 
lyzer that will respond with certainty to systems in the given state and 
and to those only. It is then preferable to identify a state through its 
analysis into a convenient set of eigenstates. Identifying a state with 
reference to a set of eigenstates amounts to an inversion of the process 
of analysis considered in this chapter. The inversion requires more 
data than a listing of the “intensity,” that is, of the probability pertain- 
ing to each eigenstate of the set. The nature of the additional data 
and their mathematical representation will be discussed next. 


PROBLEMS 


7.1 A beam of nitrogen atoms, emerging unpolarized from a discharge tube, is 
split into four components by a Stern-Gerlach analyzer. Calculate the mean value 
and the mean square deviation of the quantum number m, by averaging over its 
values for the four components. 
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7.2 Under the influence of a magnetic field, the lowest energy level of the nitrogen 
‘tom splits into four adjacent levels. The magnetic moment of the atom in this group 
of eigenstates of current orientation is 4 = 2.7 X 107 erg/gauss. Assuming a mag- 
netic field strength of 1000 gauss, calculate: (a) the energy scparations among the 
levels; (b) the frequency of radiation that can be absorbed in the process of raising 
an atom from one of these levels to the next higher one. 

7.3 A beam of atoms is fractionated by a Stern-Gerlach analyzer into three com- 
Ponents, with quantum numbers m= 1,0, and —1. Each component is then an- 
uyzed with a second magnet, as in Fig. 7.7, and thereby subdivided again into com- 
ponents with m = 1,0, and ~1. Taking the probabilities P® (0) from Table 7.1, 
calculate for each value of m: (a) the mean value (im) = Lite ~1 mPsm(0), and (b) 
the mean square deviation Am = (m2) — (m)?, ; 

i , Check that y = 2 exp(—422) is an eigenfunction (sce p. 83) of the equation 
dy /dx* + wy = Ky, and caleulate the corresponding eigenvalue K. 
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Interference 
and superposition 


In this chapter, we consider the relations among the probabilities of 
observing alternative atomic events, with the intent of discovering the 
laws which they obey. Such laws should enable us to calculate the proba- 
bilities to be expected under various conditions of observation; in partic- 
ular, they provide a theoretical explanation of the experimental results 
on molecular beams which are given in Table 7.1. 

The study of light polarization and of the orientation of intraatomic 
currents provides suitable examples for the determination of probability 
laws as well as for the process of eigenstate analysis. We shall consider 
the following problem: Suppose that a molecular beam emerging from a 
polarizer with orientation P is analyzed with a Stern-Gerlach analyzer 
whose field has a direction A, and that the intensities of the component 
beams separated by this analyzer are known. Suppose further that one 
has studied in a separate experiment the analysis of the eigenstates of A 
by a magnet with a different orientation B. What predictions can then 
be made about the analysis of the beam from the polarizer P with the 
magnet with orientation B? If the statistical results of this analysis 
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were fully predictable from the given data, one would conclude that the 
analysis of the polarizer beam into component eigenstates of A provides 
all the relevant information and thereby identifies fully the state of 
orientation of the molecules emerging from the polarizer. It wil be 
seen that such a single analysis is not adequate to identify the Sento of 
orientation. The analysis of atomic states and its reciprocal Operation; 
namely a recombination which is called “superposition,” ee one» 
larger amount of information in full analogy to the corresponding pro- 
cedures for electromagnetic radiation. ; bah, 

In electromagnetism, radiation components are combined by adding 
their fields rather than their intensitics. The description of radiation 


Vig. 8.1 Cone of polarizer directions P,P’, P”, etc., consistent with observations by 
an analyzer with axis A.* 


by means of the electric and the magnetic field contains more informa- 
tion than is provided by the intensities of a set of component beams. 
Vor example, the intensities J, and I, transmitted as ordinary and extra- 
ordinary ray of a spar crystal do not identify the state of polarization 
of the incident light. This polarization is linear if the fields of the two 
rays oscillate in step, elliptical or circular if they are out of phase. The 
difference between the types of polarization consistent with the observa- 
tion of I, and J, is revealed by analysis with a spar of different orienta- 
tion. As shown in Sect. 8.1 the information provided by the additional 
analysis may be utilized to define a “phase difference” between the com- 
ponents J, and I,, without reference to the oscillations of the fields. It 
becomes then possible to represent the combination of radiation com- 
ponents independently of the macroscopic theory which has served thus 


* Notice that in general the magnetic field may be oblique to the beam direction, 
even though Chapter 7 dealt explicitly only with fields perpendicular to the beam. 


INTERFERENCE AND SUPERPOSITION 101 


far as a guide but fails to account for the subdivision of radiation energy 
into photons. 

For atomic systems, the identification of a state requires the same 
type of information as for radiation. Jor example, in the study of cur- 
rent circulation within atoms by magnetic beam-splitting (Sect. 7.2), 
the intensities of a set of component beams do not identify the initial 
state of current circulation. Specifically, in the experiment of Fig. 7.7, 
the intensities of the component beams emerging from the second 
(analyzer) magnet determine only the angle @ between the axes of the 
polarizer and the analyzer magnets; they are consistent with previous 
polarization by a magnet whose axis points in any direction at an angle @ 
with the analyzer axis (Fig. 8.1). To identify the axis of polarization 
of the incident molecules, it is necessary to perform a Stern-Gerlach 
analysis with a different orientation of the analyzer magnet. That is, 
the observation of two sets of component intensities is required to identify 
the state of the incident molecules.’ 

In general, two ‘“Gncompatible” types of analysis are required to 
identify a state of radiation or of an atomic system.? Hach experimental 
analysis determines the probability of response of an analyzer which 
detects only radiation or atomic systems in a given eigenstate; this 
probability will be called, for brevity, the probability of the eigenstate. 
Knowledge of the probability of each eigenstate of two complete or- 
thogonal sects, for example, of the eigenstate sets of magnetic analyzers 
with two different orientations, can be translated into data about two 
independent characteristics of cach eigenstate of a single set. ‘These 
eigenstates are then regarded as components of the initial state. The two 
characteristics of each component eigenstate are called its “probability” 
and “phase.” The difference between the phases of a pair of components 
specifies how to combine their contributions in calculating the proba- 
bility of any end result, just as it does in the superposition of polarization 
eigenstates. That is, the state of an atomic system can be identified by 
its analysis into any one complete set of orthogonal eigenstates, but the 
identification must specify, besides the probabilities of the components, 
also their phase differences. he influence of phase differences upon the 


1 Two sets of observations are not quite sufficient in general to identify uniquely 
a state. The residual ambiguity is removed by a third observation (sce Fig. 8.3). 

21t is understood in this book, according to common practice, that a system is in 
a definite state (“pure state”) when predictions can be made about it with maximum 
precision. One can always design a device, at least in principle, which detects ¢ 
system with certainty if it is in a pure state, but with probability less than one if it 
is in any other state. Molecules with random orientation or unpolarized light are 
not in a pure state, according to this definition, because no orientation, or respectively 
polarization, analyzer will transmit them with certainty. 


ve 
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combination of components is called “interference cffeet,” by analogy 
with optical interference, 

This method of identifying the state of a system permits one to de- 
scribe the variations of the state according to the “superposition prin- 
ciple,” that is, by following the variations of a single set of component 
eigenstates. For example, it will prove particularly convenient to regard 
any state of an atom, or other system, as a combination of eigenstates of 
the energy, because these states remain stationary in the course of time. 
Throughout the analysis in eigenstates, one must keep track simultane- 
ously of the changes of probability of each component and of the changes 
of phase. It will be shown in Sect. 8.2 how to carry out this simultaneous 
accounting by specifying for each component eigenstate one single com- 
plex number, called “probability amplitude” of the component. (Basic 
information on complex numbers is summarized in Appendix VI.) 
Each complex number has a magnitude equal to the square root of the 
probability of the component cigenstate and a phase which indicates how 
this eigenstate combines with others. The combination of components 
is represented by the addition of probability amplitudes, as it is re- 
presented in macroscopic electromagnetism by the addition of the 
electric and magnetic fields. 

For the polarization of light and the circulation of currents within 
atoms, analysis of the experiments described in Chapter 7 suffices to 
determine the probability amplitudes which identify a state as a super- 
position of orthogonal eigenstates. The calculation of the probability 
amplitudes is discussed in Sect. 8.3 and explains the quantitative results 
of experiments described in Chapter 7, in particular the data of Table 7.1. 

Interference effects are unknown in the classical mechanics of particles, 
principally because the conditions of macroscopic experimentation 
usually destroy the very possibility of interference. Combination of 
components under conditions which prevent interference is called “in- 
coherent” superposition. The conditions required for interference are 
analyzed conveniently when component beams are actually separated 
and follow different paths, as described in Sect. 8.4. The most familiar 
examples of interference, with light or particle beams, arise actually from 
the combination of components traveling different lengths of path, rather 
than of components differing in polarization or current. orientation. 
They will be described in Chapter 10. 


8.1 Phase Differences 


When a beam of light traverses an Iceland spar crystal and the two 
emerging rays, ordinary and extraordinary, have intensities J, and I es 
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the polarization of the beam * is not identified by the intensity ratio 
I./Io. As mentioned above, identification requires an additional 
measurement of the ratio I,’/Z,' with the spar crystal in a different 
orientation. (Only the ratios are relevant to the polarization, as the 
total intensity I, + I is the same for all analyzers.) The intensity pairs 
(Io, Ie) and (I,', I<’) are related as follows. 

Suppose that the incident light is passed through two spar crystals 
A and B in succession; A transmits ordinary and extraordinary rays of 
intensities J, and J,, and B is turned around the beam axis by an angle 
a < 90°‘ with respect to A. If the extraordinary, or the ordinary, ray 
of crystal A is eliminated, the ordinary ray of B has intensity, respec- 
tively, I, cos? or I, sin’, according to page 80. If crystal A is removed, 
so that its ordinary and extraordinary rays are not separated, the in- 
tensity of the ordinary ray of the second erystal, [,’, is different, in 
general, from the sum I, cos’a + I¢ sin’e of the intensities that would be 
contributed by the rays sepa- 
rated by crystal A. (Similarly, 
the intensity I,’ of the extra- 
ordinary ray is not equal to 


ave ler) Tle \ LF 
arises from interference; it de- ~~ 


pends, according to macroscopic 
theory, on the differences be- 
tween the phases of oscillation of 
electric field components parallel 
and perpendicular to the princi- 
pal section of erystal A. 
Whatever be the formal in- 
terpretation of the difference 
I,’ — (Up cosa + I, sina), its 
magnitude varies depending on 
the polarization of the incident 
light, but it never exceeds Fig. 8.2 Combination of component in- 
2V I, cos’a I, sina, that is,  tensitics in light polarization experiments. 
twice the geometric mean of . 
I, cos’a and I, sin?a. One can make a diagram, as in Fig. 8.2, in which 
the values of I,’, I, cosa, and I, sin’a are represented by the squares of 
the sides of a triangle. The diagram shows that the value of J,’ can be 


31t is assumed here that the incident light has been prepared by filtration through 
an unknown polarizer; see footnote 2 on page 101. 
4This restriction implies no loss of generality for the application considered here. 
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expressed in terms of the values of I, costa and Le sin2a and of the angle 
5 in the diagram, 
a J Pan a we 1 
To! = I, costa + I, sinta -+- 2WVI,I, cosa sina Coss. (la) 
Similarly one finds 
i . « . . wad 
I! = I, sin2q + I. cos’a — 2V I,J, sina cose coso. (1b) 
ry q a . . 
These formulas may be transformed to define 
I! — 108” sin?a 
cosé = — (7, Cos at Les ) (2a) 
0 27 ToT - cosa sina 
r 
, ‘ 9 
[,! — (Lo sin” Te COS") 
oss = — 22 (I, sinta + I (2b) 
20/1 1, sine cosa 
The 


as a function of the measured values of I,’ (or Ie’), Lo, Le: and a. t 
angle 5, which is thereby determined within a factor -+:1, coincides witl y 
the phase difference of the component eigenstates of linear polarization 
defined in macroscopic theory. 

The name of “phase difference” is applied in quantum physics to the 
quantity 5 as defined here, even though it is not implied that there 1s 
any observable characteristic of the component eigenstates which oscil- 
lates with any particular phase. The quantity cosé defined by (2) re- 
presents the information provided by a measured value of I,’ (or Ie’) in 
addition to the information provided by I», Ie, and the knowledge of 
a. Once cosé is determined by observing J,’ with a particular value 
of a, iq. 1 predicts the new value of I > to be observed with the spar 
crystal B reoriented to any different value of a. 

Consider now a molecular beam and assume for simplicity that 
analysis with a Stern-Gerlach magnet A resolves the beam into two 
components only, with intensities /,, and J_;, that is, that the quantum 
number j, defined in eq. 17, page 90 is 4.5 Suppose that a second 
analyzer magnet B is placed behind the first one, with its axis B at an 
angle 6p, with respect to the axis A of the first magnet. If the component 
beams separated by A are eliminated in turn and analyzed separately by 
B, the beams of molecules emerging from B with the quantum number 
= 5 have respective intensities [y, cos’40pq and Jy, sin’ gOpa, ac- 
cording to Table 7.1. If the magnet A is removed and the incident 
beam is analyzed directly by B, the beam of molecules emerging from B 
with m@ = 4 has intensity I,,/ which differs, in gencral, from the sum 


‘It is assumed that the beam has been prefiltered with a Stern-Gerlach polarizer 
magnet of unknown orientation; see footnote 2, page 101. 
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Ty cos? 46g, -+ I _ys sin?36pa. That is, if one regards the state of 
orientation of the incident molecules as the combination of eigenstates 
of current circulation about A, the combination exhibits an effect of 
interference. The effect is represented by a phase difference, defined, 
as in (2), by 


‘ Ii = Ty cos’ 40a = ILy sin? 20a (3) 
cosé = == : . ; 
20/TyI 4 cos 5Opa Sin g0za 


The sign of 6 remains undetermined by (3). Its determination requires 
a separate experiment, except in the special cases cosd = 1 and cosd = 
—1, in which the phase differences 6 = 0° and 6 = 180° are respectively 
equivalent to 6 = —0° and 6 = —180°. 

Considering that the molecules have been prefiltered through a mag- 
net of unknown orientation P, the measurement of the intensities J}, and 


Fig. 8.3 Cones of polarizer orientations consistent with analysis performed by 
analyzers with orientation A or B. The result of the combined analysis restricts the 
possible polarizer orientations to the cone intersections P and I”, which are sym- 
metrical with respect to the plane AB. 


I, with the analyzer orientations A and B restricts the possible orienta- 
tions of P to two directions, as shown in Fig. 8.3. Since the same 
measurements determine cosé through (3) but leave the sign of 6 unde- 
termined, the two opposite values of 6 must correspond to the tivo 
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possible orientations of P in Fig. 8.8. The possible orientations P and 
P’ are symmetric with respect to the plane AB. The special cases cosé = 
++1 arise when the cones of Fig. 8.3 are tangent and there is only one 
possible direction of P, coplanar with A and B. 

Notice that the definition of a phase difference 6 by means of (3) im- 
pie a vali of cosé comprised between — 1 and 1, which is true only if 
Ty, Ty cos? 20BA and I ~%3 sin? 5pa fulfill the same triangular condition 
as I’, I, cos’a, and I, sin’a in Fig. 8.2. It is a fundamental result of 
atomic experiments that this condition is always fulfilled. 

Equation 3 provides the formulation of a law obeyed by the proba- 
bilities of eigenstates. Suppose, for example, that the polarizer prepares 
molecules in the state of orientation identified by m = 3 with respect 
to the polarization direction P. Any one of these molecules passes 
through analyzer A and emerges in the component identified by the 
quantum number 7 = 4 with a probability which is indicated, accord- 
ing to Sect. 7.2, by P 8 ap). In this symbol, @ap indicates the angle 
between P and A, the superior index (14) indicates that we deal with 
molecules having sets of two orientation eigenstates, vie is, with 7 = 4, 
and the two subscripts 14 refer to the eigenstates m = 4 of P and mi = 
4 of A. The intensity Ir, in Eq. 3 equals the intensity I of the polarizer 
beam multiplied by the probability PY4.(@ap). 
further analysis by the analyzer B. The see cos” Oza in Tq. 3 is the 
value of the probability PN (Opa). Thee the product Is; cos” 50a 

may be indicated as PY, Oo PB (Oar) I,° and sinilanly: we have 
T_ygsin? 2Oop = PyYf ? s(n) POA (Dap) I. ti the other hand, the in- 
tensity I,,/ Shastved with ne analyzer B, without intervention of the 


analyzer A, is equal to PY9,(0pp) I. The “probabilities thus defined are 
related, seeoriline to (3), iy the equation 


Consider now the 


YAOnr) = PYA(Ona) PYA(Oav) + PY? y(Ona) P29 s4(Oav) 


+ 2V PVA (ona) PY A-(Oav) PY y(Opa) P2%1,(Bap) cosd. (4) 


The first term on the right of this equation represents the ‘compound 
probability” for a molecule from the polarizer beam (with m = 4) to 
pass first through A emerging in the component m = 4 and then through 
B emerging in the component m = 5. The second term on the right of 


* Notice that the symbols relating to the later steps of analysis are placed on the 
left of those relating to the earlier ones. Mathematical symbols indicating successive 
steps of a process are usually ordered from the right to the left. Mathematics, like 


the English language, places the indications of operations and modifications before 
F 
the indication of the object; one says “two times a” and one writes “20” rather than 
4 ” 
a2. 
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(4) represents the analogous probability for passage through A in the 
alternative component ™ = —4 and then through B in the same final 
state m = 4. The last term of (4) represents the interference effect; it 
shows how the probability P \.(Opp) of direct passage through B without 
intervention of A departs from the sum of probabilities of transmission 
via the alternative separate channels of A. As emphasized above, it is a 
fundamental feature of quantum physics that this departure exists and 
can be represented in the form indicated by (4), with a value of cosé 
between —1 and 1. 

In the general case of molecular beams with 7 > 4, one finds results 
quite analogous to those obtained with two-component beams. One may 
determine by direct observation with an analyzer B the probability 
P® (gp) that a molecule prepared in the orientation state with quantum 
number m with respect to the direction P pass through B in the com- 
ponent with quantum number ™. Similarly, one may determine the 
compound probability ; 

PY(Ona)P fm(Oar) (5) 


of passage first through A, in the channel mi, and then through B. An 
interference effect is again observed, that is, the “direct” probability 
P2 (Opp) differs from the sum of the probabilities (5) for all different 
channels of the intermediate analyzer A, that is, from the sum over all 
values of m from —j to j. The departure is, however, subject to a re- 
striction, analogous to that represented by Eq. 2 and by the diagram in 
Vig. 8.2. The rule can be illustrated graphically by representing, as 
in Fig. 8.4, each of the 2j + 1 “channel” probabilities (5) as well as the 
“direct” probability PY,,(@pp) as the areas of squares; the squares can 
then always be combined to form a polygon with 27 + 1+ 1 = 2(9 + 1) 
sides, analogous to the triangle of Fig. 8.2. 

The angles between the “thin” sides of the polygon corresponding to — 
the various probabilities (5) represent phase differences. There is one 
phase difference for cach pair of channel probabilities; such a pair is 
identified by two values of m, which we indicate as m and im’, and the 
corresponding phase difference will be called 8,’q- The various phase 
differences are clearly not all independent, as shown by the fact that the 
mutual orientation of all parts of the polygon is fixed by the angles 
between adjacent sides; this condition is expressed by the formula 


Onn = Om m! + On me (6) 


(In the example of beam analysis we are considering, the phase dif- 
ferences 544-1,” are either equal for different values of m or differ by 180°; 
in particular they are all equal to 0° or 180° if the directions P, A, and 
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so determined 
B are coplanar, sce Sect. 8.3.) The phase differences may be seer 
from a knowledge of the channel probabilities (5), and of t eek Anat 
probability PY, (@pp), supplemented by more refined experiments 


D%) 3 
hse (Opa) Py, 5 Onp) 


(%) Opa) Pp), 4, (Op) 


4% 


Fig. 8.4. Combination of channel probabilities in an ideal experiment on ss oe 
analysis of a four-component molecular beam. The diagram corresponds to the 
following angles between the analyzer axes: Oap = 60°, 6BA = 120°, angle ieee 
the planes AP and BA = 60°, gp = 128°40’. The channel probabilities correspon. 7 
ing to the component eigenstates of A with m= 3, 3, —3, —b are, respectively, 
Fido Live reb0, ‘xoge; the phase differences of their interference are 03414 = 


44 + 361_ 
343-395 = 240°, 8-135 = 60°. The direct probability P ou (Opp) is goo: 


will be described in Sect. 8.4. The mathematical formulation of the law 
obeyed by the probabilities is a generalization of (4), namely,” 


mim mm 
+ 22a) DLV PY 


a q hats 
m1 Dna) P2,(0 ap) P2, (Opa) P2 (Bap) COSO sm: 


P? (Onp) = Dh=—j P25 (Opa) P2 (Oar) 


(7) 

The first term on the right of this equation represents the sum of the 
channel probabilities (5) for a molecule from the polarizer beam to pass 
"The last summation in (7) reduces to a single term when 7 = , namely the 


term with 7% = 4, 7m’ = —3 


Die 
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first through one of the alternative channels 7 of analyzer A and then 
through B emerging in the component m. The second term represents 
the sum of the effects of interference between all possible pairs (i, m7’) of 
different channels of analyzer A. 

Equation 7 constitutes a general relationship among quantum me- 
chanical probabilities. However, its form is complicated and ill-suited 
to utilize the concept of superposition. An equivalent but more effective 
formula will be developed in the next section. 


8.2. Mathematical Formulation of Superposition 


Any given electromagnetic radiation can be represented as the com- 
bination, or “superposition,” of a number of components with standard 
characteristics. For example, non-monochromatic light can be repre- 
sented as a superposition of monochromatic components, and light of 
arbitrary polarization can be represented as a superposition of two com- 
ponents polarized linearly in different (usually orthogonal) directions. 
Mathematically, the superposition of radiation components is repre- 
sented by simple addition of their electric and magnetic fields, the 
strength of the fields of each component is multiplied by a coefficient 
which represents the contribution of that component to the complete 
radiation field. 

In the example of molecular beams, superposition means that the 
initial state of the molecules emerging from a polarizer may be regarded 
as a combination of the eigenstates ™ of an analyzer A even though 
these component eigenstates are not actually separated. According to 
Tq. 7, the probability of observations performed with the analyzer B on 
the molecules from the polarizer P can in fact be represented as a com- 
bination of the corresponding probabilities for molecules emerging from 
the analyzer A, but the combination does not consist of a simple summa- 
tion. Equation 7 is analogous, in its structure, to the formula for the 
combination of radiation intensities; the intensities are proportional to 
the squared magnitudes of the fields and their combination depends on 
the phase differences between pairs of components. In the quantum 
physics of particles there are no directly observable quantities analogous 
to the electric and magnetic fields. Quantities suitable for the mathe- 
matical representation of superposition may, however, be defined in- 
directly in terms of observable quantities, much as a phase difference is 
defined by Eq. 3 even though it is not the difference of phases of oscilla- 
tion. 

Notice, as a clue to a convenient formulation of superposition, that, 
if the phase differences vanish, the right side of Eq, 7 is the square of a 
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sum of terms and the equation is equivalent to 


VPD. Opp) = h._~VPEa(Ova) VP2, av), when all 6 = 0. (8) 


me 


That is, in this special case, the square root of the “direct” probability 
equals the arithmetic sum of square roots of the channel probabilities (5). 
In the general case, the right side of (7) is formally identical with the 
square of a sum of n vectors |D7.1Vi/? = De.1 Vir Vi + 22 j-12j=1 Vee Vj 
= DhaV?2 + 2%, Zit] V.V; cosé,;. In this formula 4; indicates the 
angle between the vectors V; and V; and corresponds to the phase differ- 
ences that characterize the interference of different channels in Iq. vie 
This formal identity underlies the construction of the diagram of Tig. 
8.4: the thin sides of the polygon represent vectors of magnitude equal 
to the square roots of the channel probabilities, the angles between them 
represent the phase differences, and the thick side represents the “re- 
sultant” of the vector sum, equal in magnitude to the square root of the 
direct probability. 

Equation 8, which represents the square root of the direct probability 
as the sum of the square roots of the channel probabilities, corresponds 
to the special case in which all vectors are parallel and the angles between 
them vanish. This equation can be extended to the general case by re- 
placing the arithmetic addition with a vector addition. To this end, 
each square root of a probability is replaced in Eq. 8 by a quantity called 
a “probability amplitude.” ® The probability amplitudes are defined by 
the requirements that. their magnitudes equal the square roots of 
probabilities and their products are summed according to the rules of 
addition of vectors in a plane. These requirements imply that the 
probability amplitudes are not ordinary numbers but complex numbers, 
as shown below. A probability amplitude belongs to each pair of states, 
and it will be indicated by a two-part symbol into which are written 
letters or numbers that identify the two states. Thus the symbol 


(Bm| Pm) 


indicates the probability amplitude belonging to the eigenstate m of the 
polarizer with orientation P and to the eigenstate m of the analyzer with 
orientation B. Notice that the analyzer state in which the molecules 
are observed is indicated on the left of the initial state.2 By means of 


® The vectors of the diagram lie in a plane because the angles between them are 
not independent but obey the condition (6). 

®The name “amplitude” originates from the description of wave phenomena, 
whose amplitude of oscillation (that is, the peak field strength in the case of macro- 
scopic electromagnetism) is proportional to the square root of the intensity. 

10 See footnote 6 on page 106. 
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probability amplitudes we can then formulate a fundamental equation, 
which is equivalent to (7) and is more general than (8) in that it applies 


to 6 + 0, namely, 
(Bn| Pm) = Dh» (Bir| Aim) (A7| Pm) 2 


d that the definition of probability amplitude must be 
completed in such a way that the sum is carried out according to the 
rules of vector addition. Equation 9 will be called in the following the 
“combination rule” of probability amplitudes. 

The sum of a number of vectors, that is, their “resultant,” has a mag- 


nitude which depends on the magnitude of the vectors and on the angles 


between them. In our problem, the quantities corresponding to the 
angles have been called “phase differences” and are represented by the 
angles in Figs. 8.2 and 8.4. In the diagram of Fig, 8.4 each side of the 
polygon has a definite orientation even though only the relative orienta- 


o 
tions have an influence on the magnitude of the resultant. Correspond- 
litudes so that each term of 


ingly, one may define the probability amp 
the summation in (9) has a phase of its own; the phase differences 
determined by experimental observations are then represented as 
“differences of phases.” This procedure is followed because it facilitates 
the accounting of phase differences; however, it introduces in the mathe- 
matical representation clements (namely, the phases) which are nol 
unique functions of experimentally observable quantities. Assigning a 
phase to each probability amplitude is equivalent to selecting a frame of 
reference for the orientation of analyzer axes, as will be illustrated in 
Sect. 8.3 and in Chapter 9. 

If the probability amplitudes 
summation (9) has a phase, that is, a numerical characteris 
in Fig. 8.4 by a definite oricntation, the probability amplitude on the 
left of (9) has also a phase. Therefore, in general, each probability 
amplitude has a magnitude and a phase. 

The definition of probability amplitude is specified further by requiring 
that the phases of all factors (Bi| Am) on the right of (9), and the phase 
of (Bmi|Pm) on its left, may be increased by an equal but arbitrary 
amount without changing the phase differences among the terms in the 
summation over m, which alone are unique functions of experimentally 
observable quantities. It follows that when two probability amplitudes 
are multiplied, the phase of the product must be the sum of the phases 
of the two factors. 

The conditions specified above, regarding the combination of magni- 
tudes and phases when probability amplitudes are multiplied or added, 
coincide with the specifications regarding magnitudes and phases of 


It is understoo 


are so defined that each term in the 
tic represented 
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complex numbers. A complex number is indicated (see Appendix VI) 
in one of the equivalent forms 

z = pe® = p(cosd + ising) = 2 + ty, (10) 
where p indicates the magnitude and ¢ the phase of the number,"! where 
¢ = 2.71828--- indicates the base of natural logarithms, 7 = V1 is 
the imaginary unit, « = pcos$ and y = psing. The product of two 
complex numbers has a magnitude equal to the product of their magni- 
tudes and a phase equal to the sum of their phases (sec Appendix VI). 
The sum of two complex numbers has a magnitude and a phase given 
by the rules of vector addition. It is concluded that probability ampli- 
tudes are complex numbers. 

Quantum mechanics describes phenomena and calculates the proba- 
bilities of their various outcomes by mathematical formulas constructed 
with probability amplitudes. These probability amplitudes are indicated 
by symbols of the type (Am|Pm), with the indication of an eigenstate 
of the system on each side of the vertical bar. For example, the proba- 
bility amplitude which relates a stationary state of a hydrogen atom 
characterized by an energy eigenvalue J and an eigenstate characterized 
by the eigenvalues x, y, 2 of the position coordinates of its electron is 
indicated by 


(xyz| ZZ). (1!) 
The square of the magnitude of this amplitude, indicated by ” 
| (aye| #)/, 2) 


represents the probability that the electron is at (xyz) if the atom is in 
the stationary state of energy HZ. The set of probability amplitudes be- 
longing to one eigenstate of any variable and to all eigenstates of the 
position coordinates of a particle constitutes a function of these coordi- 
nates. As shown in the following chapters, this function is often oscil- 
latory and is accordingly called a “wave function.” A wave function is 
usually indicated by the letter y and one utilizes indifferently a function 
symbol or a probability amplitude symbol according to 


va(nyz) = (yz|a), (13) 


where a indicates an eigenstate of any variable. The name “wave func- 
tion” is sometimes used more generally as a synomym of “probability 
amplitude.” 


When the phase ¢ is entered in the exponent as in (10), it is usually expressed in 
radians rather than in degrees. One radian is the angle that subtends an are of 
circle equal in length to the radius of the circle. Thus 360° = 27 radians. 

" The sign | | means ‘absolute value of,” that is, “magnitude of.” 
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Additional properties of probability amplitudes follow from the com- 
bination rule (9). When the polarizer and analyzer axes P and B are 
parallel, their sets of eigenstates coincide. Two states of this single set 
can be indicated with Pm’ and Pm. If Pin’ coincides with Pm the 
probability amplitude is equal to one, because it belongs to two identical 
states and its squared magnitude represents the probability of detecting 
the molecule in the “retest” experiment of Fig. 7.6. Equation 9 becomes 
then ® 

(Pm| Pm) = Yq(Pm|Ami)(Am| Pm) = 1. (14) 
If m’ differs from ™, (Pm! | Pm) must vanish, because there is no proba- 
bility of observing the molecule in a different (orthogonal) cigenstate in 
the retest experiment, and Inq. 9 becomes 
(Pm’| Pm) = Dq(Pm’ | Am) (Am|Pm) = 0 for nm’ #m. (15) 
robability of passing from the state Pm to the 
(Am|Pm)|? and equals the probability 
(Pm| Am) |? of passing from Am to Pm in view of the reciprocity prop- 
erty discussed on page 86. Moreover, the sum of the probabilities of 
passing from the state Pm to all states Am must equal one, beeause the 
cigenstates Am constitute a complete set. We have therefore 


Yna|(Am| Pm) |? = Dal (P| Am) |" 
= ¥,,| (P| Am) | | (Avi | Pm)| = 1. (16) 


Consider now that the p 
state Am is indicated by | 


Comparison of (14) with (16) suggests that the “reciprocal” probability 
amplitudes (Pm| Am) and (Aim|Pm) have phases equal in magnitude 
and of opposile sign. This surmise is confirmed by a mathematical proof. 
That is, the complex numbers (Pm| Am) and (Am Pm) differ, when ex- 
pressed in the form (10), pe’®, only in the sign of the exponent or, which 
is the same, only in the sign of the imaginary unit 7. This property is 
expressed by writing 


(Pm| Am) = (Am|Pm)*, (17) 


where the asterisk (star) indicates ‘complex conjugation,” that is, re- 
versal of the sign of the imaginary unit 7 In particular, reciprocal 
probability amplitudes are identical when their phases equal 0° or 180°. 

The probability amplitudes (Am| Pm) pertaining to all eigenstates 
Pm and to all cigenstates Am can be laid out in a square array, in which 
each column contains all (Aim |Pm) with the same Am and different Pm. 
each value of @% from 


13 . - . . ; 
The summation in this formula includes one term for 
ation limits 15 


ms) to m = j, as in (9). However, the indication of the summ 
omitted here and in the following, unless a misunderstanding scems likely. 
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(The array in Table 7.1 contains the experimental values of | (Am| Pm) |? 
only, without any indication of phases.) This array is called a “matrix.” 
The properties (14), (15), and (17) characterize the matrices of proba- 
bility amplitudes as “unitary matrices.” 

The probability amplitudes pertaining to any two complete sets of 
orthogonal eigenstates have the properties (14) to (17). In the example 
of the probability amplitudes (11), the Eqs. 14 and 15 become 

lfor H’ = £8 , 
(L"|B) = Daye(E' |xyz) (wyz| BE) = (4 for E’ 2 E. (18) 
The summation over x,y, and zis expressed more properly as an integra- 
tion. The integral form is utilized normally when (xy2| 1) is indicated 
in the form of a wave function according to (13). Jquation 18 is then 
written as 


’ lfor fH’ =k 19) 
f fi if dx dy dz wur(x, y, 2)* Yala, y, 2) = ( for B! « E. ( 


Equation 18 is complemented by the reciprocal equation 
Llforv’ =2,y =y,2 =2 
(fe aye) = Ex(aty''|B) (Baye) = | eee 


0 otherwise. (20) 


8.3 Mathematical Expression of the Probability Amplitudes 
for Eigenstates of Atomic Orientation 


The probability amplitudes associated with pairs of states of light 
polarization or of atomic current orientation represent data on successive 
operations of beam analysis. The variables in these operations are the 
orientations of analyzers and the number of components into which a 
beam resolves when subjected to magnetic analysis. The probability 
amplitude associated with an eigenstate of a given analyzer orientation 
and with an cigenstate of another orientation is a function only of the 
orientations and of the number of beam components. The theoretical 
determination of this function, given the properties of probability ampli- 
tudes described in Sect. 8.2, constitutes a well-defined problem of geome- 
try. Quantitative results of beam experiments, such as the probabilities 
listed in Table 7.1, are not required for the solution of this problem but, 
on the contrary, are predicted theoretically by the solution. The solu- 
tion for the orientation states of atoms can be obtained by various 
mathematical procedures; a conceptually simple but lengthy derivation 
is carried out in Appendix VII. In other problems of atomic physics an 
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analyzer setting is identified by variables other than orientation of a 
magnetic ficld, such as the time of an observation or the strength of a 
field; the calculation of probability amplitudes rests then on some ex- 
perimental law of atomic physies or on macroscopic laws otherwise 
known from theory or experiment, as will be scen in the following chap- 
ters and in Appendix VIII. 

The mutual orientation of the directions P and A of the field in two 
Stern-Gerlach magnets is characterized primarily but not completely 


Fig. 8.5 Angles relating the orientations of the axes P, A, and B and of their respec- 


tive reference planes. 


by the angle dap between these directions. Additional data are required 
to single out the plane containing the two directions P and A among all 
the planes that contain only the direction P or only the direction A. To 
specify all mutual orientations, one may attach to cach analyzer axis an 
arbitrary reference plane, and identify any other plane through the same 
axis by the “azimuth” angle between that plane and the reference plane 
(see Fig. 8.5). The choice of an arbitrary reference plane is an analytic 
procedure unrelated to experimental variables; it is equivalent, as will 
be seen, to the arbitrary specification of the phases of probability ampli- 
tudes discussed in Sect. 8.2. On the other hand, azimuth dzfJerences are 
experimental variables, like phase differences; for example in Fig. 8.5 


116 INTERFERENCE AND SUPERPOSITION 


the azimuth difference between the plancs AP and BA specifies the mag- 
nitude of the angle Opp once Gap and Opa are given. 

Each probability amplitude is usually expressed, in our problem, as a 
function of three angles, called “Iuler angles,” one of which is the angle 6 
between two axes, whercas the other two are azimuth angles. For ex- 
ample, the probability amplitude (A7i| Pm) pertaining to the eigenstate 
m of the polarizer P and to the eigenstate m of the analyzer A is a func- 
tion of: (a) the azimuth angle $a of the plane AP with respect to the 
reference plane attached to P; (b) the angle @ap in the plane AP; and 
(c) the azimuth angle Wa of the reference plane attached to A with respect 
to the plane AP. (The reciprocal probability amplitude (Pm| Am) is 
then expressed as a function of the corresponding angles ¢p = 7 — 
va, Opa = Oap, and Pp = + — da, as seen from Jig. 8.5.) 

The magnitude of the probability amplitude (Am| Pm) is the square 
root of the probability that a molecule pass through the component 
channel #7 of the analyzer A if it has been prefiltered through the channel 
m of the polarizer P, This magnitude can accordingly depend only on 
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the angle @ap, whereas the phase of (Am| Pm) may depend on the azimuth 
angles dq and Wa and thereby on the arbitrary choice of reference planes. 
This surmise is confirmed in Appendix VII by a proof that the functional 
dependence of (Am|Pm) on the Kuler angles Oap, ¢a, and wa factors 
out into three functions of one angle each. The two functions of the 
azimuth angles have magnitude one, that is, consist only of a phase 
factor; the function of dap can be real. The mathematical determination 
of the three functions in Appendix VII is rather laborious and yields 


(Am| Pm) = "4 di, Gap) eA, (21) 


where >2,(0) can be expressed as a homogencous polynomial of degree 


2j in cos40 and sin30. Table 8.1 gives the explicit form of 9%,(6) for 
: . . 3 poy : : . 
j=4,j=1, andj = 3. The squares of the expressions in this table 
coincide, as expected, with the expressions of the probabilities PY,() 
given in Table 7.1. 


As a final illustration, we consider now once more the combination laws of prob- 
ability amplitudes and of probabilities, Eqs. 9 and 7, utilizing the expression (21) 
of the probability amplitudes. With reference to the angles indicated in Fig. 8.5, 
iq. 9 is seen to be 

(Bin|Pm) = 4B bY, Opp) eB 
- (22) 
= fiWBD, NCD (Ba) el OB eli¥A 9D (Oap) eA, 


eth fim 


Most of the phase factors in this formula, in fact, all those that do not contain the 
quantum number #7, do not influence the magnitude of (Bm| Pm) and drop out when 
one calculates the probability PY,,(0gp), which is 


PY (opp) =|(Bm|Pm)[? = Un (09),(Ba)? [dZ),ar))? 


+25, Vaz, Phtopa) 0%, (Cap) d9),(Opa) DP ,(Oap) cos [(m — im’)Wa + op)]. 

(28) 
Comparison of this equation with Eq. 7 shows how the functions b® represent the 
square roots of probabilities and how the phase difference dg equals the angle 
va -+ dp, between the plancs AP and BA, multiplied by the difference of quantum 
numbers 7 — ft’. 


8.4 Coherent and Incoherent Superposition 


The superposition principle has been applied in Sect. 8.1 to treat light 
in an unknown state of polarization as the combination of light beams 
polarized linearly in two orthogonal directions. The description of 
phenomena in terms of superposition becomes more cogent when the 
component beams are first separated, then routed along different paths 
in space and finally recombined. Actually, the development of a phe- 
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nomenon along separate paths, followed by recombination, constitutes 
a salient feature of most interference effects. (This chapter deals with 
interference effects upon the polarization of light beams or the orienta- 
tion of intraatomic currents, but there are many other, more familiar 
examples of interference effects some of which will be considered in the 
next chapters.) Phenomena that develop along different paths point out 
aspects of interference and conditions governing it which have not 
emerged from the experiments discussed in Sect. 8.1. 

Figure 8.6a shows the separation of linearly polarized components 
of a light beam in a Jamin interferometer. A first Iccland spar crystal A 


; Analyzer 
- in ca 
A A’ 
~~ + — Analyzer 
colton <Q nn Se B 
A A’ 


Fig. 8.6 (a) Light beam separation and recombination in a Jamin interferometer. 
(6) Idealized separation and recombination of a three-component molecular beam. 


splits incident light into an ordinary and an extraordinary ray, which 
travel separately for a distance and then recombine when they traverse a 
second crystal A’. To even out the two paths there is inserted between 
A and A’ an inverter crystal J which rotates cach direction of polariza- 
tion by 90°. Thereby each beam component traverses one spar as the 
ordinary ray and the other as the extraordinary ray. The action of the 
inverter I is compensated by a second inverter J’ between A’ and a final 
spar analyzer B. Figure 8.6b outlines an analogous schematic experi- 
ment with molecular beams, in which a first Stern-Gerlach magnet 
splits the beam components and focuses all of them along parallel paths, 
and a second magnet A’ inverts the action of A. The beam emerging 
from A’ is then observed with a final analyzer B. 


oe 
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The light intensities, which are called I,’, I, cosa and J, sin?a in 
Sect. 8.1 and are determined by experiments with and without an initial 
spar crystal, can be observed with the arrangement of Fig. 8.6a without 
moving any crystal. The intensity J,’ is the intensity of the ordinary 
ray of B, because the arrangement of Fig. 8.6a is such that the spar and 
inverter actions cancel out. The intensity J, cos’a is the intensity of 
the same ray when the upper component is intercepted between A and 
A’ by a screen, Le sin’a is the intensity when the lower component is 
intercepted. The interference effect consists, as in Sect. 8.1, of the fact 
that the intensity J,’ deviates from the sum of the component intensities 
I, costa + I, sin?a. 

The molecular beam experiment, outlined in Fig. 8.6b, yields more 
detailed results than the analogous experiment of Sect. 8.1, when there 
are more than two components. In this case, one may let through, in 
turn, different pairs of component beams while intercepting the other 
ones. The intensity observed with B upon recombination of cach pair 
determines separately the phase difference of the pair. 

In both the optical and the molecular experiment of Fig. 8.6, the 
component beams may be influenced by various actions along their 
separate paths. Jor example, a glass plate may be inserted across one 
of the light beams, or the molecules may be subjected to a uniform mag- 
netic field; the analyzer B reveals then a change respectively of polariza- 
tion or of current circulation. 

It is well-known in opties that interference effects occur only with 
beam components originating from the same source. For example, if 
the spar crystal A in Fig. 8.6a were removed and the upper and lower 
beams were piped-in with the same polarization as shown in the figure, 
but from different sources, the intensity measurement with B would 
yield 

I! = I, cos’a + I, sin?a. (24) 


Analogous results are obtained with molecular beams. When recombina- 
tion yields no interference effect, that is, no departure from (24), the 
component beams are said to be “incoherent.” 

The incoherent superposition of beams from different sources is a 
logical necessity. Emission of a photon by one source, followed by 
absorption in a counter behind the analyzer B, and emission by another 
source, followed by absorption in the same counter, constitute distinct, 
mutually exclusive events. In experiments at low intensity one can 
always check, at least in principle, in which source an atom has become 
de-excited in coincidence with the absorption of a photon in the counter. 
The total probability of occurrence of any two mutually exclusive events 
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is equal to the sum of the probabilities of the separate events. This law 
of probability implies the corresponding Jaw of combination (2+) for the 
macroscopic intensities, because the macroscopic laws hold at all in- 
tensity levels, as noted in Chapter 5. The same probability argument, 
applics to the travel of molecules from two different sources to a single 
counter. 

This interpretation of incoherence emphasizes the contrasting property 
of the “coherent” superposition of component beams from the same 
source. The interference of component beams which are first separated 
and then recombined consists of the fact that the detection probability 
of a photon or particle in the recombined beam deviates from the sum 
of the probabilities in the separate beams. This phenomenon implies 
that alternative paths of travel from a source to a detector are not 
mutually exclusive. In general, coherent superposition implies that the 
component phenomena are not to be regarded as mutually exclusive, 
but as taking place concurrently, albeit at different points of space. 
Coherent superposition hinges on the circumstance that the detection of 
a photon or particle fails to indicate, even in principle, which among the 
combining alternative paths has been followed. Whenever the experi- 
mental conditions permit the passage of light or particles along alterna- 
tive paths to leave any trace whatsoever, detectable even only in prin- 
ciple as is usual in macroscopic mechanics, the paths become associated 
to distinct, mutually exclusive events and interference disappears. 


PROBLEMS 


8.1 The analysis of light into polarization eigenstates can be represented in terms 
of probability amplitudes (Aim|Pm), where, for linear polarization, P and A are vec- 
tors perpendicular to the principal section of a spar analyzer and m equals 1 and 2, 
respectively, for the ordinary and extraordinary rays. With suitable conventions, 
one finds (A1]P1) = (A2|P2) = cosaap, (AL|P2) = ~(A2|P1) = sinaap. Cheek 
that probability amplitudes with this mathematical form fulfill Bq. 9. (Take m = 
m = 1.) 

8.2 Check that the functions in Table 8.1 fulfill Eq. 22, in the special case where 
the field directions P, A, and B in the analyzers are orthogonal, that is, where dap = 
OBA = OBP = br. ‘Take the plane AP as reference plane for P and A, and the plaunc 
BA as reference for B, so that ¢4 = va = Up = 0, ¢B = op = YB = bn; take j = 4 
and m= m= 4, 

8.3 With reference to Fig. 8.6 and to Problem 8.1, consider light of 6000 A wave- 
length emerging as ordinary ray of a polarizer P and incident on a Jamin interferom- 
eter. Suppose that on the path of the extraordinary beam after the crystal A a de- 
vice changes the refractive index of the air by 2 parts in 100,000 over a distance of 
0.5 em, with a resulting phase shift of 2% 1075 X 0.5/6 X 107 = + of one wave- 
length = $7 radians. Calculate the intensity fraction fin the ordinary ray of analy- 
zor B, as a function of the orientations of P, B, and A. 
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Probability variations 
in the course of time 


Macroscopic phenomena are described by stating the values of re- 
levant variables at successive instants of time. In quantum physics each 
variable does not, in gencral, have a specific value. Therefore, quantum 
phenomena are described by stating the probability of the various eigen- 
values of relevant variables at successive instants of time. Tor example, 
the emission of light by a hydrogen atom depends on internal currents, 
which are described by specifying how the probability distribution of 
electron positions varies in the course of time. 

The time dependence of quantum mechanical probability distributions 
can be expressed by a simple law, utilizing the superposition principle. 
This dependence reflects, of course, variations of the state of the atom, 
or other system, with which one is concerned. The state itself is con- 
veniently regarded as a combination of energy cigenstates, because these 
states remain stationary in the course of time. The time dependence of 
probability distributions can thus be derived from the time dependence 
of the probability amplitudes that identify the state as a combination of 
stationary states. 
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Moreover, it will be shown in this chapter that these probability ampli- 
tudcs have themselves a constant magnitude. The time dopendence is 
thereby confined to the phases of probability amplitudes. That is, ne 
variation in the course of time of the probability of any eigenvalue may 
be represented asa variable effect of interference among the contribut on 
of stationary states. In the example of light emission by 2 hydrogen. 
atom, the state of the atom is made non-stationary. by interaction wit 7 


re a. Tay ys “tong oscillates ii 
radiation; the probability distribution, of electron, positions 08¢ P 


the two stationary states between which the emission occurs. 
Any variation of probability in the course of time can be represented 

as a combination of sinusoidal oscillations by the procedure of Fourier 
analysis (Appendix IV). In the analysis of the probabilities of aroune 
events, all component oscillations are found to have frequencies equa to 
differencés between pairs of energy eigenvalues divided by Planck 8 con- 
stant h. It follows that any two stationary states, with energies i iand 
L,, interfere with a phase difference that varies in the course of time at 
the constant rate of (Z; — E,)/h radians/sec, where h = h/ an. (I he 
symbol 71 is introduced to express conveniently rates of phase variations 
in radians/sce rather than in cycles/sec.) This general law is comple- 
mented by a convention regarding the assignment of a definite phase to 
ach probability amplitude. The convention may be chosen as follows: 
when a state is identified by a variable a(t) which varies in the course of 
time and is represented as a combination of stationary states with 
energies 1; by probability amplitudes (2;|a(t)), the phase of (E i]a(t)) 
decreases at the fixed rate of —H,/h radians/scc.! This rule is repre- 
sented by the formula 


(E;|a()) = e* "| a(0)), (1a) 


which is often written, for typographical convenience, as 


(E;|a(i)) = exp (-i5*) (L;|a(0)). (1b) 


A simple example of oscillatory variation of probabilities Is encoun- 
tered in molecular beam analysis, when the molecules are subjected 
before the analysis to a uniform magnetic field for a variable length of 
time. ‘This example is treated in Sect. 9.1. Section 9.2 outlines the evi- 
dence and the arguments which establish Eq. 1 as a fundamental law of 
quantum mechanies, 


* Different conventions are often used, as pointed out in Seet. 9.2. 
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9.1 Variations of Intraatomie Current Orientation 


Consider a beam of molecules, prefiltered by a Stern-Gerlach magnet 
with field orientation P, in an eigenstate with a given quantum number 
m. The polarizer is followed by a magnet which produces a uniform 
field with direction A, and then by a Stern-Gerlach analyzer with field 
orientation B, which separates components with various quantum num- 
bers 7%. The intensity of the components is observed as a function of the 
time ¢ spent by the molecule in the field of magnet A and of the field 
strength within this magnet. (The time spent within the field A equals 
the length 1 of the path through the magnet divided by the speed v of the 
molecules, and may be varied by changing / or v.) 

The intensity of each beam component m% is found to be a periodic 
function of the time ¢ spent by the molecules within the magnet A and 
of the field strength H within this magnet. More specifically, the in- 
tensity is a periodic function of the ratio ul i/jh, and resumes its value 
whenever this ratio increases by one (u and j are the magnetic moment: 
and the quantum number defined on page 90). The component 
intensities are proportional to the probabilities P26) of Sect. 7.2, 
where @ is now a periodic function of pHt/jh. This indicates that the 
molecules incident on the analyzer are in an eigenstate of current circula- 
tion about an axis Q which no longer coincides with P, but forms with 
B an angle 0; the quantum number of this eigenstate is equal to m. 

Measurement of the intensities of the beam components 7 determines 
the angle @ but leaves the orientation of the axis Q still undetermined, 
as pointed out in Chapter 8 (sce Fig. 8.1). Observations with the 
analyzer B in two different orientations are necessary to identify Q. 
Such observations show: (a) that the angle 049 between Q and A remains 
unaffected by the passage of the molecules through the magnet A, (0) 
that Q turns around A at the constant speed pH /jh radians/sec, making 
one complete revolution in a time period T such that nH T/jh = 1. 
This rotation of the axis of current circulation about the direction A of 
the uniform magnetic field is called “Larmor precession” and is due to a 
gyroscopic effect to be discussed in Chapter 15. The precession brings 
Q closer to B and then farther again at every turn, as shown by the 
periodic variation of 6. 

The intensity variations of the beam components 7 may be analyzed 
mathematically by regarding the variable state (Q(1)m) of the molecules 
as a combination of eigenstates (Am) of an analyzer with orientation A; 
these eigenstates are stationary states of molecules in a magnetic 
field with this orientation. (‘The component eigenstates with different 
quantum numbers #7 may, in principle, be actually separated, by the 
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device of Fig. 8.6b, then passed through the uniform field in the magnet 
A and finally recombined, without affecting the final result observed with 
the analyzer B.) 

The probability of finding the molecule in the channel ™ of the 
analyzer B is represented, according to Sect. 8.2, as the squared magni- 
tude of the probability amplitude (Bi%|Q(d)m). Further, the combina- 
tion rule (9) of Sect. 8.2 represents (B7i| Q(é)m) as the sum of the con- 
tributions of the different component eigenstates of the orientation A, 


(BH Q({)m) = 2, (Bi| Am) (Am| Q()m). (2) 


Since the angles between Q and A and between A and B remain con- 
stant in the course of time, the probability amplitudes (Bm|Am) and 
(Ami | Q(é)m) have a constant magnitude. The variations of (Bm| Q()m) 
in the course of time are thereby represented as effects of variable tnter- 
Jerence between different terms of the summation (2). 

The phase differences between these terms are proportional, as shown 
in Sect. 8.8, to the angle between the planes QA and AB, which varies, 
owing to the rotation of Q, with constant speed wl /jh radians/sec. 
The orientation of P with respect to A is identified, as shown in Fig. 8.5, 
by the angle ¥4 between the plane PA and the reference plane attached 
to A. Similarly, since Q coincides with P at the time ¢ = 0, the orienta- 
tion of the variable axis Q is identified by the variable angle 

va + t, (3) 
gh 
between the plane QA and the reference plane attached to A. 

The result of any observation performed on the molecules after they 
emerge from the uniform field in the magnet A may be predicted in 
terms of the probability amplitudes (Am|Q(ém). The mathematical 
expression of these probability amplitudes is derived from the expression 
of (Am|Pm) given by (21) on page 117, by replacing the fixed angle Wa 
with the variable angle (3), and is 


H ; 
(Am|Q(@)m) = exp] im (vs roe ‘\| OO Te 
jar 


__ wT eed 

= exp| 177 —— ‘ (Am|Pm) = exp { tm ——t ) (Am|Q(0) m). 
jn gh 

(4) 


Finally, according to (18) on page 93, the expression — mpl /j equals 
the magnetic energy M5, of a molecule in the stationary state m within 
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the magnet A. Iquation 4 may therefore be written in the form 
La 
(Am|Q(i)m) = exp (-: a :) (Am |Q(0)m), (5) 
i 


which represents a special case of the general law (1). 

In the derivation of (4) and (5) a convention has been made regarding 
the assignment of phases, namely, that the reference plane attached to 
the axis A remains constant in the course of time, while the axis Q pre- 
cesses around A. A. different convention is often made, or implicd, 
namely, that the reference plane precesscs itself around A, together with 
Q, at the constant rate of pH /jh radians/sec. This alternative conven- 
tion makes (Ami | Qm) constant in the course of time. It corresponds to 
the point of view that the probability amplitudes that identify a state 
as a combination of other states are constant in time. From this point 
of view the stationary states arc themselves variable in time, with regard 
to their phase, and in (2) one takes (Avi| Qmz) constant and (Bm| Ai) 


variable in time. 


9.2. General Formulation 


Given a system in a state identified by a variable parameter a(t), the 
probability of finding it at the time é in an eigenstate & of a given analyzer 
may be expressed as the squared magnitude of the probability amplitude 
|(a|a(t))|®. The purpose of this chapter is to analyze the variations of 
this probability in the course of time, utilizing the superposition prin- 
ciple, that is, utilizing the combination rule (9) of Chapter 8, which gives 


(x[a(t)) = Zi(x| BE); a@), (6) 


where /; is the eigenvalue that characterizes the 7th energy eigenstate. 
(In the example of Sect. 9.1, a(é) corresponds to Q()m, x corresponds to 
Bm, and the energy eigenvalue 1; is replaced with the pair of indices Am. 

As stated before, the superposition principle should serve to describe 
the variations of arbitrary states in terms of simpler variations of special 
states; analysis into cnergy eigenstates is particularly useful because 
these states remain stationary. The actual applicability of a super- 
position principle must, however, be established by experimental tests. 
Thus it is a non-trivial result of experiments that beam component 
intensities combine according to the polygon diagrams of Sect. 8.1. The 
application of the superposition principle in this chapter rests on other 
non-trivial experimental verifications. 

The evidence on the emission of radiation by atoms indicates that 
if, for example, a hydrogen atom is in a stationary state, the position 
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of its electron has a probability distribution that remains constant in 
the course of time. In general, if a quantum mechanical system is in a 
stationary state with energy /#;, the probability that a certain variable 
has a particular value 2, | («| Zs) /?, remains constant. This fundamental 
property of stationary states is surmised from the fact that atoms do 
not radiate while they remain in a stationary state. The surmise is sup- 
ported by all evidence on quantum physics. 

An atom, or other system, which is initially in a stationary state will, 
of course, remain in that state (unless external influences intervene to 
make the state no longer stationary). Moreover, if an atom has a certain 
probability |(Z,|a(é)) |? of being in a stationary state with energy //,, 
this probability is expected to remain constant in the course of time 
because transitions do not occur between stationary states (barring 
external influences). Indeed, spontaneous transitions between station- 
ary states of an isolated system would violate the conservation of energy. 
That is, an atom which is not in a stationary state should have, neverthe- 
less, a constant probability distribution of being found, by appropriate 
analysis, in its various energy eigenstates. This further surmise is con- 
firmed in the phenomenon of Larmor precession (Sect. 9.1) by the fact 
that the axis Q forms a constant angle with A, so that the transition 
probability from an eigenstate Q(ém to an eigenstate Avi is constant. 
The constancy of |(Z;\a(é)|? is verified to be a general law. 

Once it is established that in Iq. 6 the magnitudes of the probability 
amplitudes («|Z,) and (#;|a(t)) remain constant, the time dependence 
of the probability | (a|a(2)) ? must result from variations in the inter- 
ference, that is, in the mode of combination, of the different terms in 
the summation in (6). If the probability of the cigenvalue x is repre- 
sented by the square of one side of a polygon, as in Fig. 8.4 or 9.1, with 
the other sides corresponding the various energy eigenvalues E;, the 
length of the side corresponding to « varies in the course of time but the 
lengths of the other sides remain constant. hat is, the variations of 
the side which corresponds to x (the resultant) reflect variations of the 
angles among the other sides. 

. The observed variations of any probability | (x|a(2)) |? can be resolved 
into oscillations with frequencies equal to the differences between pairs 
of energy eigenvalues divided by h. More specifically, each probability 
amplitude can be represented in the form (6), and the phase difference 
between any two terms ¢ and j of the summation varies in the course of 
time at the constant rate of (Z; — Ii;)/h vadians/sec. In the polygon 
diagram of Fig. 9.1, the variation of the resultant is determined by the 
rule that the angle 4;,,4; between any two successive sides i and i -+ 1 
varies at the constant rate of (E; — Ej41)/h vadians/sec. These results 
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N|B){ [(E3}a(2))| 


Fig. 9.1 The magnitude of the “resultant” probability amplitude | (x|a(é))| varies 
in the course of time because of the variations of the angles 5, while the magnitudes 


of the components remain constant. 

are formulated mathematically by expressing the probability [(x|a()) |? 
according to Eq. 7 on page 108 as a combination of the “channel proba- 
bilities” | («| ,)|?|(Z:|a@)? pertaining to the various energy eigen- 
states. One obtains the formula 
I(zla@) 2 = [2X0] ZB] a)? 
>| (e|£) P| Ble)? 
4. 23, 2/-* | (|B) || ila)! | @] 2) || Esle@)| cosl5Ol, 


in which the channel probabilities and the phase differences obey the 


I 


(7) 


fundamental experimental laws 


| (;|a(é)) |? = constant, (8) 
ak 
bi) = pet + 6;;(0). (9) 


The mathematical formulation can be made more specific by addi- 
tional conventions. A standard convention corresponds to assigning a 
definite rate of rotation in the course of time to each side of the polygon 
in Fig. 9.1. (The rotation of the whole polygon is immaterial, as pointed 
out in Chapter 8.) The rate of rotation for the 7th side is taken to be 
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—Hi,/h vadians/see (notice the negative sign), This convention implies 
a corresponding convention about the sign of the angles between the 
sides of the polygon at the initial time ¢ = 0, that is, a convention about 
the sign of the phase differences 6 at ¢ = 0; the implications will be con- 
sidered as the occasions will arise. 

Having thus assigned a phase variation exp[—7(H,/h)d] to cach term 
of the summation in (6), one may still apportion this phase variation 
between the two probability amplitudes (x|#;) and (/7;|a()), by a 
further convention. Equation 1, which is adopted here as a general rule, 
corresponds to the convention that assigns the whole phase variation 
to (f;|/a(t)) and keeps constant the probability amplitudes (7|Z). As 
indicated at the end of Sect. 9.1, an opposite convention is often adopted, 
which assigns to cach energy eigenstate a variable phase, so that (x | H;(4)) 
varies, whereas (H;(t)|a(é)) remains constant. 

Notice that the probability amplitudes (J/;|a(2)), which vary in the 
course of time according to. (1), are solutions of the differential equation 


© isla(o) = — =H (E;|a(d) (10a) 
or 
~ a (Ela) = FB, 8;\a()). (10D) 
L¢ 


These equations belong to the class of eigenvalue equations which was 
mentioned on page 83. The energy eigenvalue Hi; is an eigenvalue 
of Eq. 106 and the probability amplitude (H;/a() is the correspond- 
ing cigenfunction, 

The general law (1) of time dependence may be applicd to actual 
‘uculations to the extent that the probability amplitudes (| /;) and 
(/7;|a(0)) are known, as they are in the example of Larmor precession 
of Sect. 9.1. The next application will be made at the end of the follow- 
ing chapter, 


PROBLEMS 


9.1 A Stern-Gerlach magnet B analyzes the effects of Larmor precession of nitro- 
gen atoms (see Problem 7.1) in a uniform field A. The intensity 7 of any component 
separate] by B varies as a function of the time ¢ spent in the field A according to /(£) 
= Do An cos Qanvl. Explain: (a) why the frequencies of the Fourier components of 
I(t) are multiples of a single frequency; (b) why the highest frequency ny has n = 3. 

9.2 Calculate the Larmor precession of Ag atoms (j = 3, » = 9.0 < 107"! erg / 
guuss) in a uniform magnetic field of strength H = 100 gauss. Apply Eqs. 2 and 4, 
assuming the directions P, A, and B, to be orthogonal (as in Problem 8.2). Calculate 
the variations of the probabilities |(B3 | QM)? and |(B —}] Q@4)/ in the course 
of time, 
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Diffraction 
and the motion 
of free particles 


The last few chapters have dealt with phenomena of light polarization 
and current orientation, which show with particular simplicity the 
relationships among quantum mechanical variables. The simplicity 
derives from the circumstance that the variables relevant to those 
phenomena have only a few eigenvalues. We come now to the more 
general problems in the mechanics of atomic particles which could not 
be analyzed successfully by “classical” methods, but are readily under- 
stood and analyzed mathematically utilizing the results of the preceding 
chapters. 

Basic information regarding the motion of atomic particles is provided 
by “diffraction” phenomena. Briefly, when a beam of atomic particles 
(for example, electrons, neutrons, or even whole molecules) strikes an 
aggregate of atoms, be it a molecule or a crystal, the intensity scattered 
in various directions depends characteristically on the structure of the 
agerogate. The intensity distribution shows maxima and minima (Fig. 
10.1) arranged in a “diffraction pattern”; there is, for example, a charac- 
teristic pattern of diffraction by cubic crystals of fixed orientation, one 
for powders of minute hexagonal crystals, one for diatomic molecules. 
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(d) 


(a) Laue pattern of X-ray diffraction 
by NaCl single crystal. 

(b) Laue pattern of electron diffrac- 
tion by single gold crystal. 

(c) Debye-Scherrer pattern of X-ray 
diffraction by ZrO» crystalline powder. 

(d) Debye-Scherrer pattern of electron 
diffraction by a polycrystalline gold film. 

(e) Pattern of electron diffraction by 
AS4 vapor. 

(a) Courtesy G. R. Clark, University 
of Illinois. (6) and (d) Courtesy J. A. 
Suddeth, Nat. Bureau of Standards. 
(c) Courtesy H. Swanson, Nat. Bureau of 
Standards. (¢) Courtesy L. R. Maxwell, 
J. Chem. Physics. 


Fig. 10.1 Typical diffraction patterns. 
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The relative positions of maxima and minima constitute the pattern, 
which depends on the structure of the aggregate. The scale of the dis- 
tribution, that is, the absolute value of the angular separation of maxima 
and minima, depends on the distance between the atoms of the aggregate 
and on the “momentum” (mass X velocity) of the incident particles. 
Different kinds of particles with equal momentum are scattered by the 
same material with probability distributions having maxima and minima 
in the same directions. Diffraction patterns with maxima and minima 
in the same directions are also observed when the incident beam of 
particles is replaced with a beam of electromagnetic radiation, provided 
the momentum of the radiation photons (see pages 76-77) is equal to 
the momentum of the particles. For example, X rays of frequency 
2.4 X 10'8 eycles/sec (photon energy 10,000 ev), electrons with 100 ev 
kinetic energy and neutrons with 0.054 ev kinetic energy have equal 
momenta of 5 X 107!9 g em/sec and are diffracted by any given material 
with intensity maxima and minima in the same directions. 

Macroscopic electromagnetism accounts for X-ray diffraction as the 
result of interference of the radiation scattered by different atoms, and 
similarly for the diffraction of light by “gratings,” that is, by regularly 
ruled surfaces, as the result of interference of light scattered by different 
grooves (Sect. 10.1). Independently of macroscopic theory, the fact 
that the probability of combined scattering by the atoms of an aggregate 
differs sharply! from the sum of scattering probabilities by separate 
atoms constitutes a clear example of interference. The incident particles 
are characterized by a certain velocity in the direction of incidence, and 
their state is therefore an eigenstate of velocity and momentum. ‘To 
regard diffraction as the result of combined scattering by the separate 
atoms of an aggregate implies an analysis of the eigenstate of incidence 
momentum as a coherent superposition of eigenstates characterized by 
positions of a particle within each separate scattering atom. The initial 
state must have components corresponding to positions in different 
atoms; otherwise no interference could occur. This conclusion is at 
variance with macroscopic mechanics which regards each particle as 
following a definite path even though the experimental conditions need 
not control which particular path a particle will follow (see Sect. 6.2 
and footnote 11 on page 96). According to macroscopic mechanics, 
paths through different atoms would be mutually exclusive (see pages 
119-120) and interference would be impossible. 

The quantitative analysis of diffraction (Sect. 10.2), fashioned after 


1'The chemical combination of atoms in the aggregate can modify the scattering 
by each atom to some extent; this effect should be small, however, especially for the 
seattering of neutrons which interact only with atomic nuclei. 
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the macroscopic theory of radiation diffraction, shows that, when an 
eigenstate of momentum is analyzed into eigenstates of position, all 
components have equal probability and combine with phases that are 
linear functions of the momentum and of the positions coordinates. 
With suitable conventions, the probability amplitude of the eigenstate 
of momentum p = (pz,p,,pz) and the eigenstate of position r = (2,y,z) is 


Pat + Py - DP2e 
(&,Y,2| PesPy, Pe) = Yn gyn AUy,2) = exp (: i 7 is ) (la) 


or, with vector symbols, 
.P 
(t!p) = volt) = exp (* r) (10) 
i 


In conclusion, the significance of particle diffraction may be outlined 
as follows: Diffraction occurs in classical physics whenever an oscillatory 
disturbance, be it an electromagnetic or elastic wave, is broken up by an 
obstacle. The diffraction pattern arises from the combination of the 
pattern of space distribution of the oscillatory quantity with the pattern 
of distribution of matter in the obstacle. (Hence diffraction may be 
called colloquially a “geometric” effect.) The quantum physics of 
particles involves no oscillating variable which is directly observable, 
but nevertheless it includes interference effects analogous to those of 
classical waves. The interference of particles is expressed in terms of 
phase differences of probability amplitudes. The periodic variation of 
these phases, from point to point of space, plays the same role in particle 
diffraction as the variation of the phases of oscillation of classical waves. 
Vor classical waves, the rates of variation of phases in space and time 
are represented, respectively, hy the wave vector (page 82) and by the 
frequency - For probability amplitudes, the corresponding rates of 
variation are represented by the particle’s momentum and energy divided 
by Planck’s constant h. The Einstein equation between energy and fre- 
quency (page 39) and the corresponding equation between momentum 
and wave vector (page 83), which are established by the photoelectric 
effect, are thus seen to have very general significance. Because of the 
Physical and mathematical analogy between the interference and dif- 
Traction of classical waves and of atomic particles, the quantum me- 
chanics of particles is often called “wave mechanics.” 

The main mechanical properties of a single atomic particle are in es- 
sence consequences of the connection between the eigenstates of momen- 
tum and position, represented by Eq. 1. This connection provides the 


elue to explain the size and stability of atoms, as will be shown in 
Chapter 11, 
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In the present chapter, Sect. 10.1 deals with diffraction of electro- 
magnetic radiation and with simple interference phenomena which re- 
sult. from pathlength differences. Section 10.2 describes the diffraction 
of particle beams and its theoretical analysis. Section 10,3 shows how 
the free motion of a particle with constant speed is represented by the 
interference of states with nearly equal energy and momentum, 

§ 


10.1 Interference and Diffraction of Radiation 
Resulting from Pathlength Differences 


The most familiar effects of optical interference occur, as mentioned 
previously, when a light beam is split into two or more components 
having the same polarization but following paths of different length 
prior to recombination. The diffraction of light and of X rays may be 
regarded as an interference effect of this class. Some of these phenomena 
will be considered here as an introduction to the diffraction of particle 
beams. Macroscopic theory serves again as a guide to formulate the 
experimental results suitably. 

The Michelson interferometer, shown schematically in Fig. 10.2, con- 
sists in the main of a glass slide A, with a light metal coating which 


8 


Fig. 10.2 Scheme of Michelson interferometer. 


makes its surface semireflecting, and of two mirrors Jf, and Ma, all of 
which are rigidly attached to cach other. The incident light beam I is 
split into two components by partial reflection at &. The transmitted 
component travels on from J? to the mirror M1, back to R, and is re- 
flected in part towards the screen S. The reflected component. travels 
to the mirror M2, back to R, and is transmitted in part onwards to S. 
(The slide C is introduced as a compensator, because the component 
reflected by M, traverses the slide A thrice and the component reflected 
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by Mz only once.) The light intensity on 8 results from the superposi- 
tion of the two components which arrive via My and Mo. These COIs 
ponents have clectromagnetic fields that oscillate in step (with equal 
phase) and combine to yicld maximum intensity if the pathlengths 
RM1RS and RMoRS are identical or differ by a whole number of wave- 
lengths; they yield minimum intensity if the pathlengths differ by a 
half-integer number of wavelengths. Becausé the wavelength is very 
small as compared to the size of the interferometer, the intensity ob- 
served at S depends very critically on the position and orientation of 
all parts of the interferometer. 

A still simpler interference effect which depends critically on the 
orientation of mirrors is observed with the Fresnel mirror arrangement 
(Fig. 10.8). Light from a source O may arrive on a sereen S by reflection 


0. 
Fig. 10.3 Fresnel mirrors experiment. 


on either of two mirrors M1, and M 2. The light reflected by the mirrors 
appears to originate from virtual images of the source lying at O, and Os. 
The light intensity at a point P of the screen results from the super- 
position of two components which appear to arrive from the virtual 
sources at O; and Oo. These components have electromagnetic ficlds 
that oscillate in step and combine to yield maximum intensity if the 
pathlengths O,P and OsP are identical or differ by a whole number of 
wavelengths, they yield minimum intensity if O,P and OP differ by a 
half-integer number of wavelengths. The intensity at different points P 
across the screen therefore varies greatly, depending on the value of 
OP — OoP. Tf the source images 0, and Oz are distant from the screen 

2 Interference occurs only if the mirr 
tion pressure would shift the P 
the two component beams wo 


ors are rigidly connected; otherwise the radia- 
arts of the apparatus with respect to one another and 
uld combine incoherently (see page 120). 
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and not far from one another, the difference 0:P — OoP is a slowly 
varying function of the position of the point P on the sercen. Therefore, 
regions of maximum and minimum intensity can be clearly distinguished 
across the screen; they are called “bright and dark fringes.” 

As an example of optical diffraction, we consider here the action of 
ruled gratings which constitutes one of the main tools of spectroscopy 
ag noted before. A ruled grating is a reflecting surface on which evenly 
spaced grooves are scratched with a sharp point; the surface acquires 
thereby a periodically corrugated profile. The groove spacings are of 
the order of magnitude of 1 g, that is, somewhat larger than the wave- 
lengths of visible radiation. Light is usually directed on a grating in a 
direction oblique to its surface but perpendicular to the direction of the 
grooves (Iig. 10.4). 


Fig. 10.4 Pathlength differences in diffraction by a ruled grating. 


Yor purpose of qualitative analysis it is adequate to regard cach 
eroove as a sharply localized irregularity of the surface, which scatters 
light in all directions. A distant detector that “looks” at the surface 
from a certain direction reccives light scattered by all grooves of the 
surface. The resulting intensity depends on the interference of the light 
components scattered by different grooves, that is, on the relative phase 
of oscillation of their electric and magnetic fields when they reach the 
detector. 

Woe consider now the conditions of interference for a given direction of 
incidence, a given wavelength, and a given direction of detector. Com- 
pare in the diagram of Fig. 10.4 the light paths from a distant source to 
two adjacent grooves G; and Gz» and on from each groove to a distant 
detector. The radiation scattered by G, travels an extra pathlength 
G,Q1 to reach the detector. The radiation scattered by Ge travels an 
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extra pathlength QeG from the source to the point of scattering. ‘There- 
fore, the pathlength difference for the two scattered components is 
G;Q1 — QeGe. If this difference equals a whole number of wavelengths, 
the same holds for the difference corresponding to scattering by any two 
grooves G; and G;, and all scattered light components reach the detector 
in step thus combining with “constructive interference” to yield a maxi- 
mum of intensity. (The special case of specular reflection corresponds 
to GiQ, = QeGe, that is, to a path difference of zero wavelengths.) On 
the other hand, if G,Q: — QeG» differs from a whole number of wave- 
lengths, the light components scattered by G, and Gz reach the detector 
with a certain phase difference 6, the components scattered by G, and Gs 
with a difference 26, etc. The component scattered by the groove Gy 41, 
with n ~ w/6, reaches then the detector with a phase difference of né ~ 7 
with respect to the component scattered by G,. The fields of the light 
components scattered by different grooves thus cancel out in pairs, and 
the combined light intensity vanishes, at least approximately (“destruc- 
tive interference’). 

The condition for constructive interference is expressed mathemati- 
cally by 

CQ1 — QeGe = Nd (2a) 
or 
C1Q1 QeGe 


eae = N 2b 
. , (2b) 


where N is an integer and ) is the wavelength. For given directions of 
incidence and of the detector, (2) is fulfilled only by certain values of A. 
The usefulness of ruled gratings lies in the fact that for a given value of \ 
and a given incidence they concentrate (“diffract’”’) light in a number of 
directions corresponding to different values of the number N, which is 
called the “order” of the diffraction. Fquation (2b) is expressed con- 
veniently with vectors because the pathlengths GQ, and Qos are the 
projections of the groove spacing G1@2 in the directions of the detector 
and of the incident beam respectively. These directions may be repre- 
sented, together with the reciprocal wavelength 1/d, by wave vectors k’ 
and k (see page 82), whose magnitudes are 1/\ and whose directions are 
the directions of propagation. The position coordinates of the grooves 
G, and Gy may be indicated by vectors r, = (71,y1,21) and re = (Xe,Y2,22), 
so that GjG_, = |re ~1r,|. The product of the reciprocal wavelength 
1/d and of the projection GQ, of G,G@, along k’ is then expressed as the 
scalar product of the vectors k’ and re — r,. The condition of construc- 
tive interference (2b) takes the form 


k’+ (ry — 11) — k+ (tg — 11) = (kK! — k)- (rg — 1) = N. (3) 
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That is, the scalar product of the groove separation r. — r, and of the 
difference k’ — k, between the wave vectors of the diffracted and inci- 
dent light, must equal a whole number. If this condition is fulfilled by 
the separation rg — 11 of adjacent grooves, it is also fulfilled by its 
multiples rz — 1, T4 — M1, ete. 

Notice that, if $ exceeds the groove separation |r, — r,|, k and k’ 
are so small that (k’ — k)-(tf2 — m1) cannot be ever as large as +1, so 
that no diffraction can occur. On the other hand, if \ is far shorter 
than the separation, the condition (3) will be met by wave vectors k’ 
of nearly equal directions, and there is a confuse multitude of diffracted 
beams. 

The performance of a ruled grating as a spectral analyzer is limited by 
its size. As shown before, if the diffraction conditions are not fulfilled 
exactly and light components scattered by G, and Gz reach the detector 
with a phase difference 6, the component scattered by G41 with n ~ 7/6 
interferes destructively with the component scattered by G,. However, 
if 6 is sufficiently small, r/6 may exceed the total number 9 of grooves 
of the grating and there is no component of the scattered light which 
interferes destructively. It follows that light of a given wavelength is 
diffracted not in ideally defined directions but within bundles of direc- 
tions covering an angle of the order of 1/9t radians; destructive inter- 
ference becomes effective only in directions outside those bundles. 

X-ray diffraction by erystals is analogous to light diffraction by ruled 
eratings. A crystal may be regarded as a regular lattice of identical 
“cells,” cach of which contains one or more atoms. (or example, a cell 
of a NaCl erystal contains one Nat and one C17 ion.) A beam of X rays 
interacts with matter weakly and thus penetrates into crystals deeply, 
to be scattered to some extent by each cell; crystals diffract X rays but 
not light because their lattice spacing is comparable to X-ray wave- 
lengths and much smaller than light wavelengths. We may treat the 
X rays scattered by cach cell as though they originated from a single 
point within the cell, just as each groove is represented by a single point 
in Fig. 10.4. We consider therefore the combined scattering by a lattice 
of identical points, shown in cross section in Fig. 10.5. 

For a given direction of incidence, a given wavelength and a given 
direction of detector, the conditions of interference of the X rays scat- 
tered by two cells, C, and Cz, may be examined with the diagram of 
Fig. 10.5. The X rays scattered by these cells follow paths whose lengths 
differ by the amount QoC, + C1Qe’. Interference is exactly constructive 
if this difference equals a whole number of wavelengths. This condition 
may be expressed in the same form (3) as for ruled gratings, where 
ry — 1; indicates now the spacing of two crystal cells. Constructive in- 
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terference of the X rays scattered by the whole crystal requires that the 
condition (8) be fulfilled for all pairs of cells. 

Bragg has shown that this requirement can be analyzed conveniently 
as follows. Whenever the requirement is fully satisfied, there are sets 
of parallel planes of the lattice such that (8) is fulfilled with N = 0 by 
the spacing r,’ — r, of any two cells of a plane. (Hach plane of the set is 
represented by a line of dots in Fig. 10.5.) The vector k’ — k is then 


Set of lattice 
planes 


$$ 


° ° o . e e ° . ° —_ = 


Fig. 10.5 Pathlength differences in diffraction by a crystal, 


perpendicular to the set of lattice planes. It follows that the dircetions 
k’ and k form equal angles with the planes, that is, that the constructive 
interference takes the aspect of combined specular reflection by the 
planes of the set. Jor this reason the occurrence of constructive inter- 
ference by X rays scattered by crystal cells is called “Bragg reflection.”’ 
Further, the X rays scattered by cells of different planes will interfere 
constructively provided only that (8) is fulfilled with N #0 by the 
spacing Tz — r, of cells of adjacent planes. 

The full condition for constructive interference is met for a given 
direction of incidence only by X rays of certain wavelengths, and for 
X rays of given wavelengths only by certain directions of incidence. 
Notice by contrast that diffraction by ruled gratings on a surface is not 
limited by any condition on the direction of k’ — k, so that diffraction 
occurs in some direction for any combination of incidence and wave- 
length. 

When a beam of non-monochromatic X rays falls upon a crystal with 
a given orientation, the conditions for Bragg reflection are fulfilled in 
general for each of various scts of lattice planes by particular mono- 
chromatic components of the incident beam. ach of these components 
is then diffracted in the direction corresponding to the particular oricnta- 
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tion of the lattice planes. The set of directions so singled out constitutes 
the “Laue pattern” of the crystal. 

When the incident beam is monochromatic, no Bragg reflection is 
observed in general with a crystal of given orientation, as noted above. 
However, if the beam falls upon a powder of crystals oriented at random, 
some of the crystals will be oriented just right for Bragg reflection on one 
of the various scts of lattice plancs. Bragg reflection on any one set is 


k 
Fig. 10.6 Vector diagram illustrating Ivq. 4. 


characterized by a fixed magnitude of the wave vector difference k’ — k 
and of the diffraction angle 6. Fig. 10.6 shows that |k’ — k| and 6 are 
related by 
\k’ —k| = 2k sin 30. (4) 
X rays so reflected by a given set of lattice plancs of crystals with dif- 
ferent orientations travel in different directions all of which form the 


Vig. 10.7. Diffraction by crystal powder, The diagram shows two crystals with 
orientation required for Bragg reflection. 

same anele 6 with the incident beam. The scattered X rays form a ring 
on a photographie plate P placed as in Fig. 10.7. The sequence of rings 
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corresponding to Bragg reflection on different sets of lattice planes con- 
ae ; 
stitute the “Debye-Scherrer pattern” of the powder. 


10.2) Diffraction of Particle Beams 


Diffraction by crystals. Electrons with kinetic energies of the order 
of 50 to 100 ev penetrate numerous layers of atoms into a crystal before 
being scattered back or losing their energy. Davisson and Germer in 
1927 studied the electrons backscattered by a crystal without energy 
loss and observed in some cases, besides a diffuse backscattering, a peak 
of intensity in the direction of specular reflection. The peak appears 
when the direction of incidence and the velocity of the incident electrons 
satisfy a condition equivalent to the Bragg reflection condition for 
X rays. To express the conditions in the same form, the momenta p and 
P’ of the incident and reflected electrons, divided by Planck’s constant /, 
must be entered in Eg. 3 in place of k and k’. The condition becomes 


(c = *) (te — 1) = N. (3') 


Notice that this form of the equation applies to X rays also, because the 
wave vectors of X rays are related to the photon momenta by Eq. 6 on 
page 83, p = hk, 

Concurrently with the discovery by Davisson and Germer, G. P. 
Thomson and collaborators observed Debye-Scherrer diffraction rings 
around beams of electrons that traverse thin layers of crystalline ma- 
terials. The ring diameter is the same as expected for X-ray diffraction 
on the same materials, if the X-ray photons have the same momentum 
as the electrons. Laue patterns were also observed later with electron 
heams. Evidence accumulated in many experiments confirms that 
crystals diffract electrons and X rays into patterns with maxima and 
minima in the same positions if the clectrons and photons have equal 
momentum, 

The main difference between electron and X-ray diffraction stems 
from the circumstance that electrons are scattered by individual atoms 
to a much greater extent than X rays. Therefore, Bragg reflection of 
an clectron beam is completed within a comparatively few layers of 
crystal cells and the diffraction patterns are unsharp, as in the case of 
light diffracted by a grating consisting of a few grooves only (see page 
137). 

Molecules incident on the surface of a crystal do not penctrate but gen- 
crally bounce back. ‘The crystal surface constitutes a two-dimensional 
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lattice of identical cells with spacing of the order of a few Angstroms, 
and would diffract X rays if the X rays did not penetrate deep into the 
erystal. Stern and EEstermann studied the back-scattering of molecular 
beams by crystal surfaces. Besides a diffuse scattering, they observed 
intensity peaks in the directions 
corresponding to specular reflection 
and to diffraction by the surface 
lattice (Fig. 10.8). Diffraction by 
a surface lattice requires that the 
condition (3’) be satisfied for the 
separations rj — Ye, I) — 13, ete. 


Ke Reflected beam 


ix 


of all pairs of adjacent cells. - Scattered , Seta 
Notice that, for example, a iB \ al 
molecule of oxygen traveling at - fy oe 


Response of atom detector 


200 m/sec (thermal agitation ve- 
locity) has a momentum of mag- 


nitude p = 1078 g em/sec, an [ ra \ } » J % 
equivalent wave number p/h = “ - < x 
1.6 X 108 em™ and an equivalent io o ae 
wavelength h/p of 6 X 107° em = Lateral deflection 


Ds only a little smaller than Fig. 16.8 Diffraction of He atoms by a 
the spacing of crystal cells. (The Lil’ crystal. (Adapted from Mstermann 
quantity h/p is called the “de and Stern, Z. Physik, 1931.) 

Broglie wavelength” of a particle.) 

The quantitative relationships are accordingly just right to observe 
diffraction conveniently. 

Neutrons penetrate crystals readily because they interact only with 
the nuclei of crystal atoms. All types of crystal diffraction (Bragg re- 
flection, Laue patterns, and Debye-Scherrer patterns) have been ob- 
served with neutrons and studied extensively since sufficiently intense 
neutron beams have been provided by the development of nuclear 
reactors. In all experiments, diffraction occurs in the directions pre- 
dicted by X-ray diffraction theory if the wave vectors are taken as equal 
to the neutron momenta divided by h. Neutron diffraction is sometimes 
proving even more valuable than X-ray diffraction as a tool to provide 
information on crystals. 


Quantum mechanical analysis. The diffraction of clectromagnetic 
radiation by ruled gratings and crystal lattices has heen described in 
Sect. 10.1, according to macroscopic electromagnetism, as the result of 
interference of radiation components scattered by different grooves or, 
respectively, crystal cells. However, Sect. 8.1 has shown that. inter- 
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ference need not be attributed to the combination of electromagnetic 
fields or of other measurable oscillating quantities. In quantum physics 
experimental results take the form of probability laws. ‘Che phenomenon 
of interference is described as a relationship among probabilities: When 
different components contribute to the probability of detection of a 
photon or particle, the combined probability departs, in gencral, from 
the sum of the probabilities of detection observed when each component 
acts separately, The departure of the combined probability from the 
sum of the separate probabilities can be expressed by means of phase 
differences of probability amplitudes. 

From this standpoint, the probability of scattering of X rays towards 
& detector by a lattice of crystal cells is regarded as a combination 
of contributions from scattering by separate cells. The expression 
(k’ ~ k)-(t2 — ry) on the left of Eq. 3 represents the phase difference 
in the combination of components from scattering by cells with relative 
positions indicated by rp —1,. More precisely, (k’ — k):(t2 — r1), 
which equals 2 whole number in the event of fully constructive inter- 
ference, represents the phase difference 6;. expressed in “cycles” and 
must be multiplied by 360° if the phase difference is to be expressed in 
degrees, or by 2z if it is to be expressed in radians. 

This interpretation of radiation diffraction extends without any change 
to the diffraction of particle beams. [or beam components arising from 
seatterers at r; and 1, the expression of the phase difference in radians is 
obtained by replacing the wave vector k of electromagnetic theory with 
2ap/h = p/h, and is therefore given by 


i 
on, = (e — *) » (tj — rz) radians. (5) 
ho oh 

To analyze the interference mathematically according to the super- 
position principle, consider the probability amplitudes relating the state 
of the incident particles to the states of the scattered particles. The 
particles of the incident beam are in a state characterized by a mo- 
mentum eigenvalue p. This state is modified by interaction with a 
scatterer S which consists of the complete crystal. The state so modified 
is analyzed experimentally into momentum eigenstates with eigenvalues 
p’. The probability amplitudes of these eigenstates is indicated by the 
symbol (p’|S|p). The squared magnitude |(p’|S|p)|? represents the 
probability of detecting a particle in the direction of p’. 

The probability amplitude (p’|S|p) is to be expressed as the sum of 
contributions corresponding to the possibility of scattering by the various 
cells 1, 2,3, +--+ of a crystal, whose positions will be indicated by co- 
ordinate vectors r; = (a;,y,,2;). Fach contribution consists of three 
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factors. (a) The probability amplitude (r;|P) that a particle of the in- 
cident beam, in a state identified by the momentum p, be detected at 
the position r; of the ith cell. (v) The probability amplitude spp that a 
particle be scattered from the direction of p to the direction of p’ by 
collision with a single cell. (The amplitude spp is, of course, equal for 
all cells and its squared magnitude Sp'p|” represents the cross section 
for scattering by the cell, as defined in Sect. 2.3. We regard this cross 
section as determined separately, for example, by an ad hoc experiment.) 
(c) The probability amplitude (p’|r;) that a particle scattered from a cell 
at r; be detected in the beam of particles with momentum p’ by a distant 
detector. ‘Lhe combination rule of probability amplitudes, Eq. 9, 
page 111, gives then 

(p'|S|p) = Spe 2e("|re) (rel P). (6) 


This formula expresses the combined scattering probability I(p’ |S} p) ? 
in terms of the single-cell probability |sprp[? and of the probability 
amplitudes (r;|p) and (p’|r:)- We propose now to determine the values 
of these probability amplitudes utilizing experimental information on 
scattering by whole crystals. In particular, we utilize the conclusions 
drawn from the relationships between the diffraction pattcrns and crystal 
structure, namely, that the expression (5) represents the phase difference 
between pairs of terms of the summation in (6). 

We consider first the magnitudes of (r;|p) and (p’|r,), and then their 
phases. In discussing the diffraction of electromagnetic radiation ac- 
cording to macroscopic theory, we have implied that the incident and 
diffracted radiation beams are eigenstates of direction and photon mo- 
mentum, represented by plane waves (sce page 77, and 82ff.). It had 
been pointed out that these states represent idealizations, in that plane 
waves extend over the whole space with uniform intensity. As a con- 
sequence, all scatterers are affected by the incident radiation with equal 
intensity, so that they also scatter with equal intensity. The indefinite 
extension of plane waves is an idealization, but in the macroscopic theory 
it is nevertheless essential that a very large number of scatterers actually 
receive the same radiation intensity. From the identity of results in 
diffraction experiments with X rays and with particles, we deduce that 
also in particle diffraction a very large number of scatterer cells have 
equal probability of receiving particles of the incident beam. It is also 
essential, of course, that scattering by different cells combines coherently, 
as noted on page 120. Turthermore, we surmise that eigenstates of 
particle momentum constitute, like eigenstates of photon momenttn, 
idealizations and that particles in those cigenstates have a uniform 
probability of being detected at all points of space. This surmise is 
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supported by all further evidence. We take, therefore, the magnitude 
|(r;|p)| to be equal for all cell positions r;. The actual value of this 
magnitude is a matter of convention depending on the assumed particle 
density in the beam. One usually assigns to the magnitude the valuc 
one, corresponding to one particle per unit volume in the beam. The 
value of |(p’|r;)| is equal to | (r;|p)| because (p’|r,) has the same magni- 
tude as (r,[p’) owing to reciprocity (pages 96 and 118) and because the 
probability of detecting a particle at r; must be the same for momentum 
cigenstates of different directions p or p’. We write accordingly 


l(rslp)| = |(p’|r)| = 1. (7) 


We come now to apportion the phase difference (5) among the terms 
of the summation in (6), that is, to assign a definite phase to each term. 
Since (5) consists of the difference of two terms, each of which depends on 
the position of one scatterer, it is an obvious convention to assign 
the phase (p/h ~ p’/h)-r; to the ith scatterer cell, and the phase 
(p/h — p’/h) +r, to the kth cell. Since our probability amplitudes have 
the magnitude one, we write 

; : 
@' na¢eIp) = exp [i (2 ~P) nf (s 
ho oh 

Finally, we apportion the phase of this product among its two factors. 
Here again the phase of (8) consists of two terms depending respectively 
on p and on p’, which leads to the convention 


(t:|p) = exp («? rs) (p’|rs) = exp (-% rs): (9) 
i h 


equivalent to the general formulas (1a) and (1b). Notice that (p’[r;) 
has a phase equal but of opposite sign to that of (r,|p’), in agreement with 
Iq. 17, on page 113. 

The probability amplitudes (1) or (9) have phases which are linear 
functions of the position coordinates r = (2,y,z). These probability 
amplitudes are, therefore, sinusoidal functions of the coordinates r, 
since c'* = coss + ising. Their mathematical expression is therefore 
analogous to the representation (5), page 82, of electromagnetic planc 
waves. Accordingly, the probability amplitudes (1) or (9) themselves 
are commonly called “plane waves.” They are also often called “wave 
functions” or “momentum eigenfunctions” and indicated in the form 
(13), of page 112, as 


Dp Yy + p22 .P 
Vp(@,y,2) = exp («4 as = 2 ) = Oxp (2 . r); (10) 
i 
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it these wave functions, like the electromagnetic plane waves, 
the cigenvalue equations 7b, ¢ and d of page 838, with the 
—(py/h)* and —(p,/h)2, respectively. In addition, the plane 
mplex exponentials arc eigenfunctions of the equations 


Notice, finally, the 
are eigenfunctions of 
eigonvalucs —(p2/ti)”, 
waves (10) in the form of co 


hi ay hoy _ Tow _ 
Bian DY i ay Py¥s 7 02 paw, (11) 
with the cigenvalues Pz, Pin and pz These three equations ure represented together 
by the single vector equation 


* grady() = py(r). (12) 


Diffraction effects are observed also in 
the scattering of X rays and of particles by gas molecules, owing to in- 
terference of the components scattered in any one direction by different 
atoms of a molecule. The diffraction patterns are characteristic for the 
arrangement of atoms in the molecules, even though the atoms may be 
of different kinds. As compared with crystals, molecules have a small 
number of atoms and a non-periodic structure; hence, the maxima and 

e unsharp. Gas molecules have 


f their diffraction patterns ar 
diffraction patterns are of the Debye- 


Diffraction by molecules. 


minima o 
random orientation; hence, their 
Scherrer type. 

As a simple ex 
erystal diffraction to 
molecules with identical atoms, such 
the summation consists now of two terms only, 


ample, we apply here the information obtained from 
calculate the pattern of diffraction of diatomic 
as No or Og. In the expression (6) 


(p'|Slp) = Sprol(p’ [t1) |p) + (p’ |r2) (r2|P)] 


= Sp'p {exp | -i ¢ - 2) . n| + exp | -i ¢ — °) . al 
hf hhh J 


ate the positions of the centers of the two atoms. 


where fr, and Te indic 
cattering in the direction p’ is 


The combined probability of s 


sa a1 es fi(E-5). = | 
| Sprp| | + exp]? ho hk (r, — Ta) 
+n] -1(F os *) (ty | + 7 
hon 


2) ssp |? f + cos (= _ °) (t- |}: (1-4) 


| 


| (p’|S|p) 
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We must now take the average value of this probability over all 
orientations of ry — ry with respect to p’/h — p/h. The value of the 
cosine of a product of vectors, cos(a-b), averaged over all mutual oricnta- 
tions of the vectors is a function only of the magnitudes of these vectors, 

1, op sin(ab) 

{cos(a-b)) = =| dz cos(abz) = — 

2 eat ab 
where z is the cosine of the angle between a and b. In our case, the dis- 
tance between the atoms, |r, — rg], may be called #, and according to 
(4) Ip’/ fh — p/h| = 2(p/h) sindé@, where @ is the scattering angle. The 
probability of scattering by an angle 0 is therefore 


sin{2(p/h)R sin 46] 
P(0) = 2| Sprp|? rf eee : 
2(p/h)R singé 


This probability may be regarded as the product of two factors, namely 
2|syp|” (the sum of the scattering cross sections of two separate atoms) 
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X-ray intensity, arbitrary units 
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Fig.10.9 Analysis of the X-ray intensities scattered in different directions by oxygen 
gas. Curve A represents the factor in braces in Iq. 16, curve B represents the 
factor 2|sp’p |? in the same equation, and curve C represents the product of A and B, 
equal P(@). (Data by Wollan; figure and analysis after Compton and Allison, X-Rays 
in Theory and Experiment, D. Van Nostrand Co., New York, 1934, p. 168.) 


and the oscillating factor in the braces which “modulates” the 
independent-atom cross section and represents the effect of diffraction. 
The maxima and minima of this oscillating factor occur at deflection 
angles that depend on the values of p, R and hi in the combination 
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(p/h)R. The oscillating factor depends only on the variables p and R 
and not at all on the nature of the particles, or electromagnetic radiation, 
or on the mechanism of interaction. Figure 10.9 illustrates how diffrac- 
tion experiments serve to determine molecular dimensions. The experi- 
mental points show a diffraction maximum for a value of (p/h) sing0 = 
0.51 A7!. In order that this maximum coincide with the maximum of 
the factor in the braces in Eq. 16 at 2(p/f)R sing0 = 52/2 radians, the 
interatomic distance / in the O2 molecule must be equal to 1.09 A. 


10.3. The Motion of Free Particles 


When a particle moves freely, that is, without being subjected to 
forces, its energy depends only on its mass and velocity, or on the cor- 
responding momentum, 


2 2 
2 P Pp 
f= dmv? = 4m (2) =—. (17) 
2m 


m 


To a definite value of the velocity, or of the momentum, corresponds a 
definite value of the energy since the mass is a constant. ‘That is, the 
momentum eigenstates are also eigenstates of the energy (stationary 
states). These cigenstates are idealizations, as pointed out in the pre- 
ceding section, because the probability distribution of the positions of 
particles in these states is uniform all over the space and stationary in 
time. 

Any realistic quantum mechanical state of a free particle is non- 
stationary. Such a state may be represented as a superposition of 
momentum eigenstates. The probability distribution of particle posi- 
tions is then uniform all over the space for cach component cigenstate 
but vanishes for their combination outside a limited region, owing to 
destructive interference among the component distributions. In a non- 
stationary state the particle momentum is fairly well defined if com- 
ponent cigenstates with eigenvalues p very different from a mean valuc 
(p) have negligible probability. The probability distributions of the 
momentum eigenvalues and of the particles positions are tied to one 
another by an important relationship to be deseribed in the next 
chapter. 

The quantum mechanical problem of the motion of a free particle 
can be stated as follows: Suppose that at an initial time ¢ = 0 the 
particle is in a state identified as a given combination of position eigen- 
states r. By which combination of the same position eigenstates will it 
be identified at a later time? In order that the mathematical symbols 
be similar to those used previously, we label the variable state of the 
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particle with the symbol a(t). The initial combination of position eigen, 
states is then specified by a set of probability amplitudes, which can 
also be indicated in the form of a wave function of the position cigen. 
values r = (x,y,z) according to (13), page 112, 


(t|a(0)) = Yalt,0) = Yaleyz,0). (18) 


The values of these probability amplitudes are assumed to be known, 
One must then calculate the state of the particle at a later time, as repre. 
sented by the wave function (r|a(t)) = ¥a(r,). Comparison of the 
probability distributions |a(r,t)|? and |y<(r,0)|? will show how tho 
particle has traveled during the time interval ¢. 

The solution to this problem can be obtained by the method of 
Chapter 9 because we know that the momentum eigenstates are also 
energy eigenstates and because the probability amplitudes (r|p) of these 
eigenstates have been determined in the preceding section. ‘lo apply 
the method of Chapter 9 we represent then the state a(t) as a super 
position of momentum eigenstates 


Waltjt) = lact)) = Zp(eip)(latt)) = Zp exp (2 : r) (pla()). (19) 


If (r|a(O)) is given for all values of r, the probability amplitudes (p |a(0)) 


can be calculated by applying a combination formula reciprocal to (19), 
namely 3 


(p|a(0)) = 2,(p|r)(r|a(0)) = &, exp (-7? . r) (r}a(0)). (20) 
h 


Because the probability amplitudes (r|p) = exp[z(p/h)-r] are called 
plane waves, a superposition (19) which vanishes for positions r outside 
a limited region is often called a “wave packet.” 

The time variations of the probability amplitudes (p|a(d) is given by 
Iq. 1 of Chapter 9, considering that (p|a(d)) = (#]a(d)) with H = p?/2m 
according to (17), 


9 


iE “= 
(p|a()) = exp (-:50) (p|a(0)) = exp (- 71) (p|a(O)). (21) 

h 2mh 
* Because the complex exponential wave function (r|p) can be expressed as a 
combination of a cosine and a sine function, the representation (19) of the wave 
function (r]a(0)) = Yalr,0) constitutes mathematically a Fourier expansion (see 
Appendix IV), and Eq. 20 may be interpreted as the formula for the calculation of 

the cocfficients of the expansion, Feq. 15 of Appendix TV. 
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It follows that 
Palt,l) 


9 


(rla(!)) = %p(t|p) exp (-i . : (p[a(0)) 


2mh 


sew i(2-2-2-2)] lac. (22) 


The time dependence of the probability distribution of particle positions, 
|Wa(r,t) |°, results from changes in the interference of the plane wave 
components of the wave packet. 

To obtain a more explicit form of y.(r,/), one must of course start 
from a specific analytical expression of ¥.a(r,0). However, one can show 
in gencral that Wa(t,t) actually represents a uniform motion of the 
particle, more properly, @ progressive displacement of the probability 
distribution |Wa(r,0)|°, provided the particle momentum departs but 
little from its mean value (p). To this end, we express the particle energy 


in the form > 5 5 
py [p — @) [P+ 2p-) ~ 1 Ml 
2m 2m 


il 


Il 


(23) 


where the square deviation + |p — (p)|? has been left out as negligible 
and (p)/m has been indicated as the mean velocity (v). When this ex- 
pression of p?/2m is entered in (22), the term — | (p)|?/2m which is 
independent of p can be factored out of the summation, LTquation 22 
can then be written in the form 


(1 @P 
Paley) ~ exp ( 2m. 


) Dp EXP («2 “(r- 0) (pja(O)). (24) 


Notice now that the summation in this formula differs from the summa- 
tion on the right of (19) only by the replacement of r with r — (v)L. 
That is, the plane waves interfere at the point r at the time ¢ with the 
same phase differences as at the point r — (vitat¢ = 0. Therefore, (24) 
can be expressed in the form 


Walt.) ~ exp (i \oyr ) Walt — (v)t, 0) (25) 
Qmh 


and the probability distribution of the particle position is given by 


|walr,d) |? ~ [War — (v)t, 0)?. (26) 
4 Sec Appendix V. 
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The last formula shows that the probability distribution merely travels 
along, undisturbed, with the mean velocity (v) of the particle, in the ap- 
proximation where the squared deviations of the momentum, |p — {p) |", 
are disregarded, Without this approximation, the phase factor in the 
summation of (24) should contain an additional term (Ip — <p) |°/ 2mi)l, 
which actually becomes substantially large after a sufficiently long time, 
no matter how small is p — (p)|*. This factor alters the interference 
and thereby progressively changes the shape of the probability distribu- 
tion |Ya(t,t) [?, in accordance with the circumstance that the velocity of 
displacement of the wave packet is in fact not well definedé 


In the mathem 
the eigenvalue e 
momentum re] 


atical discussion of plane electromagnetic waves, on pages 82-84, 
uations obeyed by plane waves are combined with the onerey- 
ationship for photons to yield the wave Eq. 9 of page 83. ey alae 
tion is obeyed not only by plane waves but by any superpostion of plane wanes ee 
relates the variations of the electric or magnetic field in space and a time. T . 
same procedure may be applied to variations in space and in time of the ye ee 
tion ¥(r,2) of a free particle. As noted on page 145, the plane yuvyee expli(p/ eee 
obey the Eqs. 7b, ¢, d, of page 83, with the eigenvalues —(pz/f)”, ete. The sum o 
these equations, multiplied by —#?/2m, yields 

Way wy aA 1, aes eee for v = exp (i2 +r); 
~ 5 (3 opt oe = 5,, Pe + Py + pi) Vv; i 


(27) 


2 21»? 
according to the energy-momentum relationship (17), 2 = (pe" + pj? + a 
Equation 27 is obeyed by cach component of the wave packet (22). On we . — 
hand, the probability amplitudes (p}a(é)) in this wave packet obcy oe 
equation (10b) of page 128, E(pla|@) = —G/)dpla@)/at. It follows that th 


, : é article, obeys 
whole wave packet, that is, the wave function y(r,!) of a free particle, y 
the wave equation 


_# (= re *) > her (28) 
2m \ox® ° ay? az? i dt 
Example. Consider the application of Teqs. 19 ff. to the wave function defined by 
Be hes g 2742 4 x 
(t[a(0)) = (Ve d)~% exp(—r2/4d? + i q-r/f). (29) 


; A won ie lieth sd 
The position of a particle in the state represented by this wave f ae is distribute 
symmetrically about the point r = 0 with the gaussian probability law 


\(r|a(0)) 2 = (Wx d)~? exp(—r?/2d"), (30) 


* Notice the connection between the result obtained here and standard ee 
tions which had been made regarding the phases of probability pmplider, : 
phase of the probability amplitude (22) decreases in the course of time fet aie 
rand increases for constant time if r moves in the direction of Pp, ae enue 
conventions made in arriving at the Eqs. 1 of Chapters 9 and 10. These conven 
were not independent of one another as they seemed to be; otherwise (26) might 
have yielded a displacement in the wrong direction. 
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The phase variation of (r|@()) from point to point is represented by the factor 
exp (iq. 1/f) which is the same as for a momentum eigenstate with momentum gq. The 
wave function (29), as well as the probability distribution (80) and the analogous 
functions given below, can be written as the product of three identical functions of 
x, y, and 2 (or Pz, Py, Pads 


(rja(0)) = f@sWF@, with f@) = (W2m d)~ exp(—2?/4d? + igqge/fi). (29) 


The probability amplitudes (p|a(0)) are obtained from (20), considering that the sym- 

bol Sx is understood to mean integration over x, y, and z from —+ to o; the result 
. 4. > 2 7 . 

must be divided by 2% in order that Zp|(p]a@)) |? = 1. Equation 20 becomes now 


oe) oe) 20 
(p|a(0)) = nf av f ay f dz exp(—ip+r/fi)(r|a(0)). (31) 
00 a) 09 
After substitution. of (29) in this integral, the integrations over x, y, and z are carried 
out separately, owing to (29’), and yield 
(p]a(o)) = (We h/2d)-¥ expl= |p — a?/4(%/2a)%, a1 


The momentum of the particle is, accordingly, distributed symmetrically about 
p = q with the gaussian probability law 


‘(plato 2 = (2x h/2d)~ expl= |p — 4/26/24), (32) 
The wave function at a later time ¢ is then obtained from (22), considering that Zp 
is understood to mean integration over Pa, Py, and p, and division by h”2, as above, 


(ria) = nef dpa f ary f dpzexp[i(p-r — p7t/2m)/h] (p|a(0)). (88) 


The integrations over Pz, Py and p, ean again be carried out separately and are anal- 
ogous to those in (31), but require more complicated algebraic manipulations. They 
yield 


(ra) = (Wan dV -F B/e)expl— [x — at/mP/4e2d + /s°) 
+ i(qer — (7t/2m)/h + 73 arctg(t/r) 
+ i(t/r) |r — qt/mP/APA + P/7°)}, 33’) 


where 7 = 2d2m/%. The position of the particle at the time t is accordingly distrib- 
uted symmetrically about the point r = qt/m (which is reached from r = 0 traveling 
with velocity q/m) with the gaussian probability law 


l(rla()P = (V2n dV1 + 2/2) oxp[— |r — gé/m2/20(L + P/r%)). BA 


The width of this distribution increases in the course of time in proportion to 
V1 + @/r*%, The second term in the exponential of (83’) coincides with the phase 
of the wave function of a particle in a momentum eigenstate with momentum q. 
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PROBLEMS 


10.1 A crystal has a set of lattice planes with spacing d = 2.1 A. It re ee 
observe Bragg reflection on this set of planes. (a) Calculate the eee ata he 
of X rays which can be so reflected and specify the orientation ° ° care. 
with respect to the lattice planes which corresponds to the ee eA calenian 
(b) Calculate the minimum energies of electrons and neutrons whieh e: 
hy the same sot of planes, 

10.2 A beam of 
of identical scatter; 
to the beam 


slow neutrons (v = 2000 m/sec) is scattered aur aven seers 
he centers Pand Q. The vector d joining P to Q : es intensity 
and is 2A long. If only one scatterer were present, pana 1 : be the 
received by a detector at a distance r in a direction D could be ava ale Nee 
and would be independent of D. Calculate the intensity /(6) Sarees andes 
of scatterers when D lies in the plane of P and Q and of the beam direction, a 
an angle @ with this direction. : r sutrons 
10.3 Calculate and plot the cross section o(6) for eee Ae Ra i 
(v = 2000 m/sec) by COz molecules. The cross sections for Bear A | byrectdnd 
of C and O are independent of the scattering angle and can ph G On» iiolendle ae 
so”, with sc = 6.4 X 10-" em and 07 Oe em ee adjacent atoms. 
the linear structure 0 = C = O with a spacing dco = 1.13 A between adj: 
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Complementarity 
and the size of atoms 


Particles and X rays obey the same diffraction law, as scen in the 
last chapter. In general, atomic particles exhibit many properties that 
are known in macroscopic physics as wave properties. For example, 
electromagnetic radiation or sound waves confined to a narrow region of 
space are bound to have a short wavelength and a high pitch. This 
chapter deals with the analogous property of atomic particles: Any 
particle confined to a narrow region of space is bound to have a high mo- 
mentum and a high kinetic energy. This link determines the stability 
and the size of atoms. Analogous relations exist between other variables. 

When a particle has a definite momentum p, the probability distribu- 
tion of its position is uniform all over the space, just like the intensity 
of a plane sinusoidal radiation wave. If the position of a particle is 
restricted to a region of given size, its state may nevertheless be repre- 
sented as a combination of momentum cigenstates with different eigen- 
values p, the probability of finding the particle at a position outside the 
given region being canceled by destructive interference. The transition 
from constructive interference inside the region to destructive inter- 
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ference outside of it depends on the change of the phase differences in the 
combination of cigenstates. The phase difference of two eigenstates with 
momenta p and p’ varies from point to point at the rate of p/h — p’/hi = 
2r(k — k’) radians/em. (See Eq. 5, page 142.) Therefore, if a set of 
momentum eigenstates interferes constructively at one point, the inter- 
ference can become destructive only at a distance of the order of the 
reciprocal of the largest wave vector difference |k — k’| within the set. 
Conversely, if constructive interference is confined to a region of space 
with a diameter of the order a, the range of wave vectors in the combina- 
tion (“band width”) must be of the order of magnitude of 1/a and the 
corresponding range of momenta of the order of #/a. Hven though the 
range may include vanishingly small momenta, the combination must 
include momenta af least as large as ~ fifa. This link between the values 
of the position and momentum of a particle is called “complementarity 
relation.” 

The complementarity relation is treated in Sect. 11.1. Its mathe- 
matical formulation may be derived from the general theory of the com- 
bination of sinusoidal functions, that is, of the Fouricr analysis sketched 
in Appendix IV. The size of the region to which a particle or radiation 
is confined and the range of momenta or wave vectors of component 
cigenstates can be expressed as statistical estimates of the uncertainties 
about the values of position and momentum variables. Accordingly, 
the link between position and momentum was called by Heisenberg an 
“uncortainty relation.” 

Complementarity is not directly noticeable in macroscopic phe- 
nomena, so that position and momentum are properly regarded in clas- 
sical physics as independently measurable variables. The discovery, 
in 1926, of the previously unsuspected uncertainty relations caused con- 
siderable surprise. Heisenberg accompanied the mathematical proof 
of his result with an analysis of conceivable experimental procedures 
directed to show that simultancous measurements of position and mo- 
mentum, beyond the limits of accuracy fixed by the uncertainty relation, 
are, in fact, incompatible. This analysis was developed further and ex- 
tended by Bohr into a general point of view, called the “principle of 
complementarity,’ whose essentials are contained in the concepts of 
incompatibility and randomness, introduced in Chapters 6 and 7. 

The complementarity of the position and momentum of a particle 
implies the “tendency to expand” which was surmised in Sect. 3.4 as the 
basis of the stability of atoms. If an atomic electron is held by electro- 
static attraction within a distance a from the nucleus, its mean squared 
momentum must be at least of the order of 4?/a? and its mean kinetic 
energy of the order of 4?/2ma?. If a is of the order of atomic radii, that 


ae 
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is, 1A = 1078 om, and m ~ 107°" g, i?/2ma? is of the order of 10 ev and 
therefore comparable to the potential energy e°/a due to the attraction 
of a hydrogen nucleus. ‘The nuclear attraction strives to draw in the 
electron, but a decrease of a forces up the kinetic energy. If a should de- 
crease by a factor of ten, the mean kinetic energy would rise hundredfold; 
this increase could not be provided for by the increase of potential energy, 
which would be only tenfold. Actually, the size of the hydrogen atom. 
stabilizes at an approximate radius somewhat smaller than 1 A, as will 
be shown in Sect. 11.2. 

The treatment of the complementarity of position and momentum 
given in this chapter rests on the relation between the cigenstates of 
these variables which was derived, in turn, from the analysis of diffrac- 
tion. In fact, the diffraction experiments need not be regarded as inde- 
pendent experimental evidence in our treatment. Appendix VIII shows 
how the relation between the eigenstates of position and momentum 
follows from the concepts and laws introduced in Chapters 4 to 9 only. 
The mathematical formulation of quantum theory, outlined in Appendix 
VIL, provides a general procedure for identifying pairs of comple- 
mentary variables. In particular, the strength of the magnetic field of a 
monochromatic radiation is shown to be complementary to the electric 
field strength. (Notice that the electric field is proportional to the rate 
of change of the magnetic field in the course of time, much as the mo- 
mentum of a particle is proportional to the rate of change of its position.) 
The quantum properties of radiation follow from the complementarity 
of the electric and magnetic fields. 


11.1 Uncertainty Relations 


Complementarity between a pair of variables is a special case of in- 
compatibility. Incompatibility was introduced in Chapter 7 with regard 
to the analysis of radiation and particle beams and will be reviewed here. 

In macroscopic clectromagnetism it is trivial that a disturbance may 
have alternative characteristics such that, when one is present, the 
other onc is missing altogether. Circular and linear polarization afford 
a typical example in that circularly polarized light has no trace of linear 
polarization, and vice versa. Similarly, a plane sinusoidal wave, whose 
variation in space is specified by a wave vector, spreads uniformly all 
over space and thus has no localization at all, whereas a disturbance 
sharply localized at one point has no definite wave vector at all. There 
is, of course, light of intermediate types which partakes of two opposite 
characteristics; thus elliptical polarization partakes of linear and circular 
characteristics. 
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This situation is unfamiliar in the classical mechanics of particles and 
rigid bodies. For example, if a magnetic needle has @ given orientation, 
the component of its magnetic moment in any direction of space has a 
definite value. Similarly, if an assembly of macroscopic bodies is pre- 
pared with a procedure that exerts maximum control on all their vari- 
ables, the energy of each body has a definite value, predictable in advance 
for each position of the body and at any time. However, we know that 
these macroscopic expectations do not hold at the atomic level. Mole- 
cules made homogeneous by filtration through a Stern-Gerlach magnet 
behave inhomogencously when analyzed with a magnet of different 
orientation. Ions which emerge in the same excited state from the 
source of a canal ray beam release their energy by emission of light 
photons at different points along their tracks (page 60) and thus become 
inhomogencous with respect to excitation encrzy; that is, each ion is 
in a state which varies in the course of time and is accordingly non- 
stationary, so that its energy does not have a definite, predictable 
value, 

The experimental evidence on quantum phenomena shows that a 
definite value of any variable exists only for systems in an cigenstate of 
that variable, that is, for systems prepared by suitable experimental 
procedures. Two variables may have simultancously definite values 
only if the system possesses an eigenstate common to the two variables. 
If the experimental procedures for preparing eigenstates of the two 
variables are incompatible, there are no joint eigenstates and no joint 
eigenvalues and the variables themselves are called incompatible. 

Incompatibility hinges on the fundamental statistical aspects of 
quantum phenomena discussed in Chapter 6. When a system is in an 
eigenstate of one variable, there is an inherent statistical uncertainty 
regarding the values of incompatible variables. ‘This uncertainty is 
negligible in macroscopic mechanics so that incompatibility goes un- 
noticed. When Heisenberg and Bohr emphasized the intrinsic connee- 
tion between eigenvalues and experimental procedures, the statistical 
aspects of quantum phenomena had not yet been fully recognized. In 
that period, many striking quantum phenomena were interpreted 
theoretically within a very short time by different workers. Each theory 
attracted immediately much attention before a unified understanding 
had emerged from the fragmentary development. Different aspects 
appeared disconnected and sometimes paradoxical, so that while the 
mathematical logic of cach successful theoretical procedure was clear, 
an intuitive interpretation of the phenomena seemed hard to achieve. 

The incompatibility of position and momentum may be established 
through the following sequence of steps. From the standpoint of macro- 
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scopic electromagnetism, the incompatibility of position and wave vector 
of a disturbance is trivial, as noted above. The observations on the 
photoelectric effect reveal the existence of photon momentum and its 
proportionality to the wave vector. They also show an inherent random- 
ness in the position of a photon absorption and in the magnitude and 
direction of the absorbed momentum. ‘The macroscopic incompatibility 
of position and wave vector is thercby translated into quantum me- 
chanical incompatibility of position and momentum of photon absorp- 
tion. Jinally, the identical behavior of radiation and particles in 
diffraction phenomena shows that position and momentum are incom- 
patible for particles as well as for photon absorptions. Alternatively, 
one may argue directly from particle diffraction experiments that 
particles with a well-defined direction and velocity have a uniform 
probability of colliding with atoms spaced widely apart within a crystal. 
Because scattering by different cells combines coherently to yield diffrac- 
tion, the randomness of collision positions is an inherent property of 
cach incident particle rather than the result of failure to control its 
track, That is, homogeneity in the direction of flight of particles entails 
a dispersion in their points of impact. Conversely, if the particles were 
focussed to collide with only a few atoms of a crystal, the diffraction 
pattern would be smeared, and one would argue from this result an un- 
sharpness of the direction of incidence. 

Complementarity between two variables implies, besides incompati- 
bility, some quantitative relationship between the ranges of statistical 
variation of the variables in any one state of the system. Momentum 
cigenstates of a particle are idealizations, as pointed out in Chapter LO, 
and so are also position cigenstates. In a realistic state, the values of 
both these variables are subject to statistical uncertainties, that is, if 
either variable were measured, one would find in different experimental 
runs random variations about a mean. Accordingly, complementarity 
will be expressed as a relation between random deviations of the two 
variables. 

The mean square deviation (See Appendix V) serves as a convenient 
index of the magnitude of the statistical uncertainty. One defines, 
therefore, the mean value of the position coordinate a of a particle in a 
state a as 

(v) = Zoyz & | (xyz|@) ?; (1a) 


where | (vyz|a)|? indicates the probability of finding the particle at the 
position xyz, and the mean square deviation as 


Aw? = ((w — (w))?) = Zaye(e — (&))*| (aye a) |’. (2a) 
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Similarly, one defines (y), (z), and Ay? and Az®, and, with vector symbols, 
(rt) = Zr |(r]a)/? (1b) 
Ar? = Ax? + Ay? + a? = (|r — &)?) = Dele — @)PIGIOP. (2b) 


With regard to the probability distribution of momentum, one takes 
likewise 


(D2) = 2pznyn: Pz| (P2PyPe|@) |’. (8a) 

Aps” = (pe — (pz))®) = Zpspyp. (Px — (Px))”| (P2PyPz|@) |’. (4a) 

(p) = Zpp|(pla)|’. (3b) 

Ap’ = Ap,” + Ap? + Ap.” = (|p — (p)?) = 2p [Pp — PI (Pla) P. 
(4b) 


Since to cach momentum p corresponds a wave vector k = p/h, one may 
define, in analogy to (3) and (4), (ez) = (px)/h and Ak,” = Ap,?/h?. 
Notice that mean values and mean square deviations of position and 
wave vector may be defined not only in connection with quantum me- 
chanical probability distributions but also with regard to macroscopic 
distributions of light intensity, field strengths, etc. For example, given 
the values of the electric field E(xyz) of a localized disturbance, one may 
define the mean value of x averaged over the squared field strength as 


(t) = Layee |E(xyz) |?. (5) 


The point of coordinates (x), (y), (2) may be regarded as the center of 
the localized disturbance. If the field strength is represented by Fourier 
analysis (Appendix IV) as a combination of sinusoidal plane waves, with 
wave vectors k and amplitudes E(k), one may define the mean value of 
a wave vector component 


(9) = LVhgkyke ke | E(kgkykz) ie (6) 


Mean square deviations Az®, Ay, Az®, Ak,”, Ak,?, Ak,” are similarly de- 
fined. 

The qualitative argument on page 154 indicates that the root mean 
square deviation Ak, (that is, the square root of the mean square devia- 
tion Ak,”), must be at least of the order of magnitude of the reciprocal of 
Az. Complementarity is formulated by a mathematical law which places 
a lower limit on the product of root mean square deviations Av Ak,. 
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This law, called the Heisenberg uncertainty relation, is 


Ax Ak, > = (7) 


CTT 
or, replacing the wave vector with the momentum, 
1 


The same limitations hold for Ay Ak,, Ay Ap,, etc. The uncertainty 
relations hold equally for averages, like (1) to (4), taken over the quan- 
tum mechanical probability distributions of a particle and for averages 
taken, like (5) and (6), over the distribution of macroscopic variables. 
One verifies that the equality sign in (7) and (8), corresponding to 
minimum uncertainty, obtains when the probability distribution of a 
particle position, | r]a) |? , is represented by a Gaussian function, for 


example, exp(—r 2 /a \/r? as, 


In macroscopic statistics, one can formulate an uncertainty relation analogous to 
(7) or (8). As outlined in Appendix V, the product of the mean square deviations 
An? and Am? of two macroscopic random variables cannot be smaller than the squared 
mean product of their deviations, (Anm)* (otherwise the correlation of n and m 
would be larger than 1). In quantum mechanics the mean product Anm has a defi- 
nite meaning only if x and m have joint cigenstates. It will be shown here that the 
quantum mechanical uncertainty relation is established in terms of a suitably de- 
fined analog of the mean product Anm. 

The uncertainty relation (8) will be established in three steps. First, the expres- 
sion (4a) of Ap,” will be transformed so as to be expressed, like Az”, as a summation 
over position eigenvalues r. Then a mathematical analog of the relationship 
An2Am? > (Anm)* of macroscopic statistics will be established. Finally, the analog 
of (Anm)? will be discussed and evaluated. 

Equation 4a may be written in the form 


Ap = Zp (a|p)(pz — (pz))(pz — (pz))(p|a). (9) 


The conditions (14) and (15, page 113 on probability amplitudes require that 
D(p’|r)(r|p) equal 1 when p = p’ and 0 otherwise. ‘Therefore (9) can be written 
once more in the form 4 


Lp2p (alp’)(pz — (pz) [2Ze(p’ |x)(r|p)] (ps — (pz))(P |e) 


Dr [Zp(alp’)(oz — (P2))(p'|1)] [Zp |p)(P2 — (P2))(P |). 


We call the expression in the second brackets in the last line g(r) and utilize the fact. 
that the probability amplitudes (r|p) obcy the eigenvalue equations (11) of page 145, 
which gives 


a(e) = Dp(elp(r2 — rad(ole) = 2» [5 lp) _ yelp) | elo. 0 


tl 


Ap: 


1'The summation over p’ may be introduced and p changed into p’ as convenient 
because the sum over r vanishes unless p = p’. 
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Now that p appears only in the probability amplitudes (r|p) and (pa), these ampli- 
tudes can be combined into (r|a) = ¥u(r) and (11) becomes 


ho had 3 
gy) = ole — (pz)(t la) = aoe — (pol, (12) 


where, as in the following, ¥a(r) is abbreviated to y. The first bracket in the last 
line of (10) is the complex conjugate of the second one, owing to the reciprocity 
property of probability amplitudes indicated by Eq. 17 of page 118. Therefore, we 
write (10) in the form 


Ap: = Xz g*(r) g(t) = 4 |g(r) ? da dy dz = (1g! (13) 


where the symbol (gy?) has been introduced as a compact representation of the 
preceding integral. The mean square deviation of x may be expressed similarly, 
defining 


fee) = (x — fra) = (@ — (ey), (14) 


so that (2a) takes the form 


Ax? 


It 


Zl f(r)? = [ie Pde dy dz = (\f/). (15) 
As a next. step we state and prove the inequality 


Ax? ap? = (ISP)IgP) = et gs (16) 


which holds for any pair of well-behaved functions f(t), gr). Consider the expres- 
sion. Ig) S—(fo¢\?, which is the square of a magnitude and therefore certainly 
non-negative. The integral of this expression over all points of space is also certainly 
non-negative, and therefore we write 2 


0< fig Po - GyroP ar 


= (9 PPP) — Co Po r9) — (Ug Poise) + 1a*) Pg) 
= (lg) KISPXIgP) — 19) 2}. (17) 


The factor (|g[?) is cortainly non-negative, and therefore the same must. hold for 
the factor in braces, which proves the inequality (16). 

Equation 16 would be equivalent to the relation An? Am? > (Anm)? of macro- 
scopic statistics if the functions f and g were real. Actually, ({*y) is complex and 
therefore does not represent the mean value of a physical variable. However, the 
squared magnitude |(f*g)* may be expressed as the sum of tavo squared real quan- 
tities, each of which may in turn represent the mean value of a physical variable,4 


Ig)? = | 809 +99) +426 9 — I/D? 
(BU*g + fg)? +S Ug — fo") /i. (18) 


2 equation 17 utilizes the complex number identity }a — b/? = (a* — db*\(a — db) = 
fal? — a*h — ab* + [bP 
3 8ce Eq. 4 of Appendix VI. 


It 
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To perform this separation, we write out the expression of (/*g) according to the 
definitions (12) and (14), 


hé 
(ro = fre andr = fe anv GE wae) a. (190 


In this formula (pz) multiplies the expression for the mean of the deviation « — (z), 
which vanishes, of course; therefore, the term with (pz) may be stricken off, 


(ny = fee ener ae (19%) 


Transformation of (196) by partial integration, considering that for any realistic 
state the probability amplitude y vanishes at infinitely distant points, yields 4 


"9 = fe (x) Ox pede ee rae OX : i e 


i 9 2 
=f - ay (- =o) de == flyear = yt +i. 0) 


It follows that (f*g) ~ U/g*) = if, whatever be the wave function ¥, and also that 
(fg) — 41% = Ufg*) + 27h and is accordingly real and equal to kif g +f9*). Com- 
bining (16) and (18), we have finally 


9 


* “ 

Ax? Ap,” > > {fo — (x) (vos ay aS) ar} + (4h): (21) 
t Ox z Ox 

The first. term on the right represents the quantum mechanical equivalent of the 
squared mean product of deviations (Axpz)’; it may vanish, as it docs, for example, 
when y is real, indicating a lack of macroscopic correlation. The second term has 
a fixed value and stems from the quantum mechanical incompatibility of the vari- 
ables x and pz. The uncertainty relation (8) follows from (21) by disregarding the 

first term on the right of (21) which is certainly non-negative. 


The derivation of the uncertainty relation given above rests on the 
fact that the probability amplitudes (r|p) are plane waves, that is, 
have a constant magnitude and are sinusoidal functions of the position 
coordinates x,y,z and of the momentum components pr,PyDPz- All 
other steps of the derivation are purely mathematical ; considerations of 
statistical correlations, etc., have been presented only to illustrate the 
mathematical arguments by physical interpretations. One may con- 
clude, therefore, that. two variables a and B are complementary whenever 
they are connected by probability amplitudes or other relationships 
having the functional form exp(ia8). A general uncertainty relation 
is given in Appendix VIII. 


1 We utilize the formula fvo(ao/ae) dz = — f u(atn fe) dat — [ (aufero dx, and 


ulso d(x — (x))/dx = 1 and fivear = 1, (Eq. 14, page 118). 
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Notice in particular the complementarity between time and frequency 
or energy. Consider the probability of a certain event, for example, of 
detecting a particle at a point r as a function of the time ¢ of observation. 
If the probability of detection varies in the course of time, the state of 
the particle is not stationary, because all probabilities are constant in 
any stationary state. We label this state a(f) and indicate the proba- 
hility of detection by P(t) = |(r[a(i))|?.. The probability variation may 
be represented as a combination of sinusoidal oscillations with fre- 
quency v, by Fourier analysis of the function P(t), according to Appendix 
IV, if P(@) is given in any form whatsoever. If the state a(é) is repre- 
sented as a superposition of stationary states with known probability 
amplitudes, then the Fourier analysis is ready-made and is given by 
Iq. 7 of Chapter 9, namely, i 

4 9 
PQ) = |2n]E)(Ela(t)) 1? = |2p(r] BE) exp(- i 1)cE (0) |? 


lI 


Yel (r] 2) |2| 2} a(0)) 2 + 22 52E<?| | (r| £)| | (#]a(0)) | 


H— i’ 
1+ dsw(0)|]. (2 


() 


x [LE] | B"a(o))| cos| 


The variations of P(d) are represented in this formula as effects of 
variable interference between components stationary states. In parti- 
cular, the interference of two states with energies Z and I’ yields com- 
ponent oscillations with frequency (#7 — I’)/h. 

One defines, in analogy with (1) to (6) a mean time of detection and 
its mean square deviation 


(t) = f “1 PW dt; AP = f “t — ())°PO de. (23) 


The mean energy and its mean square deviation are 
(E) = Zy E|(Hla0)))?; 9 AB? = Sy( — (EY)?| (Ela) |?. (24) 


Finally, one may define for the frequency of oscillation a root mean 
square deviation 7 

Ay = AB/h. (25) 
The mean square deviations defined here obey uncertainty relations 
quite analogous to (7) and (8), namely 


1 . 
At Ay > — (26) 


vil 


ALAB > $h. (27) 
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The root mean square deviation Av is often called the “frequeney band 
width” of the function of time P(é). 


1L.2 The Size of the Hydrogen Atom 


Tf an electron belongs to an atom, the probability of finding it at 
positions distant from the nucleus of that atom must be vanishingly 
small. ‘This fact alone provides essential information regarding the 
motion of the electron within the atom, owing to the uncertainty rela- 
tions. 

Call a a distance yet to be determined which indicates the approximate 
radius of a hydrogen atom, and let us label with that symbol the un- 
known stationary state of the electron in this atom. We indicate any 
possible position of the clectron with a vector r = (2,y,z), such that 
r = 0 represents the position of the nucleus and r = Vx +? + 2 the 
distance of the electron from the nucleus. The probability of finding the 
electron at a position r is indicated by | (t]a)? or |¥a(r) ? and must be 
negligible for r much larger than a, 

If the wave function 4(r) were known, one could calculate the proba- 
bility of each momentum cigenvalue. The probability amplitudes 
(p|a) are given, as in (20), page 148 by 


(pla) = 2,(p|r)(rla) = 2, exp( - it . r)(ela) (28a) 


The symbol =, represents in fact an integral, the same as in Iq. (31), 
page 151, and therefore 


na a] nD . 
(pla) = h-% f dx f dy f dz exp (- ; (pet + pyy + pz) Walvy2)- 

oe are ee (28b) 
Lhe probability of the momentum eigenvalue p is | (p|a) |?. The kinetic 
energy of the atomic electron, K = p?/2m is the same as the total 
energy of a free clectron (sce Eq. 17, p. 147). The total energy of an 
atomic electron includes, besides K, a potential energy V duc to the 
attraction by the nucleus. The mean value of K is 


1 Ee oe 2 
(K) = —— (p’) = —— Zp p*| (pla) |” (29a) 
2m 2m 
that is, in analogy with (33), page 151, 


a2 ° Py om 1 9 9 es 
(K) = nf apf apy | dpz om (px" + Py + p2")| (DzPyPz| 4) is 
See OS ee (29b) 
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Iiven though the wave function Y(t) is unknown and (28) and (29) 
cannot be calculated explicitly, the uncertainty relation (8) provides ¢ 
minimuni estimate of the value of (), based only on the information 
that |Ya(r) |? is negligible for r >> a. This condition implies that the 
mean square distance of the electron from the nucleus, namely, 


(?) = 0?) + (y?) + (2) = Be? | dale)?, (30) 


is of the order of magnitude of a2. It follows that each of the mean 
square deviations Aa® = ((e — (x))®) = (uv?) — (v)®, Ay? and Az, is 
itself of the order of magnitude of a? (if not smaller). ‘The uncertainty 
relation (8) gives then 
1h? 

(p2") = (px) + Ap.” > Ap? ae (31) 
and similar relations for (py) and (p.”). We conclude that the mean 
kinetic energy (29) is itself subject to the limitation 


US oe (32) 


This result means that the electron, by the very fact of being held 
Within the atom, cannot be at rest. The probability distribution of its 
momentum components must be such that values of cach component 
Pr of magnitude ~ fi/a are quite likely. The smaller is a, the larger is 
(p2”). This fact represents the inherent tendency to expand that was 
anticipated in Chapter 3 from the qualitative evidence on the stability 
of atoms.§ 

The atomic electron does not escape from the atom, despite the tend- 
ency to expand, because it is held back by the nuclear attraction. As 
outlined in Sect. 3.4, the size of hydrogen atoms is fixed by a condition 
of equilibrium between the tendency to expand and the nuclear attrac- 
tion. The tendency to expand is represented by a decrease of the mean 
kinetic energy (32) as the atomic “radius” @ increases. The nuelcar 
attraction is represented by a decrease of the mean potential energy of 
the electron when a decreases. Iaquilibrium results for a value a which 
minimizes the total energy (kinetic plus potential). 


’ The same tendency to expan] is noticed in the motion of a free particle, rep- 
resented by a traveling wave packet in Sest. 10.38. The term (|p — (p)[?/2mAi)t, 
which was omitted in the phase of the plane wave combination (24) page 149, bo- 
comes important within a time of the order 2ma?/h, where a indicates a “radius” of 
the wave packet. After this time, the shape of the probability distribution |Ya(r,t) 2 
changes substantially, that is, the wave packet dissolves. 
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The electric potential at a distance r from the positive charge e¢ of a 
hydrogen nucleus is ¢/r. The potential energy of an electron with 
charge —e, at this distance, is V = —e(¢/r) = —c"/r. Tf the distance 
of the electron from the nucleus is of the order of magnitude a, the mean 


value of V will be , 
(V) ~ -c"/a. (33) 


Assuming that the kinetic energy remains close to its minimum 
possible value, we express the mean total energy in the form 


2 


u Cc 
(B) = (K) + (V) = 05-0 (3H) 


1a" a 


where C and C’ indicate unknown numerical constants of the order of 1. 

For purpose of orientation we also calculate the values of (K), (V), 
and (I) which correspond to a hypothetical but specific analytical form 
of ¥.(r) that does not depend on the direction of r but only on its mag- 


. , ———s 
nitude r = Wa? + y? + 2’, 


—rfla 


1 
(tla) = Walt) = ee (35) 


This exponential function decreases rapidly when r is much larger than 
a. The constant 1/ V/7a® is chosen so that (r|a) meets the general re- 
quirement 3,|(r|a)|? = 1, introduced in Eq. 14 on page 113. (The 
expression (35) happens to represent the correct wave function for the 
ground state of the hydrogen atom, as will be shown in Chapter 14.) 
The integrals in (28b) and (29b) can be calculated analytically in suc- 
cession, introducing in (28)) the function ¥a(r) as given by (35). The 


results are ° 


| BV ra8/i? _ 
(p I a) — (i te pra2/h2)? , (i ) 
ie 2ma? eo 


Moreover, one finds 


i) n i) e” 1 os e 
(VV) = f ax f af a2) = [6 ele (38) 
sigs aa = rs Ta a 


Therefore, in this example, (34) holds with C = C’ = 1, 

6'The integral in (28b) is earricd out conveniently replacing (x,y,2) with polar co- 
ordinates (70,6), with the axis @ = 0 in the direction of p. The integration over ¢ 
is trivial, that over 0 is equivalent to Taq. 15, on page 146. 
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Figure 11,1 shows plots of (K) and (V) as functions of a, for C = 
C’ = 1. Because (K) is inversely proportional to a”, and (V) to a, we 
have —(V)> (K) for large a, and —(V) < (K) for small a, That is, 
the attraction predominates for large a and the expansive tendency for 
small a. Therefore the sum (K) + (V), also shown in the Figure, has 
a minimum, 


Energy, ev 


0.5 a Angstrom 


Fig. 11.1 Dependence of the kinetic, potential and total energy upon the atomic 
“radius” a. (From Eqs. 37, 38.) 


The minimum lies at the value of a at which the plots of (KX) and (V) 
have slopes of equal magnitude and opposite sign. The slopes represent 
the expansive and attractive forces respectively. I'rom (34) one cal- 
culates the slopes 


>: (39) 
da a 


KK i? av) @ 
d¢ ) ot C2 . baal 4 


a a — d 


da 2ma 
These slopes are of equal magnitude and opposite sign when the ratio 


Y p2 a2 7 1 
BENE gO Pete OIA (40) 


that is, when 
CTP 


rr 3° 
C” mee 


(41) 
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Entering in this expression ie numerical values i = h/2r = 1.05 X 
~—g2 — > 7 
10~*7 erg sec, ¢ = 4.80 * 10 ° esu and m = 9.0 * 19728 g, one finds 


C 

a= a 0.53 A, (42) 
which is of the right order of magnitude. (Actually a = h?/me? is the 
correct value to be entered in the wave function (85) which represents 
the solution of the complete quantum mechanical problem; this value 
of a had algo been predicted by Bohr by the procedure given in Scct. 4.4.) 
The minimum value of the mean energy (//), obtained by entering 

the expression (41) in (84) is 


fo me! or C’ met Cc”? me* OMe 2. ; 
ae (3) a a a 
This is the correct value of the electron energy in the ground state of the 
hydrogen atom, if one takes C = C’ = 1. It also coincides with the 
value (20), page 52, calculated by Bohr, for = 4 = 1. 

These results extend directly to the treatment of the H-like ions, 
Het, Lit+, Bet+t* ---, which differ from H only in their higher nuclear 
charge, Ze instead of e. It is sufficient to replace ¢ with Ze” in (33) and 
in all the following formulas. Thereby the values (41) and (42) of a are 
reduced by a factor Z and the value (48) of (/) is increased by a factor 
Z°, in agreement with the experimental evidence. 


PROBLEMS 


11.1 Calculate for the state a(t) with the wave function (33’) on page 151 the 
mean values and the root mean square deviations of the coordinates 2, y, 2, and of the 
momentum components Px Py, Px as functions of time. Check that the uncertainty 
relation (8) is fulfilled. (Iactorize the probability distributions in analogy with 


(29’), page 151, and utilize the formulas 2 f #2 exp(—£) dé =f oxp(—#?) dé = 
Vn f & exp(—é) dé = 0. 
-”n 


11.2 Consider an electron whose state is represented by the wave function (ra 
exp(—r/a). Calculate the probability P(2) that the clectron lies within a sphere of 
radius 2 about the origin of coordinates. Find the value Hyg such that P(Ry) = $. 


3) -h 
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The Schroedinger 
equation 


‘The energy and size of a hydrogen atom in its ground state, estimated 
in Chapter 11 by qualitative arguments of complementarity, can be 
determined by a quantitative mathematical procedure. For the ground 
state as for every stationary state of the hydrogen atom, one can cal- 
culate: (a) the energy cigenvalue, and (6) the set of probability ampli- 
tudes (wave function) which represents the state as a combination of 
cigenstates of the electron position and thereby describes the probability 
distribution of this position throughout the atom. 

This chapter formulates the equation, established by Schroedinger, 
which determines the energy cigenvalues and the wave functions for 
the stationary states of any particle subject to forees. An analogous 
equation can be formulated to determine the cigenvalues of any variable 
in any quantum mechanical system and to identify the corresponding 
cigenstates as combination of eigenstates of other variables. One ob- 
tains thus a quantum analog to the relations among macroscopic varia- 
bles (see Appendix VIII). 

168 
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As basic data on a particle subject to forces we consider the following: 
(a) the kinetic energy of the particle is a known function of its momentum 
p, K = p?/2m, where m is the mass of the particle, (b) the potential 
energy is a known function of the position of the particle, for example, 
V(r) = —e?/r for the electron of a hydrogen atom, (c) the eigenvalues 
of each component, Pz,Py,P2 of the momentum and of each position co- 
ordinate 2,y,z of the particle range with continuity from —o to +o and 
the probability amplitudes relating the eigenstates of momentum and 
position are (r/p) = exp[t(p/h) -r] (page 132). Since the momentum and 
position of a particle have no common cigenstates, an cigenvalue of the 
total cnergy is not simply the sum of eigenvalues of K and V as in macro- 
scopic problems (page 75). The macroscopic formula / = K + V must 
be replaced with a relationship among mcan values 


(E) = (K) + (V) (1) 


One regards then the macroscopic equation as an approximation of (1), 
applicable when the statistical uncertainties due to incompatibility are 
negligible and the distinction between eigenvalues and mean values be- 
comes irrelevant. Equation 1 has already been utilized to estimate the 
size of the hydrogen atom (Sect. 11.2) with (K) and (V) given in terms 
of the wave function which identifies a state as a superposition of posi- 
tion cigenstates. 

The main step in the formulation of the Schroedinger equation (Sect. 
12.1) consists of identifying a property which characterizes mathemati- 
cally the eigenstates of the energy, or of any other variable. One may 
consider, in particular, how the mean value of the energy (/9) depends 
on the state of a particle and, more specifically, on the probability ampli- 
tudes which represent the state as a combination of position eigenstates. 
A small variation ¢« of one of these probability amplitudes yiclds in 
general a variation of (#) proportional to e; however, for stationary 
states the variation of (/?) is proportional to e. This mathematical 
characterization by means of a “variational principle’ has familiar 
analogs throughout classical physics; for example, the equilibrium posi- 
tion of a marble at the bottom of a bowl may be identified by the 
requirement that a displacement ¢ of the marble yicld a change of its 
potential energy proportional to &. Mathematical propertics of this 
type may be expressed in terms of the rates of variation of the quantity 
of interest, in our case the mean energy, as a function of the quantity 
that is varied, in our case the probability amplitude. 

The second step in establishing the Schrocdinger equation (Sect. 12.2) 
consists of formulating the characteristic property of eigenstates when 
the mean energy of a particle is expressed according to (1). The mean 
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kinetic energy in Eq. 1 can be expressed in terms of derivatives of the 
wave function of a particle subject to forces, as was done for free particles 
on page 150. The potential energy is also expressed in terms of the same 
wave function. Thereby the characteristic property of eigenstates takes 
the form of an equation, the Schrocdinger equation, among the unknown 
wave function (r|Z,,) of an energy eigenstate, its derivatives, the poten- 
tial energy V(r), and the unknown energy cigenvalue /,: 


Weper(rlB,) a%(rlE,) (rl By, 
| eg Ee 4 MUN] 
Ox" oy” 


+ V(r) (|Z) = (r] ,) Mp. 
(2) 


2m 


12.1 The Characteristic Property of Eigenstates 


To calculate the properties of a particle in an energy cigenstate, one 
must establish a criterion to determine whether any given state of the 
particle is an energy cigenstate. As pointed out on page 97, a quantum 
mechanical state can be identified, in principle, by the setting of an 
instrument which prepares the system in that state. This fundamental 
procedure is often unpractical, and one identifies the state by the proba- 
bility amplitudes which represent it as a combination of eigenstates of a 
suitable variable, such as particle position. 

Let us return to the example of molecular beams, whose states of cur- 
rent orientation are identified by the settings of a polarizer magnet 
(Sect. 7.2). In order that the beam prepared by a given polarizer be in 
an eigenstate of a given analyzer, the polarizer must be set parallel to 
the analyzer. Suppose that the orientation of the analyzer is hidden 
and one can read only some characteristic response on a dial. Tor ex- 
ample, the dial may indicate the mean deflection of all molecules, that 
is, their mean energy (/) in a magnetic field of given strength. The 
response varies as a function of the polarizer orientation but remains 
temporarily stationary when the polarizer passes through a position 
parallel to the analyzer. This happens because for parallel orientation 
the analyzer performs no splitting of the beam. If the orientations differ 
by a small angle ¢, the analyzer lets through one main component and 
weak ones with intensities proportional to ¢? (see Table 7.1, page 92).? 
The rate of variation of the mean deflection is thus proportional to « 
and vanishes at ¢ = 0. Thus the zero-point of the rate of variation 
singles out which states of the molecules prepared by the polarizer are 
eigenstates of the analyzer. 

1 The intensities of the various components are given by the entrics in one column 
of the table, with @ = ¢; the intense component corresponds to the entry on the main 
diagonal of the table. 
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A state of the electron in a hydrogen atom is not conveniently identi- 
fied by a setting of a preparing instrument, but by the probability ampli- 
tudes which represent it as a superposition of position cigenstates. The 
behavior of the mean energy (/) as a function of the probability ampli- 
tudes serves to single out the energy eigenstates. 

A variation of probability amplitudes, corresponding to the variation 
of an instrument setting, must be such that the sum of their squares, 
that is, the total probability of finding the particle anywhere in space, 
remains equal to one (Eq. 14, page 113). The mathematical analysis, 
however, is simplified by considering unrestricted variations of the 
probability amplitudes. ‘This corresponds, in the example of molecular 
beams, to considering changes of the initial beam intensity, besides 
changes of polarizer orientation; the response to be observed is then the 
product of the mean deflection and of the beam intensity. When the 
polarizer and analyzer are parallel, an unrestricted change of state causes 
a change of response which must stem entirely from the change of in- 
tensity and be equal to this change multiplied by the beam deflection 
(in this case, the beam is not split). For an electron in a stationary state, 
an unrestricted change of probability amplitudes must similarly change 
the mathematical expression of the mean energy by the product of the 
encrgy eigenvalue and of the change of total probability, as verified by 
the following calculation. 

If the energy eigenvalues 1, Ha, «++ Hj, +++ of a particle were known, 
and the state of the particle were identified by the set of probability 


amplitudes (2;|a), (2|a), «++ (:|@)---, the mean energy would be 
(Ly = Hy|(By)a) |? + Ha| ala) +++ Hal Wile)? bo 
= 2,14, | (| a) Be (3) 


We shall have to consider the mean energy (l/) as a function of the 
probability amplitudes (7;|a) and of their complex conjugates (a[L3), 
regarded as separate variables. Accordingly, we write (3) in the equiva- 
lent form 

(2) = (ay) E(B, \a) + (|e) B22|a) +++ (al Ba |a)+: 
3,(a| B,)E(U;| a). (4) 


To formulate the Schroedinger equation, we shall consider the de- 
pendence of the mean energy on the probability amplitudes (alr) or 
(r|a) which represent the state a as a combination of position cigen- 
states. We nced to consider the dependence on (alr) only; the de- 
pendence on (r|a) yields an equivalent equation, because these recip- 
rocal probability amplitudes are complex conjugate to each other (see 
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page 113). The probability amplitude (@| #,) in Eig. 4 can be expressed 
as a function of (a|r) by the combination formula 

(a|f;) = B,(a|r)(r} £,). (5) 


(Notice that the set of probability amplitudes (r|J/,) for all positions r 
constitutes the wave function of the ith stationary statc, whose deter- 
mination is our eventual goal.) We replace, then, in Eq. 4 the proba- 
bility amplitude (a|Z,) with its expression (5), and write 


(ih) = Z{2,(a|r) (| 4) 2;CE;| a) 
= Z,(alr){2(r] i) HE, a)}. (6) 


This formula shows the mean energy to be a linear function of the 
probability amplitude (a|r), with the coefficient given be the expression 
in the braces. Therefore, the variation of () as a function of (a|r) is 
_ characterized by the proportionality rate? 


a) 
a(a|r) 


= D,(r| 2) B,(L;\a). (7) 


This general law of variation provides the criterion to single out eigen- 
states: when the state is an energy cigenstate with eigenvalue [,, every 
probability amplitude (/;|¢) vanishes for 7 n, while (#,|/a) = 1. 
Iquation 7 then reduces to 


e= 
d(a|r) 


) = (t| By) Ey. - (8) 
a=in 


The unknown wave functions (r| /,) and eigenvalues //,, of energy cigen- 
states are determined by the requirement that they fulfill iq. 8 when 
(Z) is expressed as (K) + (V) according to (1). The discussion of 
unrestricted changes of probability amplitudes anticipated that: the 
rate of variation of (/7) should be the product of the energy eigenvalue 
,, and of the rate of variation of the total probability, when the state 
is an cnergy eigenstate. The total probability is D,(a |r)(r|a); its deriva- 
tive, when a = Ly, is {a[2,(a|r)(r]a)]/a(alr) jaan, = {(t]@)}arn,, and 
the expression on the right of (8) is actually the product of this deriva- 
tive and of I, 

Notice that the whole treatment in this section is adaptable to the 
determination of cigenstates of variables other than the energy. 


? When a quantity depends on more than one variable, its derivative with respect 
to one of the variables is indicated by the sign a instead of d. 
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When a particle is in a state which is not stationary but is a function of time, a(t), 
Tq. 7 holds at every instant of time. The produet #,(4:|q@) in this equation may be 
oe in terms of the time derivative of (#;/a) according to the time variation 
law (10d), page 128. When this is done, the cigenvalues 2; enter the equation only 
in the combination formula Yue] Ha; |a) /at, which is equal to a(r|a)/at. There- 
fore, Eq. 7 takes the form 


OB) be ae i h ACB; \a(0) A a(r|a(t)) 
a(a(d) |r) ne (10 ( iat ) ia 


(9) 


. 


12.2. Fermulation of the Schroedinger Equation 


Ae 


We give here a convenient expression of (/7) = (K) + (V) to be 
entered in Iq. 8. The mean kinetic energy ma y be expressed initially 
in the same general form as in (29), page 163, 


1 9 1 o]" 9 1 9 

(K) = = (p") = —— 2, p" | (p]@) |" = >— 2p (a|p)p*(pla). (10) 
m 2m 2m 

Since we are interested in the dependence of (/) on the probability 

amplitude (ar), we replace (a|p) with the combination 2,(a[r)(r|p) 

and get: 


(K) = 3, 3,(alx)(elp)p%(pla). (1) 
2m 


At. this point we can utilize the knowledge of-the mathematical form of 
the probability amplitudes (|p) and in particular the fact that (r/p) 
obeys Iq. 27, on page 150, namely, 


Ps 


p | 2 2 2 
(r|p) Sin Si (r|p) (px" + py +p.) 
2m Qn 


9 2 


__k Ef i d°(r|p) fe aL (12) 
2mt dx oy . 


When this expression of (r|p)p?/2m is entered into (1 1), the momentum 
P appears only in combinations like 2,0° ‘(r/p) (p|a)/dx*, which is equal 
to d°(r|a)/dx". Thereby the momcntan is climinated from the explicit 
‘uculation of (K), as it was eliminated from the calculation of Ap,” on 


pages 159-160, and we have 


a°(r| a) " a°(r|a) fg | (13) 


KR) = —-—3, (a )| - 5 
ae 2m ea) Ox? oy” Oz" 


The potential energy of a particle is a function of the particle position 
V(r), whose value depends on the force which acts on the particle 
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Vig. 18&L Periodic table of elements showing chemical symbols and configurations of outer, clectrons. 
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aut cach point of space.? Since the eigenstates of the position of a particle 
are also eigenstates of its potential energy, the mean potential energy 
is expressed directly as a function of the probability amplitudes (a|r) 
‘and (ria), 


V) = 2, (14) 
We have then (Y) (a|r) V@) (| a) 


“ 


i 2 2 2 
(B) = ~~ Bax) ° (la) 9 Gla) d°(r| a) 
m aa® "ay?" ae? 


+ 3(alV@)(rla); 
(15) 


and, proceeding as on page 172, 


OE) _ ik d°(r| a) d°(rla) a2(r{a) 
aalr) =| ax aye + ae |+ reco. (16) 


‘This expression of the rate of variation of the mean energy, combined 
with eq. 8, [0(2)/0(a|r) Jan, = (r|#,) ly, yields 
_ We [else 4. P(r|B,)  d%(r| Bn) 


2 +) Ey) = iy By. 
m ax? oy" o22 (r) (r| n) (r| ) 


This is the Schrocdinger equation and serves to determine the cigen- 
values I,, and the corresponding probability amplitudes (r|#,) for the 
stationary states of a particle subject to forces represented by the 
potential energy V(r). Given the function V(r) 4 and the mass m of the 
particle, the solution of Eq. 17 constitutes a well-defined mathematical 
problem, which will be treated for a number of special cases in the fol- 
lowing chapters. Equations analogous to (17) may be established to 
determine the eigenvalues of variables other than the energy and the 
probability amplitudes which identify the corresponding cigenstates. 


3 The force is the negative gradient of the potential energy, F = — gradV(r), that 
is, the foree components along the coordinate axes, F';,/,,F,, are the negative rates 
of variation —dV/ox, ~0V/dy, -8V/az. We consider here only forces, like the 
electrostatic attraction or repulsion, which can be represented by the gradient of a 
potential energy. With this assumption, a knowledge of the force is sufficient to 
determine the difference between the potential cnergics of the particle at any given 
point and at an arbitrary reference position. Only the difference matters, as shown 
in footnote 4. 

4As mentioned above in footnote 8, the values of the potential energy V(r) 
at all points are defined with reference to the value at a particular point, which 
is fixed as an arbitrary standard. For instance, for the electron of a hydrogen 
atom, V is usually taken to vanish when the electron is at infinite distance from the 
nucleus. A change of the arbitrary standard by an amount Vo brings about an equal 
increase of V(r) at all points of space, and thereby an increase of every energy eigen- 
value E, by Vo; it represents therefore a shift in the zero-point of the scale of energies. 
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The general procedure for formulating such equations is indicated in 
Appendix VIII. In particular, Iq. 17 is readily generalized to apply 
to the whole system of electrons of an atom other than hydrogen. 


Equation 17 belongs to the mathematical class of eigenvalue equations (sce pages 
82-84) which require a function, after being transformed in a specified manner, to 
remain proportional to the function itself. The proportionality factor is the cigen- 
value Hy. Iquations of this class may have solutions corresponding to an arbitrary 
choice of the eigenvalue, or else solutions may exist only for special values of that 
parameter, It will be seen later that the cigenvalues H, of Eq. 17 range with con- 
tinuity up to infinity when the particle is not confined by forces within a limited 
region of space, but that only a disercte set of cigenvalues cxists when a particle is 
confined. 

The probability amplitudes (r|a(t)), which identify a non-stationary state of a 
particle, obey the equation obtained by entering the expression (16) of d(/)/a(r!a) 
into (9), 


Ww rerrla)) , Arla®) , Prla@) _ _hatla®) 
-*T ts ] + V@clew (18) 


This equation is called the “time dependent Schroedinger equation.” It is clearly 
a generalization of Eq. 28, page 150, to which it reduces when V(r) = 0, that is, 
when the particle is free from the action of forces. Equation 18 relates the rates of 
variation in space and in time of the wave function (rla(f)) = ya(r,t) and belongs 
accordingly to the mathematical class of ‘‘wave cquations.” The considerations 
which illustrate the wave equation of free particles on page 150 apply to Eq. 18 
as well. 

The quantum mechanics of the motion of particles consists of studying the solu- 
tions of the wave equation 18 whenever all external influences upon the particles 
are represented adequately by a potential energy. It relates to macroscopic me- 
chanics in the following manner. If a particle in motion has a rather large mass, its 
momentum is correspondingly large and its effective wavelength short; that is, the 
wave function varies steeply from point to point in space. When the variations of 
the wave function are much larger than those of the potential energy V(r), the wave 
equation 18 has approximate solutions having the form of “wave packets’ (page 
148) which remain rather well concentrated in space for a great length of time. Such 
packets move in space according to the law of motion of macroscopic particles 
m(dr/dt) = —gradV(r). These approximate solutions of the quantum mechanical 
wave equation are analogous to the approximate solutions of the electromagnetic 
wave equation which exist when the refractive index varies but little over a wave- 
length and which follow the laws of gcomctrical optics. ‘In fact, the wave equation 
18 was first established as an analog of the wave cquation of physical optics, with 
the requirement that it have as approximate solutions wave packets traveling in 
space according to the laws of macroscopic mechanics. 
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Interference 
in the motion 
of confined particles 


The stationary sates of the electron of a hydrogen atom, and those 
of any particle whose motion is restricted by forces, are characterized 
by patterns of peaks in the probability distribution of the particle 
- position. The peaks and valleys may be called “interference fringes.” 
We have not yet encountered such interference effects when dealing with 
free particles, so we shall consider first how and under what cireum- 
stances they arise. Second, we shall sce how the patterns of the proba- 
bility distributions relate to the motion of partieles. Tinally, the fitting 
of interference patterns in confined spaces restricts the type and energy 
of the stationary states of bound particles and thus accounts for the 
occurrence of discrete energy levels in atomic spectra. 

To a given energy eigenvalue of the Schrocdinger equation cor- 
responds, in some instances, a single wave function, and thus a single 
state with uniquely defined properties. In other instances, stationary 


states Lae ee Charnceenistlcs er, as the same energy eigen- 
different, incompatible 


value, 
types of ieee for light of given ee In this event, 
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an eigenvalue of the energy no longer suffices to identify a stationary - 
state of a particle; the eigenvalue of another variable, such as, for in- 
stance, the direction of motion, must also be given. With regard to free 
particles, we have considered thus far stationary states which are also 
eigenstates of the momentum and represent a steady particle flow in the - 
direction of momentum. There exist also stationary states of free 
particles without any flow, which may be regarded as combinations of 
two states with momenta of equal magnitude and opposite direction. 
The interference between these component states varies from point to 
point, yielding an alternation of maximum and vanishing probability of 
finding the particle, that is, a sequence of bright and dark fringes 
(Sect. 13.1). 

Confinement of a particle prevents, in general, a stationary flow, so 
that stationary states of confined particles are normally charsebertved 
by interference fringes and by the absence of any net flow. Stationary 
states with a net flow, for example, with a steady current of electrons 
around an axis, exist only under special circumstances. It will also be 
shown, in Sect. 13.1, that in the absence of a net flow the phases of the 
wave function at different points differ by either 0° or 180° and therefore 
the probability distribution of the position suffices to describe a state 
completely. 

Variations of the probability of particle position may be described 
as effects of interference among component eigenstates of momentum, 
even when the particle is bound and the momentum eigenstates are not 
themselves stationary. Peaks and valleys in the plot of the probability 
distribution along any one direction are accordingly called interference 
fringes. The curvature of the plot relates mathematically to the second 
derivatives of the wave function in the Schrocdinger equation and 
physically to the mean squared momentum component in the direction 
one considers. Narrow interference fringes correspond to a high curva- 
ture, to a short wave length, and:to a high mean squared momentum. 
Remember, in this connection, that the mean square of a momentum 
component may differ from zero and thus contribute to the kinetic energy 
even though the mean of that same momentum component vanishes and 
there is no net flow in that direction. (The internal consistency of these 
properties hinges, of course, on their statistical nature, see page 64.) 
In the following, we shall say that a particle is “in motion” along a 
certain direction of space, provided only that the corresponding mean 
squared momentum component differs from zero, whereas macroscopi- 
cally the motion is expressed by the velocity, or momentum, and thus 
implies a net flow. The probability distribution provides a complete 
picture of the quantum-mechanical motion when there is no net flow, 
that is, when there is no motion of the familiar macroscopic type. 
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The motion of a particle depends on the symmetry, if any, of the 
forces that confine it. The symmetry thereby shapes the geometrical 
pattern of the probability distribution of the particle position. In the 
hydrogen atom, the attraction toward the nucleus has spherical sym- 
metry; this fact alone determines the ecometrical characteristics of 
possible stationary states, as will be scen in the next chapter. This 
chapter illustrates interference effects in schematic problems where the 
patterns are still simpler than in the hydrogen atom. In these problems, 
the potential energy is the sum of terms, each of which depends only 
on one cartesian coordinate of the particle, V(r) = Vi(%) + Va(y) + 
'V(z); that is, cach component, F’,,/',,/,, of the force acting on the 
particle depends on one coordinate only, FP, = F,(x), Py = Fy), 
F, = F,(z). Since the kinetic energy is the sum of separate components, 
px'/2m, p,’/2m, p.2/2m, separation of the potential energy causes the 
total energy to be resolved into three contributions, ly + Hy, + E., 
whose eigenvalues are determined by separate Schrocdinger equations 
(Sect. 13.2). Further schematizations will be considered which permit an 
analytic solution of the Schroedinger equation, by assuming variations 
of the potential energy either much steeper or much flatter than those of 
the wave function. The general conclusions drawn from the mathe- 

~ matical study of examples are summarized in the following paragraphs. 

When a particle is prevented from traveling indefinitely in one direc- 
tion, for example, toward positive x, by an opposing force and is thereby 
“reflected,” the probability distribution in a stationary state exhibits 
a sequence of bright and dark fringes along the x axis. The sequence 
terminates near the farthest point the particle would be expected to 
reach in the x direction before its kinetic energy is spent in overcoming 
the opposing force and the particle is turned back or “reflected.” How- 
ever, the point of farthest penetration is not sharply defined in quantum 
-mechanics. Analogous phenomena are observed in the reflection of light 
or radio waves, where the radiation intensity exhibits interference fringes 
parallel to the reflecting surface and where the reflection takes place not 
at an idealized “surface” but over a depth of material of the order of one 
wavelength. . 

When a particle cannot travel indefinitely in either of two opposite 
directions, owing to forces that confine it within a central region, there 
arises in this region an interference pattern which must mect reflection 
conditions at both ends. Each stationary state is then characterized 
by a number of bright fringes in that region and by the number of dark 
fringes which separate them. Any increase in the number of fringes en- 
tails 2 non-infinitesimal increase of the energy eigenvalue. The discrete 
character of the spectra of atomic energy levels results from this circum- 
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stance. The existence of a ground state with non-vanishing kinetic 
energy results from the circumstance that at least one bright interference 
fringe must fit within the atom. , 
As long as particles are confined only in two opposite directions, for 
example, of positive and negative «, there may be a net flow in directions 
perpendicular to the « axis, and stationary states exist. In which each 
interference fringe, whether dark or bright, extends indefinitely in the 
y and z directions. When the: motion is confined on all sides, the bright 
fringes reduce to islands separated by a network of dark fringe surfaces. 
In the simple case when the confinement crises from separate forces in 
the directions of the x, y, and z axes, the dark fringes run parallel to the 
coordinate planes y2, 2v, and xy. The characteristic oscillations of elec- 
tromagnetic waves in a rectangular cavity resonator are similarly 
characterized by a network of orthogonal dark fringe. planes. 


13.1 Stationary States and Particle Flow 


To illustrate different types of stationary states and the relationships 
among them, we begin by considering a pair of momentum eigenstates 
with momenta of equal magnitude p and of opposite direction along the 
x axis. These states are eigenstates of the momentum component p, 
with eigenvalues, respectively, p and —p, and of the components p, and 
p2 With eigenvalues zero. They are represented by the wave functions: 


Pp (: —p ) 
2X — 2% la); exp {t—— 2a} Ik 
exp (: F *) (la) I ji (1b) 


and involve a particle flow in the direction, respectively, of positive 
and negative x. If the particle is not subject to forces, these states are 
also stationary states with equal energy eigenvalues p’/2m. Any super- 
position of these states is then also a stationary state with the same 
energy cigenvalue. In particular, superpositions with probability 
amplitudes of equal magnitude correspond to equal probability of flow 
in the two opposite directions and therefore to no net flow. A pair of 
siich states is represented by the wave functions: 


——-exp(i-2 —-= exp | t—— 2 2cos[{—x}> (Qa 
sem (ia) + eae fi ve 


1 p 1 (= ) /3 sj ( ) | 
exp |i—2 exp (i—— & 2sin|—2 }- 2b 
VJ5i p (iE) 2 Nh i au 


Both of these states are eigenstates of the squared momentum component 
9 . . i . 
px with the same eigenvalue p*, but they are not eigenstates of pz. 


tf 
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Notice that cither of the wave functions (1) or any combination of them 
may be obtained from the superpositions of the wave functions (2a) 
and (2b); the wave functions (2) may thus be regarded as a “base-set”’ 
alternative to the set (1). ; 

The wave functions (1) yield probability distributions of the particle 
position equal to one per unit volume at all points and have phases that 
vary with continuity from point to point. The wave function (2a) yields 
a probability distribution that oscillates from point to point, namely, 


2 cos” (Ex) = 1+ cos (222), (3) 
h h 


and has a phase equal to either 0 or + (Fig. 13.1). The occurrence of 
these oscillations (bright and dark fringes) may be regarded as the effect 
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Fig. 13.1 Wave functions, probability distributions, and phases of free particle 
states represented by Eqs. 1 and 2. The wave functions (1) are not represented 
because they are complex. 
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of interference between the possibility of motion in two opposite direc- 
tions with the same kinetic energy. The state with the wave function 
(2a) is characterized by the occurrence of a bright fringe centered at 
x = 0; the state with the wave function(2b) by a dark fringe at x = 0. 
The two states have the same eigenvalue of p,” and their bright and dark 
fringes interchanged. The magnitude of the kinetic energy determines 
the value of p in the wave functions (1) and thereby the rate of variation 
of their phase differences and the width of each fringe, which is }\ = 
+h/p. We sec here that a given kinetic energy may be associated with 
cither a variation of phase or a variation ef amplitude of the wave func- 
tion, but a net particle flow is certainly associated with a variation of 
phase. 

This conclusion holds whether one deals with confined or with free 
particles. The net particle flow at a given point of space r is a vector 
(®(r)) whose components may be defined as follows. Consider a small 
ideal particle counter placed at a given point with its sensitive surface 
perpendicular to the 2 axis, and rigged so as to score a positive count 
when traversed in the direction of positive x and a negative count when 
traversed in the opposite direction. The mean count scored per unit 
time and per unit sensitive area of the counter is the value of (®,(r)). 
For a particle in a general state represented by a waye function (r/a), 
the net flow component (®,(r)) is given by the rate of change of the 
phase of (r{a) from point to point in the x direction, multiplied by 7i/m 
and by the probability |(r/@) 71 Therefore, the net. flow vanishes 
whenever the wave function (r|a) is real, that is, whenever its phase is 
cither 0 or x, and jumps from one to the other value only at the points r 
where (r|@) vanishes. 

Because neither the kinetic nor the potential energy of a particle de- 


1 An alternative form of this result is 


; ? a 
(b,(r)) = [ win atele) s els cla) | , (du) 
or, with vector symbols 
(®(r)) = a {(a|r)[grad(r|a)] — [grad(a|2)|(r]a)}. (4b) 
2um 


To obtain this result one considers the rate of change in time of the probability 
|(r|a(.)) |? in a non-stationary state, which must reflect a convergence (or divergence) 
of the net flow (@(r)) toward r. The rate of change 2|(r|a(t)) [?/dt can be expressed 
in terms of the variations of (rla({)) from point to point utilizing the Schrocdinger 
time-dependent equation 18 on page 175. Equation 4 follows by inspection of the 
resulting expression. In the special case of the momentum eigenstates (1) the result 
is verified directly. 
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pends on its direction of motion,’ a particle which has a stationary state 
with a non-vanishing net flov must also have another stationary, state 
with flow in opposite direction and with the same energy eigenvalue. 
Mathematically, the Schrocdinger equation 17, on page 174, involves 
no complex number except possibly the wave function (r|//) itself; if 
it has a complex solution (r|), the complex conjugate wave function 
(r| /)* must also be a solution with the same eigenvalue but with flow 
in opposite direction. Superpositions of two such cigenstates with wave 
functions analogous to (2a) and (2b) represent then another pair of 
' eigenstates with the same energy eigenvalue, with real wave functions 
and without any net flow. On the other hand, the Schroedinger equa- 
tion with a given energy eigenvalue may well have only a single solution, 
which must then be real and represent an eigenstate without any net 
flow. Therefore, the state of a particle can always be represented as the 
combination of stationary states without any net flow but, in general, 
there is no complete set of stationary states having a net flow. 


13.2. Separate Motion in Different Directions. Examples 
We consider here schematic problems in which the potential energy of 
a particle is the sum of separate contributions, 

V(t) = V@w,y,z) = Vile) + Voly) + Vale), (5) 
each of which depends on a single cartesian coordinate of the particle 
position, The Schroedinger equation 17 on page 174 takes then the 
form 
Wpar(rlL) a(rl/B)  d(r|B) 

Ber ee oe 
. Ox oy” Oz" 

+ [Vilt) + Voy) + Va@y)@{Z) = | E)E, (6) 
where, for simplicity, 4, is replaced with #. Because on the left of this 
equation separate terms depend on the coordinates x,y,z, the equation 
can be solved completely by representing cach eigenvalue as the sum of 
three terms, : 

H=H,+ hy,+ £, . (7) 
and each eigenfunction as a product of three factors 


(r] 2) = (,y,2| He + By + Bz) = (x|H,)(y| E,)(2| B.). (8) 


? The energy of a particle in a magnetic field depends on the particle direction of 
motion and cannot be regarded as the sum of kinetic and potential energies. The 
conclusions stated in this paragraph do not hold for particles subjected to magnetic 
forces. 


2m 
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This form of the wave function corresponds to statistical independence 
of the motions in the directions x, y, and z since it yields a probability 
|(r[2)|® of finding the particle at the point r = (#,y,z) which is ‘the 
product of the separate probabilities |(x|,)|? ete. Notice that the 
probability amplitudes (x,Y,2|P2,Py,Pz) of the stationary states of a 
free particle, as given by Iq. 1, page 132, have the form (8). The 
Schrocdinger cquation 6 is satisfied by the wave function (8) if the 
probability amplitudes («| ,), (y| Hy), and (z|72) obey the separate 


equations K a2(a| By) ; 

Bees : ae Vila) (x ik, = (Lv iy Ey. 
eer aria (x) (@PHs) = (a| Ba), (9a) 
i? yl ,) 

ee area + Vo(y)(y| Ey) — (y| By) E,. (9b) 
2m ay” 
hi? 0?(z| £.) ; 

Ech GL. Va(z)(2| #2) = (2| #,)F,. (9c) 
2m Oz ; 


Interference fringes form a simple pattern in states whose wave fune- 
tion factors out according to (8). The probability | (r| 2) ? of finding 
the particle at r vanishes whenever any one of the three factors, («| £,), 
(y|E,), or (| #;) vanishes. ‘The points where the wave function vanishes 
are called its ‘points of zero,” or “nodes.” In our problem, the nodes 
constitute three sets of planes defined by equations x = const., y = 
const., or z = const., respectively. That is, the complete wave function 
(r| 7) has three mutually orthogonal sets of “nodal planes.” Tach of 
these planes constitutes the center of a dark fringe of the probability 
distribution |(r[2)|?. These dark fringes cut up the probability dis- 
tribution into separate islands which are the bright fringes. 

The potential energy of the electron of a hydrogen atom depends only 
on one coordinate of the electron, namely, its distance 7 from the nucleus. 
The motion of this electron may also be resolved into three components: 
a “radial” component (motion along radii of the atom) which is in- 
fluenced directly by the nuclear attraction, and two rotational com- 
ponents which are free from the influence of this force. The separation 
into radial and rotational motions is, however, more complicated than 
the separation earried out here, as will be seen in the next chapter. 

(a) Reflection at a potential step. (Figure 13.2.) Consider a particle which is 
prevented from traveling in the direction of positive z, for example, by clectric 
repulsion from a grid perpendicular to the x axis. For mathematical simplicity in 
solving the problem we assume that the potential energy is given by 

Vite) =0 fora <0, Vix) = Vo fore >0, 


Vo(y) = Vale) = 0. (10) 
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This schematization limits the repulsion to an infinitely thin layer along the plane 
ec = 0, such as the gap between two grids at different elcetric potentials which are 
brought close to one another to the point of coinciding with the plane x = Q. The 
magnitude of Vo is the product of the charge of the particle and of the potential dif- 
ference of the grids, , 
| 
| 
> | 
|: 
| 
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Potential energy —> 


Wave | function —> 


Probability —> 
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Vig. 13.2 Potential energy step, wave functions, and probability distributions for 
cigenstates with energies ZF, = 0.04 Vo and BE, = 0.64 Vo. 


“ The motion in the directions y and zis free and its stationary states are represented 
by any of the types of wave function considered in Sect. 13.1, with arbitrary encrgy 
cigenvalues HZ, and #, We consider in particular stationary states of motion in 
the x direction, with eigenvalues 2, < Vo, so that the particle is not expected to 
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travel beyond the grids in the direction of positive 2. Since the potential energy 
vanishes for x <0, the particle moves freely in that region and the solution of the 
Schroedinger equation 9a for « <0 may have any of the forms considered in Sect. 
13.1 with p2 related to Zz by Hz = pz’/2m, that is, 


De = 2mEs. (11) 


In view of the limitation to the particle flow in stationary states, discussed on page 
182, we consider stationary states without any net particle flow, that is, states rep- 
resented by one of the wave functions (2), or by a superposition thereof, with real 
probability amplitudes. ‘This yields 


. 


>. | i 
(x| Bz) = V2 | mB aa], for <0, (12) 


where 6 is a phase constant which indicates the position of the bright and dark fringes 
along the « axis. 

For z > 0, it is expected on the basis of macroscopic mechanics, but not proved 
a priori, that the probability | (x| Hz) ?? of finding the particle must vanish. In fact, 
the Schroedinger equation 9a, with Vi@z) = Vo and FH, < Vo, has solutions of the 
general form 


i -| for x > 0, 
(18a) 


h < 


Cnniee| -- B exp _ V2m(Vo — Be) 


where A and B are undctermined constants. Notice that for Bz > Vo the particle 
could move freely at x > 0 and the solution of the Schroedinger equation would be 
a combination of wave functions of momentum eigenstates with kinctic energy 


pe2/am = BE, — Vo, that is with momenta pr = +V2m(E, — Vo), namely, 


Vim(Ex — Vi V2m(is — Vo) 
(z| Hz) = A exp E cals az — Vo), + B exp — ee, 


i 


forz > 0. (180) 


The Eqs. (18a) and (13b) are mathematically equivalent, since the imaginary unit 
Z compensates for the difference of sign under the square root. The first term on 
the right of (13a) becomes infinitely large as increases, which is inadmissible because 
the probability |(e|#z) [? must remain finite by definition; therefore, the constant A 
must be equal to zero, The second term vanishes rapidly as x increases, which is 
consistent with the macroscopic fact that the particle does not go beyond x = 0; 
by macroscopic standards # is small and V 2m(Z, — Vo)/t large, so that the proba- 
bility |(c|Zz) |? approaches zero very rapidly for « > 0. On the atomic scale, the 
probability | («| Zz) |? does not vanish altogether, but only gradually, for x > 0. 
Consider now the Schroedinger equation 9a at z = 0. The circumstance that the 
value of Vi(z) jumps discontinuously at x = 0 causes the second derivative 
O(x| Bz) /dx2, that is, the curvature of the wave f unction, to change discontinuously 
at that point, but the wave function itself and its slope (x | #z)/dx remain continuous. 


186  INTSRFERENCE IN THE MOTION OF CONFINED PARTICLES 


This condition fixes the values of the constants 6 and B, which are still undetermined, 
through the equations 


V2 cosd = B, : (14a) 


QmE. Qm(Vo ~ Ey) 
= “ We fo ais a (es B. (14b) 
NP i 


Solving these equations, one concludes that any value of the energy Hy between 0 
and Vo is an eigenvalue and that to this eigenvalue corresponds a single stationary 
state whose wave function is given by (12) and (13a) with 6 = arecosV H,/ Vo, A = 0, 
B= V20,/Vo. 

‘The Schrocdinger equation with the steplike potential energy (10) has therefore a 
continuous range of cigenvalucs 


OSE, < Vo : (15a) 


and cigenstates represented by the wave functions 


V2mE B, | 
(|B) = V2 cos Boe + arecos = for2z <0 (15b) 
i 


0 


Ey Vam(Vo — Ex 
(x|E,) = V2 7,2 E wena = Fd | for x > 0. (15c) 
0 t 


Notice that for Z, « Vo we have 6 ~ 7/2 and B ~ 0, that is, the potential step is 
nearly in the middle of a dark fringe and the wave function fails to penetrate beyond 
the step. On the other hand, as #z increases toward Vo, the first bright fringe moves 
closer to « = 0 and the penctration beyond the step inercases. 


(b) Reflection by a weak force (smoothly varying potential). Whereas in 
the preceding example the potential energy was assumed to have a very sharp varia- 
tion, for the sake of mathematical simplicity, we make here the opposite assumption, 
namely, that the potential energy Vi(z) in the Schroedinger equation 9a varics slowly 
from point to point. An approximate solution of (9a) can then be obtained by a 
procedure, called the “Wentzel-Kramers-Brillouin method,” in which the rate of 
variation dV;/dz is disregarded. A slow variation of V;(z) implies that the particle 
moves along «x in the proximity of any point much as though it were free with a 
kinetic energy 2, — Vi(z). At points where #, — Vi(x) > 0, the wave function 
has then the approximate form (12), with Hz replaced with BZ, — Vif(z). As Vi(z) 
varies as a function of x, (z|#z) will be an approximate sinusoidal function, with 
variable wavelength. At points where 2, — Vy(z) <0, the wave function will be 
similarly an approximate exponential, analogous to (13) with A or B equal to zero. 

If V(x) rises steadily as x inereases, that is, if the foree F = —dVy(x)/dx pllls 
the particle always toward negative z, there is a single value zo of 2 at which‘H, = 
Vi(zo). This is the farthest point toward x = » which a particle with energy I, 
could reach according to classical mechanics. For 2 > 20, the wave function («| Ez) 
decreases exponentially; for « < 2p, it oscillates. If Vy(z) were constant, the number 
of oscillations between the abscissas 2, and 2, would be V2m(i 2 — V~/l (at, — 2), 
ab arate of V 2m(Hz — Vy)/h oscillations per unit distance. The variations of Vix) 
cause the rate of oscillation per unit distance to vary, and the number of oscillations in 


. 260 —<—<—— 
a finite range of abscissas is given by an integral, namely f V ome — Vy) /Wade. 
Ta 
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The approximate solution of (0a) is 


C %™V 2m[Hy — Vi(x)] 1 | 
Ci) ~ er [fe ae ge) tore cy 
. ; y % V2m{V (2) - Ez] 
Ee) ~ Tyg) — Be et eer end 


ty 


where C is left undetermined in our treatment. Notice that the factor (Z, — Vy(x)) 
in (16a) makes the probability of finding the particle at x inversely proportional to 


Vv Hy — V\(x) = Vv y/2m = Vm/2 v, which was to be expected since the faster 
the particle moves through a point, the less likely it is.to be observed there. The 
constant 6 of (12) has here the specific value An; this value is determined by a more 
accurate calculation of (| 2) in the proximity of ao, where the approximation (16) 
hecomes very poor. 


(c) Leakage through a potential barrier. Suppose that the potential energy 
V1(z) is smaller than Hz at x < xo, then becomes larger than Z, for x > xo as in the 
preceding example, but finally recedes below Hz at x > wo’ > 20. Tf one calculates, 
as in the preceding example, the reflection due to the foree which pulls in the negative 
direction in the region around & = 2», the wave function (%|/z) decreases expo- 
nentially in the region of high potential energy between 29 and 2’, according to 
(16b), but is not exactly zero at w= ay’. Thereafter, for x > ao’, Hz — Vilx) be- 
comes positive once more and the wave function is again of the type (16a), that is, 
it oscillates, albeit with very low amplitude. Therefore, reflection is not complete, 
but a particle starting at ~ < Xo with energy Zz has some probability of leaking 
through the region of high potential energy between xo and ao’. This would not be 
expected to oecur according to macroscopic mechanics. 

A number of phenomena of this type are observed in quantum physics, among 
them the escape of @ particles from atomic nuclei and the eseape of electrons from 
metals in the effect of “cold emission.” Cold emission occurs when two metal sur- 
faces at greatly different potentials are brought very close to one another, separated 
by a narrow gap of empty space. An electron in the metal A7_ at negative potential 
is attracted toward the other methal M4 but the attraction by the positive charges 
within the atoms of Mf_ pulls back any electron that might leave the metal. This 
pull is represented by a very rapid rise of the potential energy V1 of the electron at 
the surface of M_. This rise amounts to a few clectron volts within a distance of 
the order of L A = 1078 em; thereafter, Vi decreases in the direction of M4 with 
a slope which may be of the order of 10° ev/em. A passage of electrons from A/_ 
to M4. through the vacuum is observed under these conditions, 

Analogous phenomena are known in radiation physies. Tor example, if a hollow 
pipe is too narrow to allow the free propagation of microwaves of a given frequency, 
some of this radiation nevertheless leaks through any finite length of the pipe. In 
the phenomenon of “total reflection” of light at a glass-air interface, some light 
leaks through an air gap if another glass surface is brought close to the totally reflect- 
ing surface. 


(d) Particle confined between two potential steps (potential well). (Figure 
13.3.) Consider now the motion of a particle in the x direction confined between 
two potential steps. Suppose specifically that Vi(z) vanishes for x between +} 
and equals Vo outside this limited region. In problem (a), for a given value of the 
energy Ey the wave function has the form (15)) for « <0, which yields a sequence 
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of bright fringes centered at points where (V2mE,/h)x + arceosV B,/ Vo is a mul- 
tiple of 7. These points lic at a distance from the potential step equal to 


= | nr + arccos 4/— |, n=0, 1,2, -°:- (17) 
V2mE, ( Vo 


In our problem, the'wave function in the region between +-4a must also have the 
form cos|(V 2m B,/h)x -+ 5}, but the position of each bright fringe must now fulfill 


Potential energy . 
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Fig. 13.3 Potential well with energy eigenvalues and a typical wave function and 
probability distribution, The height and width of the well and the particle’s mass 
are related by V 2mVoa/h = 13.138. 
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two similar conditions: its distance from each of the two potential steps at 2 = ha 


must be given by (17). These two requirements are consistent only if the total dis- 
tance a between the two potential steps fulfills the condition 


te ae 
ai é -+ 2 arccos 4 fe) = 4, n=0,1,2,---, (1s) 
emiag 


that is, 
Vv Imi, E, ; 
> ag = nr + 2 arecos Vi (19) 
or also 2 
Ey = Qmal na -- 2Q-arccos Vo : (20) 


Thus the cigenvalues #, smaller than Vo form discrete sequence in correspondence 
to the successive values of the number 7. The number of bright fringes is n + 1, 
the number of dark fringes which separate the bright ones is just x. Compare this 
t result obtained for a schematic problem with the estimate of the minimum 


exac 
onfined within a region of size a, which was given in 


kinetic energy of a particle ¢ 
Chapter 11, Eq. 82, namely, (K) = 72/2mea?. 

(e) Particle confined by weak forces. Consider now a particle confined to a 
limited region in the x direction by weak forces, represented by a potential energy 
V (2) which varies slowly and falls below a given level £, only within a limited range 
11 <x <2. The condition for the existence of a stationary state with the encrgy 
E, can be cast in a form similar to (19) by the approximation method of problem (0). 
Combining the approximate treatment of reflection in problem (6) with the con- 
siderations of the position of fringes in problem (d), one finds that #, must fulfill 


the condition 
x9 : 
[0 Vin, <Vi@ VP dz = we (21) 


: oat 
that is, 


of Im{Bs — Vila)ldx = (n + Sh. y 
zy 


An approximate form of this condition (with nh instead of (n + 4)h on the right 
side) had been established prior to the development of quantum mechanics by semi- 
empirical arguments derived from Bohr’s treatment of the hydrogen atom (Sect. 4.4). 
It was called the “Sommerfeld quantum condition.” 


PROBLEMS 


13.L A particle approaches the potential step of Sect. 13.2¢ traveling in the direc- 
tion of positive x with kinetic energy H > Vo. Calculate the probability R(Z/Vo) 
that it be reflected. (Express the wave function in the form (a|#) = exp(¢K2) + 
A exp(—iKzx) for 2 < 0 and («| £) = B exp(iK’2) forx > 0, where K = V2mH/fiand 
K' = V2m(E — Vo)/f; determine A and B from the conditions of continuity of 
(x|) and d(z|E)/dz at x = 0, as in Sect. 18.2; the probability R(Z/Vo) is |A [?.) 

13.2 A particle traveling in the direction of positive x with energy YZ approaches 
a potential barrier, or well, represented by V(x) = 0 forx <Oand z >a, V(x) = 
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Vo for O<2%<a. Caleulate the probability that it be reflected. (Express the 
wave function in the form (2|#) = exp(Kz) + A exp(—iKz) for « <0, @|B) = 
B exp(ik’x) -+ C exp(—ik’s) for 0 <2 <a, (x|B) = D exp(iKz) for x > a, where 
K= V2mE fh and K’ = V2m(E ~ Vo)/h, K' being real for Vo < / and imaginary 
for Vo > H. The continuity of (7|#) and of d(@x|E)/dx at x = 0 and & = a yields 
four equations among ‘A, B, C, and D. Solve for A; the probability of reflection is 
{A/? and is conveniently expressed as a function of Z/Vo and of sin’K’a = 1/1 + 
cot?K’a).) Plot the probability of reflection as a function of Vo for a particle of the 
* electron’s mass, of energy # = 2 ev and fora = 10 A. 

13.3 Consider the potential well problem of Sect. 13.2d in the limit of Vo = ©. 
Give formulas for the energy cigenvalues and for the corresponding wave functions. 

13.4 Consider a particle held in the vicinity of x = 0 by an clastic foree f = —ka, 
to which corresponds the potential energy V(x) = 4kx*, The Schroedinger equa- 
tion (9a) with this potential energy has the cigenfunctions 


(c|N) = (NN tav/x)— exp(—}2°/a2)Hy(/a), 


where N = 0, 1, 2, +++, @ = (4?/km)4, and Hy is a Hermite polynomial given, for 
N = 0, 1, 2, and 8, by 


Hy = 1, Uy = 2x/a, He = 4x?/a? — 2, Hz = 823/03 — 12x/a. 


Calculate the energy eigenvalue Hy by means of the Schroedinger equation and cal- 
culate the mean potential energy (Vz) for the first few values of N. Compare (V;) 
~ with the energy eigenvalue and obtain the mean kinctie energy. Utilize the formulas 
an i ; ce) 
f 2 oxp(e) de = Wa 4-3-8... (1 — 4), and f 22+! oxp(—#) dé = 0. 
1 


oO 
13.5 A particle is moving within a conduit of rectangular cross section and infinite 
length represented by the potential energy functions 


Viz) = 0 for —ja Sx < ha, V(x) =.% fore < jaand2 >} 
Vy) = 0 for —3b Sy S 4b, Vyly) = % for y S gband y > 4), 
V.(z) = 0. 


Consider energy eigenstates in which the motion in the # and y direction is charac- 
terized, respectively, by nz and ny, bright fringes, and the motion along the z direction 
is characterized by an eigenvalue of the momentum eomponent pz Utilizing the 
results of Problem 13.3, give formulas for the energy and the wave function of these 
cigenstates. Make a map of the probability distribution |(x|n.)(y|n,) [? of the parti- 
cle position over a cross section of the conduit, for nz = 2, ny = 3, and fora = 3A 
and b = 6A. » 
13.6 A particle in the potential well of Problem 13.8 is in a non-stationary state 
b() which is represented at the time t = 0 by the probability amplitudes (n}b(0)) = 
vi for n = 2 and n = 3, (n[b(O)) = 0 for n other than 2 or 3. Caleulate, as func- 
tions of é: (a) the wave function (x|b()), (b) the probability distribution | (a |b) P, 


Mea 
(cy the mean position () = f e|(x|b@) de. Plot [(x[b()) 2 against x for t = 0 
t = 4ma?/5h, t = 8ma?/5h. 
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The stationary states 
of the hydrogen atom 


The main properties of the ground state of the clectron in the hydrogen 
atom are determined readily by qualitative analysis. It is sufficient to 
consider that the electron is confined within the atom by a force which 
points always in the direction of the nucleus. The motion of confined 
particles is analyzed conveniently, as shown in the preceding chapter, 
by disregarding initially the possibility of net particle flow; each station- 
ary state is then characterized by its pattern of interference fringes. 

In the ground state, the probability distribution of the position of a 
confined particle consists of a single bright interference fringe. In the 
hydrogen atom, the symmetry of the force about the nucleus dictates 
that the interference fringe is centered at the nucleus and distributed 
uniformly in all directions. Furthermore, the probability of finding the 
electron at large distances from the nucleus tapers off, as the clectron 
is “reflected” back toward the nucleus by the attractive force. At very 
large distances, the force becomes vanishingly weak as it does beyond the 
potential edge in the example of Fig. 13.1; the probability must then 
taper off exponentially. Owing to the symmetry of the fringe, the proba- 
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bility distribution varies only in radial directions; accordingly, the mean 
squared momentum has only one non-vanishing component directed 
radially. The electron motion is therefore entirely radial, instead of 
rotational.as was suggested by the carly planetary model. 

The, requirements indicated above are fulfilled by the wave function 
considered tentatively in Chapter 11, 


a ewt/4 (1) 


where r indicates the position of the clectron with respect to the nucleus, 
r is the distance from the nucleus irrespective of direction, and } 


a ‘ 
a=—~=053A (2) 


Mee” 


indicates an average value of the distance from the nucleus, called the 
‘Bohr radius.”’ One verifies that the wave function (1) is a solution of 


the Schroedinger equation.2 on page 170, with m = m,, V(r) = —e?/r 
and 2 
1 meet le 
y= --—- = ~-— = —18.6ev. (3) 
2 he 24 


A more detailed discussion of this solution of the Schroedinger equation 
is given in Sect. 14.2, 

Stationary states with particle flow exist only when different arrange- 
ments of interference fringes are consistent with the same energy cigen- 
value. ‘There is no such possibility for the ground state of the hydrogen 
atom whose fringe characteristics are uniquely defined. This ground 
state is, however, unique only insofar as the electron is regarded as a 
pointlike particle whose states are described fully by wave functions 
of its position coordinates. On this basis one accounts for the gross 
properties of the hydrogen atom in its various stationary states. Tiner, 
though important, features of the electron motion will be taken up in 
the next chapter. 

The excited stationary states are treated at some length in this chapter 
to account for the spectral energy levels and other properties of the 
hydrogen atom, and especially because: their systematics underlies the 
analysis of the structure and chemical properties of other atoms. For 

“1'The clectron mass will be indicated here by me to avoid confusion with a dif- 
ferent symbol m. 

* As pointed out on page 51, the energy levels of the stationary states of atoms are 
normally negative because they are expressed in a seale where F = 0 indicates the 
energy of the atom after dissociation. 
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cach excited energy level of the hydrogen atom there exist different 
stationary states. These states may be classified according to one or 
another suitable characteristic, like, for example, the symmetry of the 
probability’ distribution of the electron position or the presence or 
absence of a net flow of the electron. A systematic classification singles 
out a set of energy cigenstates which is “complete,” that is, such that 
any other state can be represented as a combination of states of that set. 

Sections 14.1 and 14.2 describe a complete set of states, characterized 
by the absence of net flow and by interference fringes arranged sym- 
metrically about, the nucleus and about an axis through the nucleus. 
This set is obtained by dealing separately with the clectron motion in 
radial directions, which is influenced by the nuclear attraction, and with 
the motion in directions perpendicular to the radii, that is, along spherical 
surfaces centered at the nucleus. The “rotational” motion along spheri- 
cal surfaces is free from the action of forces. 

In the schematic problems of Sect. 13.2 the forces were such as to leave 
the components of the motion along three coordinate axes wholly in- 
dependent of one another; each stationary state is then identified by 
three separate cnergy Siscavalues of motion along the different axes. 
In the problem of the hydrogen atom, the rotational motion is not inde- 
pendent of the radial motion. It is common experience that any whirling 
body slows down when the radius of its path increases. The characteris- 
tic of a free rotational motion which remains constant independently of 
its radius is not its kinetic energy or its momentum, but the product of 
the momentum and of the radius of the path. This product is called 
the “moment of momentum” or “orbital angular momentum.” | For a 
given orbital angular momentum, the kinetic energy of the rotational 
motion is a function of the radius; the effect of this dependence on the 
radial motion is the centrifugal force (ect. 14.1(a)). 

The orbital angular momentum is defined as a vector, the vector 
product of the radius veetor and of the momentum 


l=rxp, (4) 


shown in Fig. 14.1. In Chapter 18, the stationary states of free particles 
without net flow are characterized by interference fringes whose width 
corresponds to the magnitude of the squared momentum components. 
Similarly, stationary states of rotational motion without net flow are 
characterized by patterns of interference fringes whose size and number 
relates to the values of the squared angular momentum I? and of its 
components (sce footnote 1, page 80). 

The stationary states of the hydrogen atom, described in Sect. 14.1 
and 14.2, are classified first according to a.number of interference fringes 
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arranged symmetrically about a coordinate axis (usually the z axis); 
this number corresponds to an eigenvalue of the squared angular’ mo- 
mentum component 1,?. For a given value of 1,” there are different 
states of rotational motion with different. possible eigenvalues of 7, and 
a corresponding number of dark fringes that crisscross every spherical 
surface. Fora given valuc of I there are different states of radial motion 
characterized by a number of spherical dark fringes and by an eigen- 
value of the total energy of the atom. 

The spectrum of energy eigenvalues which one obtains agrees very 
well with the experimental results mentioned in Chapter 4, The number 


Fig. 14.1 Diagram of orbital angular momentum 1 =r x p. ‘The magnitude of 
Lis rprot = rp sin a. . 

- of states of the set for cach energy cigenvalue is a main factor determin- 
ing the period length in Mendeleev’s system of chemical elements (see 
Chapter 18). 

There are also stationary states of the hydrogen atom with a net flew 
of electron about an axis. These are eigenstates of the angular. mo- 
mentum component about that axis and may be represented as super- 
positions of states with no flow. Section 14.3 describes a standard set of 
stationary states with flow around the z axis that are eigenstates of L, 
and of 2°, 

Whereas the stationary states which are eigenstates of 2 have their 
interference fringes arranged symmetrically about the nucleus, there 
are other stationary states with no flow, in which the probability dis- 
tribution of the electron position is off center with respect to the nucleus. 
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Section 14.4 describes some of these states which are important for the 
formation of chemical bonds. 

A correct treatment of the hydrogen atom takes into account that the 
nucleus is not a fixed point, but is itself set into motion by the attraction 
toward the electron. A correction for this effect is introduced simply 
into fixed-nucleus calculations by replacing the electron mass m, with a 
“Seduced mass” p, as in the Bohr semi-classical theory of Sect. 4.4. The 
correction brings the energy cigenvalues into better agreement with the 
experimental data obtained with hydrogen isotopes of different mass 
(Sect. 14.5). The results are also extended to hydrogen-like ions by re- 
placing the product ¢? of the clectron and nuclear charges with Ze”, again 
as was done in Sects. 4.4 and 11.2. 


14.1 A Basie Set of Stationary States 


(a) Separation of Ute motion in different directions. The 
velocity v of the electron in a hydrogen atom may be regarded as the 
sum of two components, One Vrad directed along the radius from the 
nucleus to the electron, and one Vyot Which represents the rotation of the 
clectron around the nucleus and is therefore perpendicular t0 Vraa. The 
total energy of the clectron can accordingly be expressed in the form 

1 e fl Fees ot) eee | 
H=k+V= — mv? -—- = [5a = =| + = mMedrot?- (5) 
2 r 2 i 2 


The total energy is thus split into two parts, one pertaining to the radial 
motion, including the potential energy, and one pertaining to the rota- 
tional motion. 

The energy of rotation is not constant in the course of motion whether 
on the macroscopic or atomic scale, even though there is no foree along 
Vrouw Lhe diagram in Fig. 14.2 shows that, even though the total velocity 
v remain fixed, its decomposition into Vraq and Vyot depends on the posi- 
tion of the electron in the atom. On the other hand, the product of the 
distance from the nucleus and of the rotational speed, reyo¢, remains con- 
stant and so does the magnitude of the orbital angular momentum 
L == merdro,. The total energy # is therefore conveniently expressed in 
the form 


1 e l (r0:0t)” (tex “ 1? 
= =MeVrad” aes! ~ Mey = = = 3° 
€ eee -) c- 2 yo 2m r Qmr* 
(6) 


There are stationary states of the electron which are eigenstates of 
: , : : : 
the squared orbital momentum ?. Tor a given cigenvalue of 1°, the 
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kinetic energy term 1?/2m,r? in (6) is a definite function of r. The whole 
energy # may then be regarded as energy of radial motion, with ?/2m,r? 
interpreted as an additional potential energy. The force’ corresponding 


7 

yo aes 
orm 

N 


Fig. 14.2) The components vrot and vraag of the same velocity v depend upon the 
position of the electron in the atom. ‘ 


to this potential energy is the centrifugal foree due to the rotational 
motion since it is directed radially and its strength 


d(?/2mer?) i ae (mer Yrot)” MeVrot” 


= = (7) 


3 


dr mer Me? r 
€ e 


coincides with the ordinary expression of the centrifugal force. 
To determine the cigenvalues of 1?, one resolves further the velocity 
Vrot and 1? itself, into components. ‘The position r of the electron with 
“respect to the nucleus is represented in a system of polar coordinates 
(see Fig. 14.3), namely, the distance r from the nucleus, a latitude angle 
9, which varies between 0° and 180°, and a longitude angle ¢ which 
varies between 0° and 360°. The “polar axis” identified by @ = Oris 
usually taken to coincide with the z axis of cartesian coordinates... We 
have then vrot = vo + ve(see Fig. 14.3), tro? = vg? + vg? and 2 = 
(mervg)® -+ (mervg)?. These two components of I? are not constant in 
the course of a free rotational motion, even though I? is constant. How- 
3The relations between polar and cartesian coordinates are r = V2 + y+ 2", 
cos? = 2/r, tand = y/x. One should call @ a ‘‘colatitude” since latitudes usually 
run from +90° to —90°. 
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ever, the product of the distance r sin@ of the electron from the polar 
axis and of the speed along a parallel circle, namely, r sind vg, remains 
constant and so does the component of the orbital angular momentum 


Fig. 14.3 Polar coordinates. 


2. 
1, = mer sind vy. The squared angular momentum 1° is therefore con- 
veniently expressed as 
2 
2 == (mervg)? + (merrg) 
(mer sind vg)” 


2 2 
= (mer'vo)” : = (mervg)” + > 
(merve)" + sin’ : sin?¢ 


(8) 


There are stationary states of the clectron which are eigenstates of 1,? 
For a given eigenvalue of 1”, the contribution 1 2”/sin’6 to the squared 
angular momentum is a definite function of 6. The whole kinetic energy 
of rotational motion 12/2m,r? may then be regarded as energy of motion 
along 6, with (1,7/sin*@) /2mer® interpreted as a potential energy. For 
1? 0, this potential energy is lowest at the equator, where sin@ has a 
maximum, and infinite at the poles, where sin? = 0. This energy rep- 
resents a centrifugal force which draws the electron toward the equa- 
torial plane. (A whirling sling is similarly drawn to move in a planc.) 
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In view of the interdependence of the different components of the 
electron motion, the stationary states of the hydrogen atom will be 
analyzed as follows: The motion along parallel circles (@ coordinate) is 
considered first and the eigenstates of 1,” are singled out. Secondly, fora 
given eigenvalue of 1.2 we consider the motion along meridian circles 
(0 coordinate) and single out the eigenstates of 1’. Finally, for a given 
eigenvalue of 1, we study the radial motion and single out the eigenstates 
of the total energy as represented by Eq. 6. 


(b) Motion along parallel circles. Stationary states of motion 
along parallel circles without any net flow are marked by a number 
m=0, 1, 2, --- of nodal surfaces of constant longitude (meridian 


Bright Dark 


|no=0 x, =0 


=< 


a=1 a=2 


Fig. 14.4 Probability distribution about the z axis in states with m = 2. 


planes). Because the conditions are uniform along each parallel circle, 
that is, because there is symmetry about the axis of polar coordinates, 
the nodal planes are evenly spaced (see Vig. 14.4). These planes and the 
dark fringes about them separate the probability distribution of the 
electron’s @ coordinate into 2m bright fringes. 

The larger the number m, the narrower is each fringe and the higher 
is the eigenvalue of l,” and the corresponding value of the kinetic energy 
of this motion. The calculation in the next section shows that the eigen- 
values of 1,” equal m?h?. Fach interference fringe is, of course, narrower 
near the coordinate axis than at larger radii, as seen in Fig, 14.4, and the 
kinetic energy corresponding to each value of m is inversely proportional 
to the squared distance from the axis, (r sind)”, as expected from (6) and 
(8). Form = 0 there is no nodal surface and no fringe, only a uniformly 
distributed probability of the electron’s longitude; this is a state of no 
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motion along the parallel circles, with 1,2 = 0 and no corresponding con- 
tribution to the kinetic energy. 

For a given value of m # 0 one may choose a set of two orthogonal 
states, with the positions of the dark and bright fringes. interchanged . 
(see Fig. 14.4). Any other eigenstate of 1,” with the same eigenvalue 
may be regarded as a superposition of two such states. We label the 
states of such a base set by (ma), where « = 1 when a bright fringe 
centers at zero longitude and a = 2 when a dark fringe centers there.! 


(ce) Motion along meridian circles. This motion is always con- 
fined, in effect, because the latitude coordinate # runs only from 0 to 
‘adians, from one pole to the other; (proceeding beyond one of the poles 


Fig. 14.5 The nodal surfaces of the probability distribution of the electron in a state 
with 1 = 3, m = 0. 


in continuation of a meridian circle, one encounters a reverse variation 
of latitude and a jump of a in the longitude coordinate). ‘There is ac- 
cordingly no stationary state with a net flow along meridian circles. 
Hach stationary state is marked by a number of nodal surfaces of con- 
stant latitude; these surfaces are cones (see Fig. 14.5) and intersect all 
meridian planes and all spherical surfaces at right angles. (A nodal 

'Two stationary states with a net: flow along the parallel circles and with the 
same eigenvalue of 12 are usually considered (see Sect. 14.3) and each is labeled with 
a single index m = -Em, instead of the pair of indices (ma). 
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cone with aperture 9 = 4m is the equatorial plane and occurs whenever 
the number of cones is odd.) ; 

The motion along meridians depends on the motion along parallels, 
as pointed out in (a) above. For an eigenstate of no motion along ¢ 
(that is, with eigenvalue l.? = 0 and m = 0) the motion along meridians 
is free. In this event there is a stationary state of no motion along 
meridians, in which the probability of the particle position is distributed 
uniformly over spherical surfaces of any radius; this state has the eigen- 
value ? = 0 of the squared angular momentum and no kinetic energy of 
rotational motion. For m = 0 there are also stationary excited states 
of rotational motion, with a number | of nodal cones. Tach of these 
states has a bright fringe centered at each pole (otherwise the wave func- 
tion would have a discontinuity of value or slope at the poles). The 
larger the number of nodal cones, the narrower are the fringes and the 
larger are the squared angular momentum I? and the kinetic energy of 
the motion along meridians. It will be shown in the next section that 
the eigenvalues of 1? are obtained by solving a differential equation; 
they are (1 + 1)#?. The corresponding values of the kinetic energy of 
rotational motion are L(l + 1)h?/2m.r?, according to (6), being larger 
near the nucleus where all fringes are narrower. 

For m # 0, the centrifugal effect of the motion along parallels confines 
the motion along meridians toward the equator, as noted at the end of 
(a) above. Owing to this confinement, the motion along meridians 
yields a non-vanishing contribution to and to the kinetic energy, even 
in the state with no nodal.cones; this minimum contribution increases 
with increasing m and increasing confinement.’ Hach stationary state 
of excited motion along meridians is characterized by a number of nodal 
cones, for m # Oas form = 0. The squared angular momentum I? de- 
pends, however, only on the total number of nodal surfaces, meridian 
planes plus cones, and not on the separate numbers of the two types of 
surfaces. This total number may therefore be indicated by the same 
symbol / as in the special case of m = 0. The number /is called “orbital 
angular momentum quantum number” or “azimuthal quantum nusm- 
ber.” There are, therefore, different states and different. probability 
distributions of the electron position with the same cigenvalue of 
I = U(l + 1)A? and the same kinetic energy Ul + 1)h?/2m,r?, but with 
different m < 1 (see Fig. 14.6). 


5 The existence of this minimum energy is an effect of complementarity which 
was not noticed in the early development of quantum physics, and emerged as an 
unexpected result from the solution of the Schroedinger equation. 
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States with different eigenvalues of 12 but with the same ? correspond to dif- 
ferent breakdowns of 2 = U( -+ 1)#? into its components 12 = mf? and (1, + 17) = 
(ld + 1) — mi. Notice that the cigenstates of 12 are not, in general, eigenstates 
of the separate cartesian components ,” and L,2.6 Kigenstates of each of these com- 
porents can be singled out by the same procedure followed for I, starting with a 
system of polar’coordinates of different or icntation, for example, with the axis 0 = 0 
in the x ov y direction, For a given 2, cach eigenstate of 12, or of 17, can be regarded 
as a superposition of eigenstates of 12 with different cigenvalucs mi, The require- 
ment that eigenstates of 2 with any one eigenvalue can be described identically in 
coordinate systems with different polar axes underlies the existence of ‘cigenstates 
with equal I? and different 1,2. Superpositions of these eigenstates with real proba-, 
bility amplitudes yield new eigenstates of 1? with. equal number | of nodal surfaccs 
of different orientation or shape. 


An eigenstate of ? may be labeled by (Ima), the index @ being irrele- 
vant form = 0. For a given I there are 2] + 1 such states, namely, 
(4,0), G1,D, G1,2), --- L), %42). Ligenstates of 1? are often called 
by standard code lettons rather than by the corresponding values of J, 
as follows: 

I value: 0 1 2° 3 4 5 
code name: s Dp d f g h 


States with J = 1 labeled by (1,1,1), (1,1,2), and (1,0) are often called 
respectively, Pz, Py, and pz; the subscript indicates the coordinate axis 
perpendicular to the single nodal plane. 


(d) Radi«l motion. ‘The -radial motion is confined if the total 
energy / of the electron lies below its potential energy at infinite dis- 
tance from the nucleus V(%), that is, if ! <0: when V() is taken as 
zero. Any value of / > 0 is an cigenvalue corresponding to ionized 
states of the atom, which will not be considered here. We consider in 
this section stationary states of confined motion (“bound states’) each 
of which is characterized first as an cigenstate of I? and then by a number 
n, of spherical nodal surfaces, called the “radial quantum number.” 

In states with no rotational-motion (J = 0), the radial motion of the - 
clectron is confined only by the nuclear attraction. Any stationary 
state has then a bright fringe centered at the position of the nucleus, 
and distributed uniformly in all directions. he ground state of the 


6 Prior to the development of quantum mechanics it was not realized that a state 
need not be an eigenstate of every variable, and the occurrence of different values 
of 1? or of I for a given 2 was visualized as reflecting different orientations of the 
vector 1. The symbol J was adopted for the azimuthal quantum number in the belief 
that this quantum number represented the magnitude of the angular momentum | 
divided by #. Tere, to avoid confusion between the symbols representing the 
quantum number and the magnitude of the angular momentum we use the symbol 
? for the squared magnitude of the angular momentum, instead of 2. 
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atom, represented by the wave function (L), has Just this one central 
fringe. Mach excited state with | = 0 has n, spherical dark fringes. 
The mathematical form of the wave functions of these states will be 
discussed in the next section. The energy eigenvalues are 


OF 1 me! I ng 
E, = = — —.= — —~ 13.6ev : 9 
ae 2 n7h? ns ; (9) 


with m = nm, + 1. ; 

Successive cigenstates of increasing energy differ from one another 
by a substantial increase of the mean distance of the electron from the 
nucleus. As the electron’s energy increases, the electron. mects a de- 


0 5 10 15 
rinunits a=0.53A 


Vig. 14.7 Radial probability distributions in the absence of centrifugal force, for 
n=1,l=0;n=2,1=0;n=3,1=0. , 
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creasing attraction in the farthest region it can reach. Successive eigen- 
states differ primarily by the occurrence of additional bright fringes of 
rapidly increasing radii (see Fig. 14.7); the radius of the outermost fringe 
of cach cigenstate is roughly proportional to the squared number of 
fringes. -The energy difference between successive eigenstates decreases 
rapidly, Lnij—-B, = Ey(2n + 1)/n?(n + 1)? ~ E,2/n3; thereby an 
infinite sequence of eigenvalues lies in the limited range between 2, = 
— 13.6 ev and zero.7 The stationary states with very large radii can 


3 2 Centrifugal energy 
& 0 

o 6 9g . 

fra] ; rinunits a=053A 


Tota! energy 


Electrostatic energy 


Vig. 14.8 Dependence on the radius r of the electrostatic, centrifugal, and total 
potential energy for a hydrogen atom in a state with | = 2, 


exist undisturbed only in an extremely rarefied gas, where the atoms are 
sufficiently far apart from one another. There is, however, spectroscopic 
evidence for the existence of long sequences of stationary states with 
increasing radii. 

When the electron has a rotational motion with | # 0, the centrifugal 
force keeps it away from the nucleus. This force is represented in Eq. 6 
by an effective potential energy I?/2m.r*. The combined potential 
energy, centrifugal and electrostatic, has the trend shown in Fig. 14.8, 
with a minimum at r = U(l-+ 1)h?/m.e? = l(l+ l)a, where a is 
the Bohr radius (2). The predominance of the centrifugal force at 

7 This situation is opposite to the one encountered in the problem of confinement 


between sharp potential barriers (Sect. 13.2d); in the example of Fig. 13.3, there : 
are only five bound stationary states. 
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r < U(l+ 1) has roughly the effect of wiping out the / innermost fringes 
that one would observe for J = 0 (Fig. 14.9). On the other hand, for 
r > UL + Ja, the nuclear attraction predominates and the radial motion 
is approximately independent of 1. It turns out that the total energy 
of the electron depends only on the total number of nodal surfaces 


3 6 9 i 15 38-21 3a 
rinunits a=0.53A 


Fig. 14.9 Radial probability distribution for n = 3,1 = 0,1 = 1, andl = 2, 


n, + 1, and not on the separate values of n, and 1.8 That is, all energy 
eigenvalues are given by (9), in agreement with experimental evidence, 
where 2, the “principal quantum number” is now defined as n = 
ny -+l-+ 1. Probability distributions in the xz plane across the atom 
are shown for a number of states in Fig. 14.10. 

A complete sect of stationary states is fully identified by the quantum 
numbers (n,l,m,a). As seen at the end of (c) above, the set includes 
21+ 1 states fora given!. Fora given n, the quantum number J may be 


8 This result follows from the fact that the Schroedinger equation for the hydrogen 
atom can be expressed as the equation for the free motion of a particle on a “sphere” 
of a four-dimensional space. This additional mathematical symmetry is much less 
apparent than the spherical symmetry of the nuclear attraction which causes the 
eigenvalues of 1? to be independent of m. 
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any integer from 0 to n — 1, and therefore the number of states is 
2 . 


for each energy eigenvalue Z,. This result has fundamental conse- 
quences for the chemical properties of atoms, as will be shown in Chapter 
18. Stationary states with given quantum numbers 7 and L are often 
* indicated with a numerical prefix equal to n, combined with the code 
letter indicated at the end of (c) above; for example “3p” means n = 3, 
l=1. 


14.2 Solution of the Schroedinger Equation 


The Schroedinger equation for the electron of a hydrogen atom is ¢ 
special case of the equation (2) on page 170, in which the particle’s 


mass has the value m, and the potential energy is V(r) = —e?/r, as on 
page 165, 
RW Pae(rlZ,) er E, a°(r| Ln) eo a 
( ye ( E ») n i | (r|L,) = (|B) By. 
2M Ox" oye Oz” r 


(11) 


The qualitative analysis in the preceding section suggests that the solu- 
tions of this equation be represented in polar coordinates. To this end, 
the derivatives with respect to the cartesian coordinates may be re- 
placed with derivatives with respect to polar coordinates by a mathe- 
matical transformation which changes Eq. 11 into ® 


Hofer] Ay 2 a(r| E,, 1 fer(rl| BE, a(r| L,,)) 
([e< ys (r| | + | cl ) + cotang (r| 4 
2M 00" ag 


9 


or” r or 


2 
, 


$a Elan = Cel dB (02) 
° 9° 9 TUT An) = (El) on. 
r’sin? 6 ag” | r 

Further, we seek to identify stationary states whose wave functions are 
products of a function of 7, of a function of 0, and of a function of 4, 


* An example of the formulas utilized in the transformation is 


are) _ of7,0,¢) _ Or af , 00 af , ag af 
aut*«éi dz dr ' 0290 ' dx dd 


. of lof sing 1 of 
= sin? cosd — + cos? cosd —- — — —— -—— 
$ or + 6 r oo sing r ab 


which follows from the formulas in footnote 3 on page 196. 
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in analogy with the separation carried out in Sect. 13.2. We indicate 


. such a wave function by 


(| Ln) = (7,0,6| Hn) = (r,0,6|2,,m,c) 
= (r|n,l)(0{,m)(¢|m,a). 


This wave function is a solution of the full Schrocdinger equation, pro- 
vided that its factors fulfill the separate equations 


(13) 


me "(| m,@) ow) : 
noe m°(@|m,a), (14a) 
d°(0| l,m) (6| 1m) is m?” 
— | --—=— + cots O|lm) = (6 
oe + cotand si Barer [lzm) = ( meee ep 
 PH(rinl  2a(r|n,)) PUL+ 1) @ a 
"Fa (r} nL) a(r|n, i" € 
—_ = es cay l = (I: ni 
2m or? ve cr OP | Qmer" r Cela (leD is. 
(14¢) 


These equations pertain, respectively, to the motion along parallels, 
meridians, and radii of polar coordinates within the atom. The Eqs. 
14 of separate motions in polar coordinates are not wholly independent 
of one another, at variance from the corresponding separate equations in 
cartesian coordinates (Iiq. 9, page 183), in that (140) and (14¢) depend, 
respectively, on the eigenvalues of (14a) and (140). 

Equation L4a is the Schroedinger equation that determines the eigen- 
values and eigenstates of the squared angular momentum component 
1,7, or rather of 1,7/h?. It can be established directly, rather than by 
separating (12), by applying the method of Chapter 12 and considering 
that (I,”) = (ep, — ypz)*). Similarly, Eq. 146 is the Schroedinger equa- 
tion which determines the eigenvalues of the squared angular momentum 
1°, or rather of 1?/f?, consistent with the eigenvalue J, 2 = mA? Tqua- 
tions 14a and 14) apply to the rotational motion of a particle whose 
potential energy is any function of the distance from a center. Iquation 
ida has solutions that are continuous functions of ¢, only if m is an 
integer. A complete sct of solutions is 


form = 0: (¢|m) = Se 


1 
for m # 0: (@|m,!) = - cosm®, (15) 
qT 


(¢|m,2) = peat sinm¢. | 


210 THE STATIONARY STATES OF THE UYDROGEN ATOM 


The probability distribution of the ¢ coordinate is given by | (| m,c) , 
and ee of m equal bright fringes, one of them centered at ¢ = 
when @ = 
tion is ee that the total probability | (@{m oP = 

Equation 14b has solutions that are continuous ee of 0, with 
acceptable properties at 6 = 0 and 6 = 7, only if the quantum number / 
is an integer no smaller than m. Its solutions, (@|/,m), are called “as- 
sociated Legendre functions” and are, for 1 < 2, 


@ 


(0 


(9 


, 48 shown in Fig. 14.4. The magnitude of ae wave ets 


(0,0) = V2, 

1,0) = V2co9, OL) = V3 sing, (16) 
2,0) = Va (3 cos’@ — 1), (0/2,1) = EE sing cos), 

2,2) = 1B sin29, 


Notice that each function (|J,m) has a factor (sind)™ which vanishes at 
Z the poles and results from the centrifugal action of the motion along 


parallels, 


Besides this factor, which vanishes only at the poles, each 


function contains a polynomial in cos? with 1 — m nodes, a behavior 
anticipated in Sect, 14.1e. 

- Eguation 14c has solutions which remain finite at r = 0 and r = &, 
only if the eigenvalue E,, either equals —~ dm el/n7h, with n integral 
and larger than J, or else is positive. Its solutions are, for n < 3, 


(r| 1,0) 
(r|2,0) 


(73,0) 


(]3,1) 


(r|3,2) 


tl 


where a = 
its ground state, Mach of these functions consists of the following 
factors: (a) an exponential e7"!"* which characterizes the trend of the 


2 
Va e~"!*, (the ground state function), 


a —r [2a a _ lO | hat _— 2 ya r2a 

V (20/8 : (= ), wel) = /3(2a)? r 2a’ 
Bia F (2) ae eer | : 

V (3a)? 3 \Ba 3a 

; ~ gta ma Ge = 1), : 

(3a)? 3a \2 3a 


4, r\? ‘ 
ae Leora fo 17 
3/1080)? | () oe 


i? /me* = 0.53 A is the Bohr radius of the hydrogen atom in 
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vave function far away from the nucleus, depends on the ener¢ ey cigen- 
value, and is analogous to the decreasing exponential i in Eq. 18, page 
185; (b) a factor r’ which characterizes the trend of the wave function 
near the nucleus and depends only on the centrifugal force; (c) a poly- 
nomial of degree n — 1 — | = n, which is an oscillating function of r 
with n, nodes, of a type called “associated Laguerre polynomial”; and 
(d) a numerical factor which depends on the size of the outermost inter- 
ference fringe and is such that the total probability of all eleetron posi-. 
tions equals one. . 


14.3. Stationary States with Electron Flow 


Stationary states with a net flow around an axis exist and can be re- 
presented by the superposition of two states with no flow. The axis 
can be chosen as the axis of polar coordinates, and the component states 
with no flow have then the same quantum numbers 7,1, and m, and the 
different positions of the fringes indicated by a = 1 or a = 2. A pair 
of states with flow in opposite directions about the z axis is indicated by 
the quantum numbers (n,l,m), where m is called the “magnetic quantum 
number” and has the values -km. These states relate to the states 
(n,lm,a) with a = 1 or a = 2 in the same way as the momentum cigen- 
states represented by Eq. 1, page 179, relate to the states with no flow 
and with interference fringes represented by the wave functions (2), page 
179. In each state (n,l,m), the probability of the electron position is 
uniform along each parallel circle, that is, independent of ¢. The wave 
functions of these states are 


(rnb) = ilnneliongelin ag) 


with 


([m) = | atelm 1) + v7 (| m,2) |- <0 (cosmd + 7 sinmé) 


1 1 
= a i = a '"* form =m #0, 19a 
Von Vin (184) 
j 1 . 
m) = |—- 1 —— 12 = etme stm 
(lm) = [5 lm) ~~ im) | = Foz =< 
form = —m#0, (19D) 


I 


(d{m) = (¢|m) = a form =m = 0, (19e) 


-and with 


ll 


(—1)™(6| l,m) for m = m, (20a) 
(6|2,m) form = —m. (200) 


(8| l,m) 
(6| Lm) 


I 


Il 
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The formulas (19) are summarized by the single formula 


(p|m) = = em for all m. (21) 
, V 20 
The factor (—1)™ jn (20a) is introduced for convenient standardization. 
One may consider as a complete set. of stationary bound states of the 
hydrogen atom the states with the wave functions (18), where m takes 
all the 21 + 1 integral values between —I and l, | takes all the integral 
values between 0 and n — 1, and n takes all integral values larger than 
zero. This set is an alternate to the set of states represented by the wave 
functions (13). The states of this new set are eigenstates of the angular 
momentum component l,, with the eigenvalues mh. 


In the wave function (21) one may indicate the quantum number m as l/h and 
write 


1 L, 
ieoeeesaeer eee em 21’ 
(o|l.) ae (iz 4) (21) 


a h, 


The angular momentum component 1, is thus seen to be related to the longitude co- 
ordinate ¢ of the electron position by probability amplitudes with the same mathe- 
matical form as (2|pz). The eigenvalues of l, and the probability amplitudes (¢|J.), 
which describe the eigenstates as combinations of position eigenstates, can be de- 
termined directly by formulating and solving the pertinent Schroedinger equation. 
Starting from an expression of (lz) = (wpy — ype), the procedure of Chapter 12 yields 
the equation 

Soca welds (22) 

L Op 


This equation has the eigenvalues 1, = mii, with m integer, and the eigenfunctions 
(21’). Notice the similarity of this equation to lq. 11, page 145, which is the Schroed- 
inger equation of momentum eigenstates. 


14.4 Off-center Electron Distributions 


The stationary states of the hydrogen atom considered thus far are 
eigenstates of the squared angular momentum I?. Their interferenee 
fringes are distributed about the nucleus with such symmetry that the 
mean position of the electron lies at the nucleus. Because stationary 
states with equal n and different | have the same energy and different 
eigenvalues of 1’, the hydrogen atom has also stationary states which are 
not eigenstates of I’, and may be described as superpositions of states 
with equal n and different /. The mean position of the electron differs, 
in general, from the position of the nucleus in any state which is not an 
eigenstate of I’. An off-center probability distribution of the electron 
position is favorable for the formation of chemical bonds, as will be seen 
in Chapter 20. 
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The simplest. and most important examples of stationary states with off-center 
distribution arise from the superposition of states of the type 2s and 2p, that is 
n = 2,1 =0, and n = 2,/ = 1 (see the code names on page 202). Superposition of 
2s and 2p, with equal amplitudes yields, according to (13), (15), (16), and (17), 

1 1 
5 (r,0,|2,0,0) + Va (r,0,@ |2,1,0) 


! 1 1 2 , a 1 1 =e 5) 
= SS = grite ( om 1) + ——= VF cosa = -rpra! 
© we yy GOS eT ae oe 

as V2 / 20 V3Qa)  U 


1 I tbe (' +2 1) : 
=e aoe -— ) 64 
2S 4raé 2a (23) 


where z = r cos9, see footnote 38, page 196. This wave function has a single nodal 
surface represented by the equation r + 2 = 2a, that is 2 = a@ — (a® +- y”)/da, which 
is a paraboloid with the axis z as axis of symmetry. The bright fringe outside this 


paraboloid includes a higher total probability then the inner one (see Vig. 14.11). 


|? 


Probability 
Above 0.010 per cubic Bohr radius 
0.003 to 0,010 per cubic Bohr radius 
0.001 to 0.003 per cubic Bohr radius 
0 to 0.001 per cubic Bohr radius 


Fig. MALL Off-center probability distribution of the electron position in a hydrogen 
atom. This stationary state is a superposition of states (n = 2,1 = 0), and (n = 2, 
/ = 1), with equal probability amplitudes. 

Because the probability distribution is symmetrical about the 2 axis, in this state 
the mean position of the electron lies on that axis at the coordinate 


ey = Be Eee a gt (Sf a 1) | 
2 VS 4Ara 2a 


ee °° 1 ie en ER ae 
= f dx f dy f dez ele Va Pte +2 — 2a)? = 8a. (24) 
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The state with the wave function 


1 : ail 
os (7,9, | 2,0,0) = Va 


/2 
is equivalent to (23) but has opposite orientation along the z axis. It is orthogonal 
to (23). The pair of states represented by (28) and (25) constitutes a set alternative 
to the pair 2s, Qp,. a‘ 
Superposition of 25 and 2pz with amplitudes in a ratio 1:+/2 yields a state with 


the wave function 
L ie ea tlta (: BR v2 sd _ ) (26) 
V6 V4003 2a 


ole 1,0) =e ( oe 1) " (25) 
my 2? 2 /4ras 2a 


V4 (7,0,612,0,0) + V2 (7,0,6]2,1,0) = 


‘The single nodal surface of this wave function is a paraboloid somewhat wider than 
that of (23) and with the same axis of symmetry, namely, the z axis. The mean 
position of the electron in this state lies at (z) = 2./2 a = 2.83a. Two stationary 
states orthogonal to (26) are obtained from the superposition of 2s, 2p,, and 2pz} 
their wave functions are 


VF (7,0,612,0,0) — V¥ ,6,6,12,1,0) + VE (7,0,612,1,1,)- (27) 


“Lhese two states (with -- or — sign) differ from (26) in that their axis of symmetry 


lics in one of the two directions within the xz plane which form an angle of 120° with 
the z axis. The three states represented by (26) and (27) constitute a set alter- 
nitive to the set of three states 2s, 2p, and 2p,. A pair of wave functions orthogonal 
to (26), with their axcs in the yz plane, is obtained by replacing in (27) the pz funetion 
(r,9,6|2,1,1,1) with the p, function (r,0,¢}2,1,1,2). 

Finally, superposition of 2s and 2p, with amplitudes in a ratio 1:+/3 yields a 
state with the wave function 


tease Lotagem (tVEs_,) 
= (79,6) 2,0,0) + —— (7,0,¢|2,1,0) = —-———= e77/24 (cvs —i}-. (28 
5 |2,0,0) + 9 (7,0,6| ) A/a ace (28) 


This wave function has a nodal paraboloid surface still wider than (26) and the 
same symmetry about the z axis. The mean position of the electron lies at (2) = 
8/3 a = 2.600; Three stationary states orthogonal to (28) are obtained from the 
superposition of 2s, 2p,, 2p,, and 2p,; their wave functions are 


: 

» (7,0,6|2,0,0) ee (r,0,6]2,1,0) + a (7,0,6|2,1,1,), 

2 24/3 3 

1 “f I 1 

5 (6 |2,0,0) — Ji (70,0 |2,1,0) — 4 (r,0,6[2,1,1,1) + vt (r,0,¢ |2,1,1,2). 
(29) 


The four states (28) and (29) have axes of symmetry that point towards the vertices 
of a tetrahedron with its center at the origin of coordinates. They constitute a set 
of states alternative to the set 2s, 2pz, 2p,, and 2p,. 


EFrECT OF NUCLEAR MOTION 215 


14.5 Effect of Nuclear Motion 


The Schroedinger equation we have considered thus far pertains to the motion 
of an electron under the influence of a foree whose strength and direction depend 
only on the position of the electron. The force acting on the clectron of a hydrogen 
atom does not quite fit this specification. It depends on the position of the nucleus 
and the nucleus is itself in motion-subject to the attraction by the clectron. How- 
ever, the nucleus, being much heavicr than the electron, moves much more slowly 
and henee was correctly regarded as fixed in a first approximation. . ; 

To formulate the Schroedinger equation, taking into account the nuclear motion, 
one may write the total kinetic energy of the nucleus and electron in the form 


1 


9 9 
K = ag hg PN Pe 
y= 3 myon” + 3 Mee = 


2mn Qe 


, (80) 


and then calculate its mean value in a state represented by the probability amplitudes 
(ry,re|a) of finding the nucleus at ry and the electron at re. Proceeding as in Sect. 
12.2, one finds, instead of Eq. 18, page 173, . 
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and the Schrocdinger equation becomes, instead of (2), page 170, 
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(82) 
In this equation, the potential energy depends, of course, on the relative position 
of the two particles r = fe — tN, and the eigenvalue F# represents the total energy 


Qe 


of the two particles. 

Beeause the force depends only on the relative position of the two particles, one 
wants to treat separately their relative motion and their collective motion. The col- 
lective motion may be regarded (see Appendix TTT) as a motion of the total mass 


M = my + my (33) 


as though it were concentrated at the center of mass 


- nin Me 


= =e fee 34 
R= apt tor* BY) 
To this end, the total kinetic energy may be expressed as in Eq. 19, Appendix NT, 
1 , 1, Pp 
C= = MV? + 5 wt = = 35 
Kg MV + ow = on a (85) 
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indicates the reduced mass. (‘The approximate expression on the right holds insofar 
as me K myx.) The mean value of the kinetic energy in this form can be calculated 
in terms of a wave function (R,r|a) by arguing that the wave functions (R|P) and 
(rip) have the same mathematical form as (relp.). Alternatively, one may prdéceed 
as in the formulation of the equation in polar coordinates (Sect. 14.2) by transform- 
ing the coordinates in (81) and (82) from (ry,re) to (R,r). The Schroedinger equation 
becomes . 


_# pee a(R,r |Z) mer] 


ex? oy? AYA 


als a PRr|B) , %\Rr| LB) 


: : P| + VORrz) = RrlAE. (37) 
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Here, as in Sect. 13.2, separate terms on the left side depend on the separate variables 
Rand r, and one may also regard the energy eigenvalue as the sum of two terms 

= Ky + Bn, (38) 


of which the first one represents the kinctic energy of the collective motion of the 
whole atom, with mass M, and the second term represents an eigenvalue of the 
internal energy of the atom. The collective and relative motions are then indepen- 
dent and one may factor the probability amplitude, again as in Sect. 13.2, 


(Ryr|B) = (RI Ka)(t| Bn) (39) 


The wave function (R| Kar) obeys the Schroedinger equation for a free particle of 
mass M, and the wave function (r|Z,) obeys the equation 


- i? pase (c|E,) Pr] Bn) 


Qu ox” oy" oz" 


| + VQ)(t] By) = (c|E,)En, (40) 
which has the standard form utilized in the earlier applications. The only difference 
is that the reduced mass » of the electron and of the nucleus enters in (40) instead 
of the clectrow mass m,, and that the coordinates (x,y,z) are coordinates of the 
electron in a moving frame of reference attached to the nucleus. 

The results in the preceding sections need therefore only to be reinterpreted 
‘slightly, and to be corrected by replacing m, with uv in the expression (2) of the Bohr 
radius @ and in the expressions (8) and (9) of the energy eigenvalues #,. Accord- 
ing to (36), this correction amounts to a fraction ~me/mn, which is less than one 
part in one thousand. As pointed out at the end of Chapter 4, this correction is 
different for hydrogen isotopes with different masses my and greatly improves the 
agreement with experimental results. 


PROBLEMS 


14.1 Following the impact of an electron, a hydrogen atom is in a nonstationary 
state b(t) identified, at the time ¢ = 0, as a superposition of states (n,l,m) by the fol- 
lowing set of probability amplitudes: (1,0,0]0(0)) = Vi, (2,1,0|b(0)) = 4, (3,2,0[b(0)) 
= 4, all other (n,J,m[b(0)) = 0. Calculate, as functions of : (a) the wave function 
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(r|b(Q), (6) the probability distribution of the clectron position |(r]b(@) [°, (c) the mean 
position (r) = ((x), (y), ()). 
14.2 Calculate the mean potential energy (—e?/r) of the electron of a hydrogen 
atom in stationary states with quantum number n = 1, 2,3 +--+. (Utilize the wave 
ss on 
functions from Sect. 14.2 and the formula f é” exp(—£) d= = nl.) Compare this 


mean value with the energy eigenvalue, thus obtaining the mean kinetic energy for 
the various stationary states. 


chapter | 5 da ct crus sitet ean case bese aeeuaeenimaeets 


The electron spin 


The hydrogen atom tuts stationary states with a net clectron flow, 
described in Sect. 14.3, which are eigenstates of a component I, of ii 
orbital angular momentum. The electron flow constitutes a current 
circulating about the z axis, such as one detects through the magnetic 
experiments described in Sect. 7.2, namely, molecular beam deflection 
and modification of optical spectra by a magnetic ficld (Zeeman effect). 
One can readily predict the magnitude of the magnetic effects of the 
electron flow within atoms, which is called an “orbital current.” This 
flow must yield an effective magnetic moment proportional to its orbital 
ene momentum. ‘The proportionality factor, called “gyromagnctic 
ratio,” depends only on the charge-to-mass ratio of the electrons and 
equals — e/m.c, where ¢ is the light velocity (Sect. 15.1e). 

These predictions are not fully borne out by the magnetic experiments 
with hydrogen atoms, whose results are more complicated than expected 
on the basis of orbital currents. Asa preliminary to the analysis of these 
results, it is shown in Sect. 15.1 how magnetic experiments determine 
the angular momenta of circulating currents. A magnetic field exerts a 
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torque upon any current circulating within an atom; the effect of the 
torque is a change of angular momentum of the atom, demonstrated by a 
change of current orientation. The angular momentum can thus be 
defined without any reference to the flow of electrons. Magnetic experi- 
ments determine the cigenvalues of the angular momentum and’ the 
gyromagnetic ratio which relates it to the magnetic moment. ‘The 
gyromagnetic ratio so defined docs not coincide, in general, with the 
value expected for electron orbital currents, 

A beam of hydrogen atoms in their ground state splits into two com- 
ponents when traversing a Stern-Gerlach magnet; whereas in this state 
there is no orbital current (see pages 191 and 192) and therefore there 
should be no splitting. The field in the, Stern-Gerlach magnet resolves 
the ground state into two stationary states whose angular momentum in 
the direction of the magnet axis is +-3% and whose gyromagnetic ratio 
is —e/m.c (instead of —te/mc). This angular momentum and gyro- 
magnetic ratio belong to a circulating current which is a property of the 
electron, independent of the orbital motion. Ixperiments on hydrogen 
atoms in their excited states, and on other atoms, consistently show the 
coexistence of two types of currents, the orbital current, and a “spin 
current” which appears to circulate within the electron (Sect. 15.2). 

The interaction of the electron spin current with orbital currents and 
with the fields of magnets will be discussed in the next chapter. Even 
though these interactions are weak, the electron spin has a major in- 
fluence on the structure of atoms and molecules by the very fact that 
it has two alternative states of orientation with respect to any field or 
current. The number of mutually exclusive, that is, orthogonal, states 
of the electron is thereby doubled. 


15.1 Current Circulation and Angular Momentum 


(a) Mechanics of Larmor precession. This section shows how 
one may define and determine the angular momentum of atomic particles 
by means of magnetic experiments, in particular by an analysis of the 
Larmor precession phenomenon, which was described in Sect. 9.1. The 
Larmor precession results from the action of a uniform magnetic ficld 
upon intramolecular currents and consists of a change of orientation of 
the currents. It provides information on the angular momentum be- 
cause the uniform field exerts a torque on circulating currents (sce page 
87), and the effect of a torque may be expressed as a variation of angular 
momentum. 

The angular momentum j of a macroscopic body remains constant as 
long as no torque acts on the body. In the presence of a torque, the 
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angular momentum varies in the course of time at a rate dj/dt equal to 
the torque M. (Similarly, the momentum p of a body varies at a rate 
equal to the force acting on it.) The macroscopic equation between 
angular momentum and torque is interpreted in quantum mechanics 
as an equation between the mean values of these quantities, 


dt 


The torque exerted by a magnetic field upon a macroscopic current loop 
is represented by the vector product of the magnetic moment of the loop, 
1, and of the field, H, namely by M = p x H. The magnetic moment 
}. of a flat current loop has a direction perpendicular to the loop and a 
magnitude equal to the current intensity 7 times the area A of the loop. 


(M). (1) 


(a) (b) 


Fig. 15.1 (a) Diagram showing the direction of the mean torque (M). (b) Diagram 


showing the Larmor precession of (#), with a parallel to (M). 


“The action of a field on atomic currents may be similarly represented 


by a mean torque (M) = (u) x H (ig. 15.1), where the mean magnetic 
moment (jt) is defined by the characteristics of the atoms and by the 
method of preparation as follows. Given a beam of atoms, for example 
in their ground state but with unspecified current orientation, analysis 
by filtration through a Stern-Gerlach magnet ! oriented in the z direction 
resolves the beam in a number of eigenstates of current orientation. 
Hach eigenstate is identified by a deflection of the molecules proportional 
to the eigenvalue of the effective magnetic moment y, in the z direction. 

1In a magnet of this type the field is not uniform and exerts a deflecting force on 


the molecules; the effect of filtration is due to this force rather than to a torque, seo 
page 87. : : 
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The cigenvalues of wz (called yore in Chapter 7) are equally spaced and 
are represented by the formula (17), page 90, uz = wm/j. In this 
formula, y indicates the largest of the eigenvalues of 2, 4/7 is the con- 
stant difference between successive eigenvalues, 27 ++ 1 is the number 
of cigenvalues, and the quantum number? m, which runs in integral 
steps from —j to j, identifies a particular cigenvalue. The mean deflec- 
tion of all molecules of a beam, as they emerge from the Stern-Gerlach 
magnet, determines the mean value (uz). Independent analysis with 
the magnet oriented along other coordinate axes determines the mean 
values (u,) and (,). The mean vector (4) is defined as the vector with 
components (uz), (Hy), and, (uz). The dtoms of a beam prepared by 
filtration through a polarizer magnet have their mean magnetic moment 
(w) parallel to the polarizer axis. 

The effect of the mean torque (1) x H upon the atomic currents is 
demonstrated by the Larmor precession experiment described in Scct. 
9.1. The mean torque drives the axis of current circulation, represented 
by the direction of (p), around the direction of H. The rate of precession 
of (4) around H can be represented by a vector, namely an angular 
velocity @, directed along the axis of precession and of magnitude pro- 
portional to JZ. The negative ratio —w/H is called the “gyromagnetic 
ratio” y. Its magnitude is. found experimentally to be equal to the 
difference »/j between successive cigenvalues of uz, divided by the 
Planck constant i, 

a Me 

Hh 
The law of variation of (2) in the Larmor precession experiment is re- 
presented, in terms of @ or of ¥ and H, by the eqtiation 


dp) 


dt 


(2) 


=o x (L)-= —7yH x (p), (3) 


which is illustrated in Fig. 15.1). Since the vector product —H x 
(nu) = (nu) x Hin this equation is the mean torque (M), the experimental 
law (3) may be combined with the mechanical law (1) to yield 


du) dj) 
— = 7(M) = y-— ; (4) 
dt ; dt 

2 Ay will be scen, the number m may, but need not, coincide with the quantum 
number m which characterizes in Sect. 14.3 the eigenstates of an orbital angular 
momentum component l,. , 

3 Two analyzers perpendicular to the polarizer but opposite to one another must 
yield equal mean deflections, because they form equal angles with the polarizer 
(Sect. 7.20), but deflections of opposite sign since their directions are opposite. 
Therefore, any component of (») perpendicular to. the polarizer must vanish. 
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Further evidence on the angular momentum is provided by the fact 


that the torque causes the direction of (y.) to precess around the direction 
of H without approaching it. The action of a torque, like that of a force, 
is opposed by the inertia of the body to which it is applied. A’ body 
which is pulled toward a fixed point or twisted toward a fixed axis may 
be prevented by its inertia from yielding respectively to the pull of the 
force or to the twist of the torque. Thus a planet moving on a circular 


orbit never gets closer to the sun, despite the gravitational attraction 


Precession 


ree 


~ 


Support 
reaction 


Torque 


Fig. 15.2 Gyroscopic precession. 


which is just sufficient to deflect the planet’s momentum along the curved 
orbit; the inertia is represented by a centrifugal force that balances the 
attraction, Similarly, a top with a skew axis spinning on its tip is pulled 
by its weight to fall sideways; (the combination of the weight and of the 
support on the tip constitutes a torque, as shown in Fig. 15.2). It is well 
known that the top does not actually fall as long as it spins rapidly, but 
precesses around the vertical direction through the tip. This change 
proceeds ata rate equal in magnitude and direction to the torque exerted 
by the weight, much as the rate of change of the planct’s momentum 
is equal to the gravitational force. The Larmor precession of intraatomic 
currents is quite analogous to the precession of a top and is accordingly 
called a “gyroscopic” motion. The failure of the torque to bring (p) 
closer to H shows that the mean angular momentum (j) has such a 
magnitude and direction that its precession balances the torque. 

If the mean angular momentum (j) precesses together with the mean 
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magnetic moment (p.) with the angular velocity @, the resulting rate of 
variation of (j) is given by a formula equivalent to (3), namely, 
d(j)/dt =» x (j) = —vH x (j). This rate of variation equals the 
mean torque (M) = —H ~ (p), provided that (j) and (jw) are pro- 
portional to one another at all times according to 


2) = ri). ©) 
Equation 4 ensures that this formula will hold at all times provided only 


that it holds initially. 
The proportionality of (4) and (j) permits an experimental determina- 


tion of the angular momentum of atomic particles by magnetic experi- 


ments. 

(b) Eigenvalues of the angular momentum. The experimental 
value of the gyromagnetic ratio y is the same for all states of current 
orientation of the particles of a beam. The vector equation (5) means 
then that all components of (). and (j) are in the same fixed ratio 
¥ = (ie)/(e) = (y)/ (iy) = (u2)/ (j,). Any two quantities whose mean 
values are in a fixed ratio must have common eigenstates and eigen- 
values in that ratio. Particles that are in an eigenstate of current cir- 

axis with eigenvalue yu, of the magnetic moment are, 


culation about a 2 axis eG 
therefore, in an eigenstate of angular momentum about the z axis with 


cigenvalue j, = pz/y. The eigenvalues of j, turn out to depend only 
on the number of components into which a given beam splits upon 
filtration by a Stern-Gerlach magnet. 

Since successive eigenvalues of yz differ by u/j, and since y = p/jh 
(iq. 2), successive cigenvalues of jz differ by -(u/7)/y = (u/7)/(u/Ih) 
= fi, This requirement is fulfilled by the eigenvalues of the component 

l, = mh, with integral m, which were 


of orbital angular momentum, ¢2 = 
calculated on page 212. Moreover, the factor « of the gyromagnetic 
atio represents the largest eigenvalue of uz; therefore the corresponding 

This requirement is also fulfilled by 


eigenvalue of 7, is u/(u/jh) = jh. 
the eigenvalues of 1, but only when j is an integer and coincides with 
xr i4. On 


ce = | 
the orbital angular momentum quantum number / of Chapter 14. 
the other hand, the quantum number j determined by molecular beam 
experiments may have half-integral values; this happens for beams 


which split into an even number of components (page 90). Thus the 
angular momentum of some atomic systems, as defined by their behavior 
in magnetic ficlds, has sets of eigenvalues in excess to those of the orbital 


angular momentum of a particle’s motion with respect to a center of 
coordinates. Summarizing, a component py; of the magnetic moment p 
has the eigenvalues indicated in Eq. 17 page 90, namely, uin/j, where 
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m is a number that varies in steps of one from —j to j; the value u/jh of 
the gyromagnetic ratio requires a component j, of j to have the eigen- 


(6) 


values 
jz = mi, 


with the same limitations on m. 

As mentioned on page 221, molecular beam particles which are in an 
cigenstate of u, have their mean magnetic moment (p) directed along 
the 2 axis, so that (uz) = (uy) = 0. It follows that the mean components 
of the angular momentum (je) and (jy) vanish for any particle in an 
eigenstate of 7,. On the other hand, the mean squared values ux"), 


ay); and (jz”), (7,7), do not vanish, in general, for particles in an cigen- 


state of uz and j,. These mean square values can be calculated, since 


the probability of each eigenvalue mh of j, or jy is known for particles 
This probability can be taken from the Table on 


in an eigenstate of 7 Ix 
It is particularly important that each eigen- 


page 92 with @ = 90°. 
state of 7, proves to be an cigenstate of j,” + 7,74 with the eigenvalues 


je toy = iG + LD) — mh? (7) 


Therefore, all eigenstates of j, are also eigenstates of the squared angular 
momentum j? = j,” + j,? + j.", for molecular. beams that split into a 
simple pattern as assumed in Chapter 7. Even though the eigenvalues 
jz = mh depend on m, the eigenvalues of j? depend only on Jj, since 
PsjP +g +52 = G+ — mR? + mn? =i + DR (8) 
These cigenvalues coincide with the eigenvalues of the squared orbital 
angular momentum 1? (page 200) when j is an integer and coincides with 
l. Any molecular beam whose particles are homogeneous except for 
current orientation and that splits into 27 + 1 components in a Stern- 
Gerlach experiment can be regarded as a combination of eigenstates of 
jz and is therefore in an eigenstate of j? with the eigenvalue (8). That is, 
the squared angular momentum of atomic particles is determined by the 
number of states of orientation of their internal currents separated by a 
Stern-Gerlach magnet. 

(c) Gyromagnetic ratio of orbital currents. Experimental 
measurements of the gyromagnetic ratio y serve to test assumptions 
about the mechanism of current circulation within atoms by comparing. 


To prove this, one must show that the mean value of (j.2 + 7,2)? is just. the 


square of the mean value of j,” + j,?; the proof requires not only the probabilities 
given in the Table on page 92 but also the corresponding probability amplitudes in 
The proof can also be given by equivalent but more direct 


the Table on page 116. 
mathematical procedures. 
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experimental and calculated values. The calculation of y is simple when 
the current consists of a charge transport by pointlike particles in any 
state of motion with a net flow along closed loops. Given a uniform 
magnetic field of strength H in the z direction, the energy of any current 
loop is —1A,H, where 7 is the current intensity (in electromagnetic units) 
and A, the area enclosed by the loop projected on a plane perpendicular 


to z (sec also page 87). The product 7A, is the magnetic moment com- 


ponent yu; of the loop. If the current consists of a charge q which re- 
volves around the loop n times per second, we have tA, = gnA,. The 
product nA, equals the component (, of the orbital angular momentum 
of the particle divided by twice its mass. The proof of this statement is 
simplest for a circular loop: calling r the radius of the loop, v the velocity 
of the particle and m its mass, we have nAz = (v/2mr)(ar*) = dor = 


E(mer)/m = $l,/m. The gyromagnetic ratio is therefore 


uz qhle/m) ba 
yore e=--. | (9) 
L, l, 2m : 


That is, the gyromagnetic ratio depends only on the specific charge of 
the carrier particles. [For an electron the charge q, in electromagnetic 
units, is —e/e (c = light velocity) and m = me, so that the gyromagnetic 


ratio of any electron flow along closed loops is 
le 
: (10) 


| an 


2 mC 


It will be scen that the experimental values of the gyromagnetic ratio 
of atoms do not agree, in general, with the calculated value (10). There- 
fore, internal atomic currents do not consist entirely of a flow of electrons. 


15.2 Evidence on the Electron Spin 
(a) Nature of experimental information. Fividence on intra- 
atomic currents is provided by molecular beam experiments and by 
observation of the Zeeman effect, that is, of the optical spectra of atoms 
in a magnetic field. The interpretation of molecular beam experiments 
is very direct, but these experiments are performed mainly on atoms in 
their ground state. On the other hand, the determination of atomic 
has very extensive applications, but 


energy levels from the Zeeman effect 
requires-a detailed analysis of the observed wavelengths of spectral lines, 


taking into account their relative intensities. Both types of experiments 
determine in last resort energy eigenvalues of atoms in a uniform mag- 


netie field. 
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The number of different energy eigenvalues increases in the presence 
of a magnetic field because the energy of an atom includes a magnetic 
term which depends on the orientation of internal currents with respect 
to the ficld. If the field direction ig taken as the z axis, the magnetic 
energy is —p,IT (Iq. 18, page 93); one may express wz as the product 
of the angular momentum component j, and of the gyromagnetic ratio 
(2), y = w/jh, and write , 


ae on ~pll ae —yj FT = —ymhH. (11) 


When a group of energy levels is separated by the action of a magnetic 
field, the number of levels identifies, in general, the angular momentum 
quantum number j, and the spacing yiH between levels with successive 
values of m measures the gyromagnetie ratio y. For the excited states of 
the hydrogen atom, however, the analysis is complicated by the unusual 
circumstance that in the absence of a magnetic field states of different 
squared angular momentum I? have the-same energy, in the approxima- 
tion of Chapter 14. Relativistic corrections, due to the fact that the 
clectron’s velocity is not altogether negligible with respect to the light 
velocity, make the energy dependent on 12, but only by a very small 
amount, comparable to the level separation by a magnetic field. The 
combination of comparable effects complicates the analysis. 

Valuable and clear-cut evidence is provided by experiments with ele- 
ments other than hydrogen, particularly with the alkaline metals. An 
ukali atom may be regarded in good approximation (see Chapter 18) 
as a combination of a single electron and of a positive ion which acts as 
a center of attraction. The classification of stationary states is then 
quite similar to that of the hydrogen atom, but states with equal n and 
different 1 have different energies. 6 

Additional evidence on intraatomic currents and their magnetic effects 
is provided by the “fine structure” of atomic spectra, that is, by the 
occurrence of tight groups of energy levels in the absence of an external 
magnetic field. The well-known “doublet” of the sodium spectrum, 
consisting of two yellow lines with wavelengths of 5890 and 5896 A, is 
due to transitions originating from two closely spaced energy levels. The 
interpretation. of the fine structure will be given in the next chapter. 


’ The energy levels of the hydrogen atom are independent of | owing to a special 
property of the attraction by a pointlike nucleus, see footnote 8, page 205. 


°'The azimuthal quantum number | of energy levels was determined empirically 


by spectral analysis even before its mechanical significance was established. ‘The 
classification of 1 values.rests on the fact that light is emitted or absorbed with great 
intensity only in transitions in which an electron gains or loses one unit of angular 
momentum (see Appendix IX), 


td 
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(b) Results. The following qualitative results on intraatomic cur- 
rents cannot be interpreted entirely on the basis of a flow of electrons of 
the type considered in Chapter 14. 


(1) Beams of hydrogen atoms in their ground state split into two - 
components upon analysis with a Stern-Gerlach magnet, whereas no 
cleetron flow exists in this state, according to the qualitative and mathe- 
matical analysis of the clectron motion, That is, magnetic analysis 
reveals the existence of two ground states whose energies coincide in the 
absence of a field. A number of energy levels double that expected from 
the study of electron motion is observed by magnetic analysis of all 
systems with a single electron, notably in the spectrum of hydrogen and 
of the alkalies. The occurrence. of fine structure doublets in the alkali 
spectra is similarly unexpected on the basis of electron motion. 

(2) The observed gyromagnetic ratios depart, in general, from the 
value — 4¢/m.c, which is expected according to Inq. LO for currents con- 
sisting of an electron flow. The circulating currents detected by mag- 
netic analysis in the ground states of hydrogen, of the alkalies, and of 
other atoms, for example, Ag, have a gyromagnetic ratio, —e/m,c, double 
that of orbital currents. 

(3) The splitting of ground states into two components, and, in 
general, the splitting of any energy level in an even number of com- 
ponents, is incompatible with the assumption that the squared angular 
momentum j? of the level arises entirely from the rotational motion of 
electrons. (The squared orbital angular momentum I of the rotational 
motion has the eigenvalues U(l + LA”, with | integer, and it has an odd 
number, 21 + 1, of eigenstates for each eigenvalue.) . In other words, the 
experimental occurrence of states of current circulation with half-integer 
quantum numbers m and 7 is not accounted for by the’ orbital motion of 
the electrons. Even numbers of components and half-integer quantum 
numbers are observed for all levels of atoms with an odd number of clec- 
trons and never for atoms with an even number of electrons. 

These results can be sorted out empirically in terms of two types of 
circulating currents, one of which consists of an electron flow, as cex- 
pected from the earlier treatment of the electron motion, and another 
one, called the “spin current” which requires further definition. From 
this standpoint onc may state that: 

(4) Stationary states with no orbital motion, that is, with l= 0, and 
without- any electron flow exhibit spin currents with gyromagnetic 
ratio —¢/me. . 

(5) Stationary states with | #0, which are expected to exhibit an 
orbital current, exhibit in general circulating currents whose gyromag- 
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netic ratio is neither —4¢/m c nor —e/m,c. This result indicates a 
coexistence of orbital and spin currents and is associated with the oc- 


currence of the fine structure in the spectra. 

(6) In atoms with an even number of electrons, some of thé cnergy 
levels have no fine’ structure. The stationary states of these levels ex- 
hibit circulating currents attributable entirely to electron flow with a 
gyromagnetic ratio — $¢/m.e. 

(¢) Conclusions. Even though the experimental observations on 
circulating currents are not accounted for by the treatment of electron 
motion outlined in Chapter 14, that treatment proves quite successful 
in many respects. Not only does it yield the correct gross spectrum of 
energy levels and the size of the hydrogen atom but also many other 
correct results, for example, the intensity of spectral lines and the energy 
eigenvalues of the atom when subjected to an electric field. Besides 
these successes, one must consider that currents consisting of electron 
flow appear to be present, as predicted in Chapter 14, even though ac- 


companied by other currents. The treatment of Chapter 14 appears 


thus to be incomplete rather than erroneous. 
Let us recall that the objective i in Chapter 14 was to Fepeeeitss a com- 


plete set of energy eigenstates as combination of position eigenstates of 
the clectron. It ean be verified. that the problem so formulated was 
solved completely, that is, without overlooking any combination of 
position cigenstates.7. The detection by magnetic experiments of twice 
as many stationary states as predicted in Chapter 14 means that station- 
ary states are not described fully in terms of the position of the electron. 
The electron must then have another variable with just two cigenvalues, 
no more, no less; otherwise the number of stationary states would not 
be just doubled. This variable must be independent of the position co- 
ordinates and compatible with them, that is, cither of its eigenvalues is 
consistent with any eigenvalue of the Siceinon position. It also interacts 
very weakly with other characteristics of the electron motion, as shown 
by the small separation of the energy levels in the fine structure. 

The additional variable is represented by a quantum number which 
identifies the eigenstates of spin current circulation about an arbitrary 
axis. Stationary states that exhibit only spin currents, such. as the 
ground state of hydrogen (item (4) above), are identified by eigenvalues 

fo) 


, 
of the angular momentum component in the direction of the magnetic 
field, jz = mi = +5h. One takes the magnetic guantum number 


The set of states classified in Sect. 14.1 is “complete” in the sense indicated on 
That is, any state of an electron. 


page 97 when extended to include ionized states. 
which is represented as a combination of position cigenstates by probability ampli- 
states, a 


tudes (ra), can also be represented as a combination of stationary states, (r/a) 


Lima (r| Hime) (Elma a). 
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m = +4 in this formula as the spin current variable, with two cigen- 
values, 4 and —4. ‘Yo indicate that this quantum number pertains to 
the spin current, a subseript s is added to the gencral symbol m. The 


spin variable is then 
My = +4. (12) 


This variable describes adequately the relevant information about the 
spin current, since this current is detected and defined only by its angular 
The spin angular momentum is 


momentum and magnetic moment. 
usually indicated by the symbol s whose component along the z axis 


has the eigenvalues 
8, = mi =H (13) 


7 - 4 . 9 . 
The squared spin angular momentum 1s indicated by s” and has a single 
cterized, in analogy with other angular momenta, by a 
The eigenvalue of s? is 


Q° 


eigenvalue chara 
quantum number s with the single value 


s? = o(s+ 1A? = 3(G + YR = Th. (14) 


The spin magnetic moment has the eigenvalues 


therefore 


e ch 
be = TT —m,—h = ae: (15) 
Mel Mel 2m,.c 


The magnitude of these eigenvalues, 
g 


eh o erg oe _, ev 
= 9.0 xX 1072! —— = 5.6 X 10-° ——_ (16) 
gauss gauss 


Qmec 
is 2 convenient unit of atomic magnetic moments, called the “Bohr 
magneton.” For comparison, notice that the magnetic moment of an 
orbital current is, according to (10), uz = — 2(¢/me)l, = —3(¢/mec)mh 
— (chi /2m.c)m, that is, a multiple of the Bohr magneton. 
The spin current and angular momentum considered here must be o 
lectrons because all stationary states of an odd number of 


property of e 

atomic electrons have half-integral values of the angular momentum 
the value of j is integral when the number of clec- 
The occurrence of this current and 


quantum number j; 


trons is even (end of item (3)). 
angular momentum is regarded as a basie property of electrons, called 


“electron spin.’ 8 

8 Dirac has shown that the electron spin emerges automatically from a treatment 
of electron quantum mechanics which is consistent from the start with the require- 
ments of relativity theory. The treatment in this book extends to quantum physics 
the laws of ordinary, non-relativistic, macroscopic physics. Dirac's theory relates 
the spin to a persistent fluctuating motion of the electron’s charge and mass about 


an average position coordinate. 
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The next chapter outlines how the spin current combines with orbital 
currents through a weak magnetic interaction to yield the fine structure 
of alkali atoms and their observed Zeeman effect. It also indicates how 
the spin currents of different clectrons may combine with one another 
and particularly cancel out in pairs, in some instances, so as to leave the 


electron flow undisturbed. 


PROBLEMS 


15.1 Analysis by a Stern-Gerlach magnet splits a beam of nitrogen atoms into 


four components and determines that these atoms have a magnetic moment p= 


2.7 X 10-" erg/gauss (sce Problems 7.1 and 7.2). Calculate from these data the 
syromagnctic ratio of the atoms and thereby determine whether their magnetic mo- 
ment stems from orbital or spin currents, 

15.2 The spectral line of mercury at 1849 A splits, under the influence of a mag- 
netic ficld of 1000 gauss, into three components separated by 0.0016 A intervals. De- 
termine whether this Zeeman effect is normal or anomalous, and thereby determine 
the orbital or spin character of the current affeeted by the field. 


chapter 6 Ee aE PC TTS Pent aE CORDES ene es ee 


Magnetic interactions 
and the combination 
of angular momenta 


Orbital and spin currents exert magnetic forces on one another and 
are also influenced by external magnets. These magnetic forces are 
weak but influence greatly the type of stationary states and the spectrum 


of energy levels. Weak disturbances have a major effect when different 
stationary states have the same energy; for example, if there are states 
with the same energy but with different eigenvalues of an angular mo- 
mentum component, an infinitesimal torque may change one of these 
states into another one. ‘Chis chapter deals with the effect of magnetic 
forees on the orbital and spin currents of a single electron, and partic- 
ularly on the electron’s energy levels. TEemphasis is laid, however, on 
features of the treatment which occur in numerous problems of atomic 


and molecular physics. 
The first step of the procedure consists of singling out groups of states 


that would have the same energy if magnetic forces did not exist, namcly, 

states that differ only in the orientation of their orbital and spin currents. 

When the magnetic disturbance is introduced, there will be new station- 

ary states which can be represented as combinations of the old ones. 
231 
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Primarily, a weak disturbance combines states with the same, or nearly 
the same, energy; states with greatly different encrgy enter the combina- 
tion with negligible probability amplitudes. The treatment of weak 
disturbances relies on the approximation of disregarding combinations 
of states whose energy difference greatly exceeds the energy of the dis: 
turbance. In our problem, each combination includes only a group.of 
states with exactly the same energy, because energy differences between 
groups are-much larger than the magnetic interaction energy. It is help- 
ful that each group consists only of a limited number of states. 

The second step consists of identifying some predictable characteristic 
of the cigenstates of the total energy inclusive of magnetic interactions. 
Thus, in the absence of any str ong magnetic ficld, the total energy eigen- 
states are shown to be. eigenstates of the ag Ueeetl total (orbital -+ spin) 
angular momentum j? and of one of its components j, (Sect. 16.1). 

The next step of the procedure determines the eigenvalues of j? and 
jz for states represented as combinations of an initial group of states. 
Since the initial group consists of eigenstates of the squared orbital and 
spin angular momenta, I? and s®, and since j = 1+ s, this problem is 
called the “addition of angular momenta.” It is a problem that occurs 
often in atomic physics. With the eigenvalues of j?, I, and s? expressed 
in the form j(j + 1)A?, UL -+ 1)#?, and s(s + 1)#?, it is shown that, for 
given | and s, the possible values of j range in steps of one between 
the sum and difference of J and s, that is, are? 


jzHlt+s, I-+s—1,-+-, ld—s] +1, [g—s]. (A) 


pince s = 4 for the spin angular momentum, j takes only the two values 
| + 4, which accounts for the doublet fine structure of the alkali spectra 
(Sect. 16.2). 

Equation 1 also gives the rule for the combination of spin angular 
momenta in atoms and molecules with more than one electron. Com- 
bination of any.pair of spins with s; = s. = 4 yields only two possible 
cigenvalues of their squared resultant angular momentum, with j = 
8, + 82 = | and j = 8s; — sy = 0. The spin currents and spin angular 
momenta of electron pairs thus cancel out exactly when their combined 
state has 7 = 0, as anticipated on page 230. Any magnetic effect de- 
pends, then, only on orbital currents. 

Once the eigenvalues of j? are thus identified, the problem of magnetic 
interaction is already solved to a considerable extent. The eigenstates 
_ of 7? are just the energy eigenstates inclusive of interaction energy in 
the absence of an external field. The joint eigenstates of j? and j, are 

also approximately stationary states in the presence of a weak magnetic 


? The symbol |/ — s| indicates 2 — s or s — 1, whichever is non-negative. 
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field in the z direction. Details of the magnetic interactions necd not 
even be calculated for the purpose of a qualitative investigation. With- 
out any further detail, one can enumerate and classify the closely spaced 
energy levels which constitute the “fine structure” of energy spectra. 
For each level one can also determine the gyromagnetic ratio of the com- 
bined orbital and spin currents, which is the main characteristic of the 
anomalous Zeeman effect. On the other hand, when there is a strong 
external magnetic field, the orbital and spin currents interact with it 
more strongly than with one another, and the initial groups of states 
turn out to be approximately stationary (Sect. 16.3). 


16.1 Qualitative Analysis 


States of the hydrogen atom with a definite circulation of orbital cur- 
rent about the z axis have been described in Sect. 14.3. A’state of this 
type is identified by the set of quantum numbers (n,l,m) and is repre- 
sented as a combination of position eigenstates by a wave function 
(7,0,¢|n,l,m) (Eq. 18, page 211). A definite circulation of spin current 
about a divoction parallel to the z axis is specified by the quantum number. 
A state with a definite orientation of each separate current 


Ms = kd. 
with respect to the z axis is therefore specified by the set of four quantum 
numbers A 

; (n,ljm,me). (2) 


These numbers indicate that the state is an eigenstate of the following 
quantities: (a) spin angular momentum component sz with eigenvalue 
msi; (b) orbital angular momentum component /, with eigenvalue mh; 
(c) squared orbital angular momentum I? with eigenvalue U(1 + 1)A?; 
and (d) radial motion with n — 1 — 1 dark interference fringes. An 
alkali atom, regarded as a combination of a single electron with a positive 
ion, has states ‘identified by the same set of quantum numbers (2) as the 
hydrogen atom. 

States identified by the quantum numbers (n,l,m Ms) are nol, in 
general, stationary states, because of the interaction (“coupling”) of the 
orbital and spin currents. Hach of these currents generates a magnetic 
field which causes the other current to precess, much as in the Larmor 
phenomenon. However, the magnetic energy of the spin-orbit coupling 
is negligible’as compared to the differences between the energy levels of 
an electron which are found by the methods of Chapter 14. Therefore, 
one achieves a very good approximation by representing cach stationary 
state of the total energy, inclusive of magnetic interactions, as a combina- 
tion of a group of states (n,l,m,ms) with the same non-magnetic energy. 
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The treatment of the hydrogen atom meets a special difficulty at this 
point. Stationary states with equal and different 1 have the same 
energy, according to Chapter 14, but then the energy is modified by 
effects of relativity (see page 226) to an extent which depends on l. The 
modifications are comparable to the energy of spin-orbit coupling and 
therefore both effeets must be considered simultaneously in a realistic 
treatment. To avoid this complication, the treatment in this chapter is 
intended to apply to the single outer clectron of an alkali atom rather 
than to hydrogen. 

The non-magnetic energy is then dependent on both quantum numbers 
n and J, and will be indicated as E,). For given values of 7 and J, the 
total energy has eigenvalues close to Mp; and eigenstates represented by 
combinations of states (n,l,m,ms) with equal (7,1) and different (m,m,), 
that is, with different orientations of the orbital and spin currents. 
T here are 21 + 1 values of m for the given | and two values of ms, namely, 
+4 x therefore, we are considering a group of 2(21 + 1) states. 

To determine the total energy eigenvalues and the corresponding 
eigenstates, one might follow here the general -procedures indicated in 
Chapter 12 or in Appendix VIII. One would express the mean value of 
the total energy of the electron in a state represented as a combination 
of our group‘of 2(21 + 1) states with arbitrary probability amplitudes. 
The dependence of the mean energy on these probability amplitudes 
would then single out exactly 2(21 + 1) combinations which represent 
cnergy cigenstates. However, one may proceed more rapidly by noticing 
that in our problem the total energy eigenstates have a number of 
characteristics sufficient to identify them. 

The magnetic coupling between orbital and spin currents within an 
atom exerts no torque on the atom as a whole. Therefore, the coupling 
leaves unaffected the total angular momentum of the atom, which may 
be indicated as the vector sum of the orbital and spin angular momenta 


=I+s. (3) 


Spin-orbit coupling leaves, therefore, the mean ‘angular momentum (j) 
constant. It follows that the stationary states in the presence of spin- 
orbit coupling can be eigenstates of j? and of one component of j,”for 
example, of j, = 1,-+ s,. It will be shown in the next section that 
there are exactly 2(21 + 1) eigenstates of j? and j, with different cigen- 
values of these variables. Therefore, specification of these cigenvalues 
is sufficient to identify an eigenstate of the spin-orbit coupling energy. 

Prior to the development of quantum mechanics, it was not realized 
that components of the angular momentum in different directions have 
no common eigenstate (except when j? = 0), and that, therefore, j has 
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no definite direction.. The effect of spin-orbit coupling was then illus- 
trated by the diagram of Fig. 16.1 and by the statement that j remains 
fixed, whereas the coupling causes | and s to precess about j j. 

Eigenstates of j? and jz with the same eigenvalue of j* and different 
cigenvalues of j, must have the same energy of spin-orbit coupling, be- 
cause the component j, of the angular momentum relates to an arbitrary 
coordinate axis which is irrelevant to the spin-orbit coupling. 'There- 
fore, the spin-orbit energy can have only as 
many different eigenvalues as there are dif- 
ferent eigenvalues of j°. There are only {wo 
of these eigenvalues consistent with a given 
eigenvalue of 17, as will be shown in the 
next section. 

Consider now the total energy in the pre- 
sence of a magnetic field in the z direction. 
The energy consists of the non-magnetic 
energy /,7, of the spin-orbit coupling energy, 
and of the interaction energy with the field. |. 

In the first place, the energy depends now on Bie Wek Net vor mnodel ak 
; the addition and precession 
the value of j., so that cach energy level of oF angular momenta. 
spin-orbit coupling splits into as many levels 
as there are cigenvalues of j,; this number is 24 + 1 for states with j? 
jj + 1)#?. Second, the magnetic field exerts a torque on the orbital 
and spin currents and the energy cigenstates are no longer, in general, 
cigenstates of j?, but only eigenstates of 7, because the torque has no 
component in the z direction. However, eigenstates of j? and j, remain 
approximately eigenstates of the energy, as long as the energy of inter- 
action with the external field remains much smaller than the energy of 
spin-orbit coupling. A detailed calculation is necessary to identify the 
eigenstates when the coupling with the external field is comparable to 
the spin-orbit coupling. When the coupling with the external field pre- 
dominates, it is sufficient to consider that the energy of this coupling 
depends only on the separate orientations of the orbital and spin currents 
with respect to the field. Therefore, the initial states with quantum 
numbers (n,l,m,m;) are the approximate energy cigenstates. 

An additional magnetic interaction exists between the spin and orbital 
currents of atomic electrons and internal currents within the nuclei of 
atoms. Atomic nuclei have angular momenta, called “nuclear spins,” 
with the same eigenvalues as clectron angular momenta. However, their 
eyromagnetic ratios are smaller by factors of the order of 1000, cor- 
responding to the much higher mass to be entered in the gyromagnetic 
ratio (9), page 225, for a flow of protons (hydrogen nuclei). The coupling 
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of the electron currents and nuclear spins brings about an additional 
multiplicity of energy levels, called “hyperfine structure.” The level 
separation In the hyperfine structure is small in proportion to the small- 
ness of the nuclear gyromagnetic ratio. Like the spin-orbit -coupling, 
the coupling of electrons and nuclei also complicates the cnergy levels 
of atoms in magnetic fields. However, one can often find a range of 
magnetic field strengths such that the interaction with the field is much 
stronger than the electron-nuclear coupling and weaker than the spin- 


orbit coupling. The complications of the coupling are then minimized. 


16.2. The Addition of Angular Momenta 
We wish to determine the eigenvalues of j? = (1 +s)? and of jz = 
l, + 82, whose joint eigenstates can be represented as combinations of 
the initial states (n,l,m,ms). The states (n,l,m,ms) are themselves eigen- 
states of /, and s, with eigenvalues mf and m,h, as noted on page 233. 
If 1, and s, have a definite value, so has their sum j,. Therefore, each 
initial state is an eigenstate of j,, with the eigenvalue 

je= its, = (m + ms). (4) 
The problem is thereby greatly reduced, since we shall have to consider 
only combinations of states (n, L, m,ms) with different (m,ms) but with the 
same sum m -+ ms. 

Classification of the initial states as eigenstates of j, permits the 
determination of the possible eigenvalues of j*, as may be seen through 
the following example. -Consider the case of | = 2. We have here 
2(21 + 1) = 10 initial states (n,l,m,ms) whose combinations of quantum 
numbers are listed in Table 16.1. The table shows one state with each 
’ of the eigenvalues j, = $%, —8h, and two states with cach of the eigen- 
values gh, 3h, — 3h, — 3h. Since there is only one state with m+ Ms = 
&, namely (2,4), this state must be itself an cigenstate of j?, whereas, for 
= $ an cigenstate of 7” is a combination of the 


example, for m+ ms, = 
states (2,—4) and (1,4). By the same token, the state (—2,—4) is also 
an cigeristate of j°. For the two states (2,3) and (—2, —4) the eigenvalue 


of j° must be j(j + 1)#, with j = 3. Any smaller value of j would be 
inconsistent with 7, = -+3%. Any larger value of 7 would imply the 
existence of eigenstates of 7, with eigenvalues larger than 34, because for 
any j° = j(j + 1A? there are states with all eigenvalues of jz from —jh 
to jh The same argument shows that, since there are eigenstates of j? 
2 In this problem, all directions of space are equivalent and therefore all components 
of j must have cigenstates with the same eigenvalues. Any eigenstate of j, and of 
f°, with the eigenvalue j? = jG + 1h? splits out into 27 + 1 eigenstates when analyzed 
according to the component of j in a direction different from z. Therefore, every 
component must have every one of its possible eigenstates. 
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TABLE 16.1 
COMBINATIONS OF KIGENSTATES OF J, AND s, INTO EIGHNSTATES oF j°, 
ror | = 2 AND s = 3. 
Higenstates of I, & je P? 
Quantum Numbers m Ms m+ Ms ; 
Combinations 
—— 
2-1. 14 
1 3 } 
be } 
0 5 3 
0 meats) —3 
BB 
yo 2 
a ee 
Ly 
-1 -}. [-3 
5 38 
2 3 
-2 3 |-3 La 
— 
-2 -} | -$ $ 


with ae Band jz = +h, there must be four more eigenstates of j? with 
tide with eigenvalues of j, equal to 3%, 4%, — dh and — 3h. Each 


j= 
of these sues. must be be combination of the two states with m -+ ms 


equal 3, 4, ~4, and — 3, respectively. 
Once a combination of any two states is singled out, in our case as an 


cigenstate of j? with eigenvalue j = $, there is only one other combina- 


tion mutually exclusive with it. Therefore, there still remain four com- 
3h. 


binations, one for each of the four eigenvalues of 7, from 3h to 
These combinations constitute a set of eigenstates of j? with j = 2 
as indicated in Table 16.1. 

The ten initial states (n,l,m,ms) 


The analysis is thereby concluded. 
combine into two new sets consisting respectively of 6 and 4 pac ast 


of j”, with two values of the quantum number J, namely, $ and 3. ‘This 
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result has been obtained simply by scoring the possible combinations 
without any need for determining the probability amplitudes of each 
combination. Each of the eigenstates of j? may be identified by a set of 
four quantum numbers. ‘Two quantum numbers are the same n and 1 
which label the initial states; one is the total angular momentum quan- 
~tum number j, and the fourth one indicates the value of m -+ m, and 
is called for brevity m5, 
(n,b7,my,). (5) 


Two generalizations of the preceding example are readily obtained. 
Hirstly, if J has any value other than zero, the possible values of j are 


Vor { = 0 there is no orbital current and the problem does not arise; j 
coincides with the spin quantum number s = 3. The two cigenvalues 
(6) are said, somewhat loosely, to result, respectively, from parallel and 
opposite orientations of the orbital and spin currents and angular mo- 
menta, The doublet structure of alkali energy levels is explained by the 
result, (6), The two levels of the doublet ‘are identified by the two dif- 
ferent values of 7 with the same value of 7 and l. The yellow doublet 
lines of the sodium spectrum arise from transitions between the levels 
of a doublet, with 1 = 1 and j = } and $, and the ground state with 
L=Oandj = 4. 

Second, one may regard | and s as representing any two angular mo- 
menta, not necessarily, orbital and spin, so that the quantum number s 
need not be 4 and J need not even be an integer. ‘Table 16.1 becomes 
then more extensive and its analysis more laborious, but no different 
principle is involved. The possible values of j are found to be 


j=l+sl+s—I1l+s—2,---jl—s| +1, |l—s]. (7) 


This result, already noted on page 232, is called the “triangular condi- 
tion,” because of its analogy with the macroscopic problem of vector 
addition indicated in Fig. 16.1. The construction of a triangle whose 
sides are represented by vectors a, b, and ¢ = a + b requires that ¢ be 
no larger that the sum of a and b and no smaller than their difference, 

The probability amplitudes which serve to represent the states 
(n,l,j,mj) as combinations of states (n,l,m,m;), and also to represent 
reciprocally the (n,l,m,ms) as combinations of (n,l,j,m;) may be indicated 
by (m,tis|j,m;). They are algebraic functions of the quantum numbers 
1,8,j,m,ms and m; = m -+ m,, called “Wigner coefficients.” Knowledge 
of these coefficients is required to calculate the probability distribution 
of electron positions in states (n,l,j,m;). The probability distribution 
in states (n,l,m,ms) is given by the wave functions (7,6,4|n,l,m) of Sect. 
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14.3, which are not altered by the presence of the spin current, indicated 
by mg, since in our initial states the precession of orbit and spin currents 
is not taken into account. IIowever, the precession, represented by the 
combination of states with different m and ms, has the effect of smearing 
out the probability distribution. An example of this effect is ilustrated 


in Fig. 16.2, 


16.3 Energy Eigenvalues 


The energy of spin-orbit coupling, that is, the magnetic interaction 
energy of the orbital and spin currenis, may be expressed as energy of 
the spin current in the magnetic field generated by the orbital motion. 
The spin current must be considered in a coordinate system attached to 
the electron. In this system, the electron’s charge is at rest and docs not 
generate any magnetic field, but the nucleus of the atom appears to be 
in motion and to generate a magnetic field. This ficld is proportional 
to the orbital angular momentum and depends on the strength of the 
nuclear electric attraction upon the electron. The coupling energy is 


found to be given by 


uN -(+ e 
Eeoup = Ga les, 8 
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In this formula (Z/r*),; indicates the mean value of the effective nuclear 
charge * in units of e divided by the cubed distance of the electron from 
the nucleus and averaged over the probability distribution of this a 
tance for a state with the given quantum numbers (n,!); 3 (¢/mec)” i 
the product of the gyromagnetic ratios of the orbital and spin Aelerk 
Even though there are no eigenstates of the directions of | and s, and 
of the angle between them, there are eigenstates of the product 1+s, 
because this product can be expressed as a function of the squared angu- 
lar momenta I’, s?, and j?._ A set of cigenvalues of j’, 1°, and s? defines 
in effect the mutual orientation of the orbital and spin currents, as in- 
dicated by the diagram in Fig. 16.1. The product 1-s is obtained from 
the relation j =1+s through the formula j*? = (1+ s? =P+s? 


-+ 21-s, which gives 
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3In atoms other than hydrogen, the net attraction experienced by an electron at 


a distanee r from the nucleus results from the combination of the nuclear attraction 
and of the repulsion by the other electrons. ~The net attraction may be expressed. 


as the attraction by a single particle with an “effective charge” Ze where Z depends 


on the distance 7 from the nucleus. 
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Here the eigenvalue of 1? is U( + 1)? for each group of levels with the 
same (n,l); s” has the single eigenvalue s(s + 1)? = }h? according to 
Eq. i page 229, and j? = j(7 + 1)h? with the two eigenvalues a= 
lad given by Eq. 6. The two eigenvalues of Moup are therefore 
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Yor each stationary state (n,l,j,m,), the eigenvalue (10) of Eeouy Must be 
- added to the non-magnetic energy eigenvalue [,7. 

In the presence of an external magnetic field, the combined energy of 
all magnetic interactions is the sum of the energy Feoup 2nd of the energy 
of the orbital and spin currents in the magnetic field. The energy of a 
circulating current in a magnetic field of strength H along the z axis is 
—uzH (see Eq. (18), page 93), where yp, is the effective moment of the 
current circulating about the 2 axis. Utilizing the expressions of the 
orbital and spin moments given by Eqs. 9, 10, page 225 and 15, page 
229, the combined magnetic energy is given by 
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The determination of the eigenstates and cigenvalues of this energy 
is not immediate, in general, because j* and s, have no common eigen- 
state, as pointed out in the qualitative analysis. On the other hand, 
there is no difficulty with I’, s®, and j,, which have common eigenstates 
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with cither j? or s;. When the magnetic field strength 7 is sufficiently 
low, the stationary states of the electron are approximately cigenstates 
of 32.4. One may then replace in (11) j? with its eigenvalue j(j + 1)A? and 
s; with its mean value calculated for an eigenstate of j?. For the cal- 
culation of this mean value the eigenstates of j? need not be expressed 
as combinations of states (n,l,m,ms), because one can show that (s,) = 
(s-j/j?) jz, with jz = mj; it is also seen, in analogy to (9), that s-j = 
4(j? + s? — 1°), We have therefore 
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In this formula, the coefficient g, called the “Lande’ factor,” serves to 
convert the gyromagnetic ratio — 4e/m-c of orbital currents into a com- 
bined gyromagnetic ratio of the spin and orbital currents in an eigen- 
state of j2. Notice that g is larger or smaller than one depending on 
whether j = 1 -£ 3, that is, on whether the spin and orbital currents 
have parallel or opposite directions. : 

The combined magnetic energy (11) becomes now 
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Thus the energy levels of stationary states separate out in a weak map- 
netic field by amounts proportional to the magnetic ficld strength I. 
This separation, observed as a splitting of spectral lines, is called the 


The remarks on page 170 are important in this connection. A small error ¢ in 
the probability amplitudes which should identify a stationary state as a combination 
of states (n,l,m,ms) yields an error of smaller order é in the resulting estimate of 
the energy eigenvalue. 
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“Zeeman effect.” The Zeeman effect is “normal” when there is no ef- 
fective spin current and successive levels differ by (ch/2m.c)H, that is, 
when g = 1, it is “anomalous” when the level separation is modified by 
the presence of spin currents, according to Eqs. 13 and I. 

As the magnetic field strength H increases, the stationary states de- 
part increasinely from being eigenstates of j?. The magnetic field exerts 
separate torques upon the orbital current and the spin current and 
strives to make them precess at different rates, owing to their different 
gyromagnetic ratios, while the spin-orbit coupling strives to keep their 


mutual orientation constant. ‘To determine the energy cigenvalues one 


must then derive a Schroedinger equation by the general methods of 
Chapter 12 or of Appendix VIII; however, the procedure is neither com- 
plicated nor laborious as each stationary state is a combination of only 
two initial states (n,lm,m,). In fact, the Schroedinger equation reduces 
to a system of two first degree algebraic equations. In this case the 
separation of energy levels is no longer proportional to the field strength. 

For very strong fields the spin-orbit coupling has only a very minor 
cflect and the stationary states are approximately. states of independent 
orientation of the orbital and spin currents, that is, they coincide ap- 
proximately with the initial states (n,l,m,m,). In the expression (11) of 
the total magnetic energy one may then replace I, and s, with their 
eigenvalues mf and m,/i, and 1-s with its mean value calculated for a 
state (n,l,m,ms). Ina state of this type the components of 1 and s per- 
pendicular to the z axis have mean value zero, so that (les) = (lyse) + 


(lySy) + (L282) reduces to (,)(s,), the product of the eigenvalues mh and 
msh. Tequation 11 becomes then 
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Under these conditions the level separations are again proportional 
to the magnetic ficld strength. Because the magnetic field controls the 
spin orientation to a much greater extent than the spin-orbit coupling, 
the orbital motion can readily change from one to another stationary 
state without any change of spin orientation. [Emission and absorption 
of light occurs then usually without any change of the quantum number 
ms. The splitting of spectral lines observed in a very strong field derives 


only from level separations (eh/2m.c)H and thus constitutes a normal 
Zeeman effect. 


PROBLEMS DAS 
PROBLEMS 


16.1 Apply the general procedure for the analysis of weak disturbances to discuss 
and evaluate the effect of an electric field of 1000 volts/em on the group of states of 
the H atom with quantum number n = 2. Disregard the effect of the electron spin. 

16.2 Calculate the gyromagnetic ratio of the H atom in states with the following 
values of the quantum numbers l and j: (0,3), (1,3), (1,3), (2,3), (2,8). 

16.3 The doublet lines of the sodium spectrum at 5890 and 5896 A are due to 
transitions to the ground state (@ = 0,7 = 3) from the two excited states with | = 1 
and with j = andj = 3. Estimate the magnetic field strength required to disturb 
significantly the spin-orbit coupling, taking as a criterion of significance that the en- 
ergy difference between the states (7 = 1,7 = 8 mj = o)and(l=1,j = sam = 4) 
be changed by the ficld by yo of its value in the absence of field. ” 
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The Pauli 
exclusion principle 


The volume of a macroscopic amount of condensed matter shrinks 
only slightly under external pressure. ‘This property of matter is not 
adequately accounted for by the structural stability of single atoms, 
that is, by the fact that the electrons of an atom withstand the electric 
attraction by the nucleus without collapsing on it. .'The stability of 
macroscopic matter also implies that atoms have the property of with- 
standing interpenetration. Moreover, the resistance to interpenetration 
must operate not only between atoms but also between different electrons 
of an atom; otherwise the increasing nuclear charge of successive atoms 
along the periodic system of elements would draw in their electrons into 
decreasing volumes, contrary to evidence. , 

The stability of atoms against collapse under the nuclear attraction 
has been formulated in Chapter 11 as an effeet of the reaction of electrons 
to confinement. The stability against interpenctration derives from 
another property of electrons, which was discovered by Pauli in 1925 
and is called the “exclusion principle.” This property expresses a - 
characteristic of any system of two or more electrons, or of any identical 
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particles, (for example, protons) with the same spin properties as elec- 
trons. [Experimental evidence shows that no two such particles are ever 
confined within the same region of space, to the extent permitted by 
complementarity; unless their spin currents are opposite. ‘Therefore, 
onee an electron is confined within a certain region, it “excludes” from 
it any other electron whose spin current is not opposite to its own. 

The stability of a physical system against a disturbance implies that 
the disturbance would force up the internal energy of the system. The 
stability of bulk matter against external pressure is regarded macro- 
scopically as deriving from an increase of “elastic” energy which ac- 
companies a reduction in volume. Atomistically, it hinges on the sta- 
bility of atomic electrons against both the nuclear attraction and inter- 
penetration. The stability of an electron against nuclear attraction 
derives from the increase of kinetic energy which would result from confine- 
ment into a narrower volume. The stability against interpenetration 
will also be shown to derive from an increase in kinetic energy which 
occurs when a number of electrons are forced into the same region of 
space. 

Examination of the propertics of light atoms in their ground state 
leads to an elementary formulation of the exclusion principle: In an 
approximation where the motion of each electron of an atomic system Is 
characterized by a complete set of quantum numbers, for example, by 
the set (n,ljm,m,), which applies to the hydrogen atom, no two electrons 
have the same quantum numbers (Sect. 17.1), This formulation con- 
stitutes only a particular case of a more general property of any system 
of identical particles. It is, however, adequate to interpret most fea- 
tures of the ground states of atoms and molecules, which are the subject 
of the following chapters. 

The general formulation of the exclusion principle may be derived from 
the study of phenomena, like the collision of two electrons, which involve 
only two identical particles, without the complication of an atomic 
nucleus. If we eall 1 the azimuthal quantum number of the rotation of 
tivo identical particles about their center of mass and S their total spin 
angular momentum quantum number, the sum L + S is experimentally 
observed to be always even. In particular, two electrons with parallel 
spins, (S = 1), must have L odd and therefore different from zero; 
thereby their rotational motion about their center of mass has a non- 
Vanishing angular momentum and yields a centrifugal force which keeps 
the electrons apart (Sect. 17.2). 

A convenient formulation of this result is commonly given by repre- 
senting states of two electrons initially as though the electrons were dif- 
ferent and therefore identifiable by indices. If two electrons are at 
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positions r, and ro, it is inherently undefined which of them is at r, and 
which at ry. Nevertheless, one usually considers states identified as 
(11,751; T2,Ms2), meaning that electron | is at r, with spin orientation 
quantum number Mei, and electron 2 is at re with orientation mse. The 
state in which electron 1 is at fo with orientation msg and clectron 2 
is at ry with orientation ms, is regarded formally as different from 
(11,751; 2,752) and may be identified by P(r1,ms1jT2;Ms2), where P 
means permutation, or interchange, of the particles. Neither of these 
states exists in fact, but an actual state may be represented formally as a 
superposition of pairs of states (F1,MstjT2,Ms2) and P(r1,M515 T2,Ms9). 
The exclusion principle is then formulated by stating that the probability 
amplitudes of the states of such a pair differ by a factor —1. The 
elementary formulation follows from this property (Sect. 17.3). - 

This general formulation of the exclusion principle has a typical appli- 
cation in the treatment of the optical spectrum of the helium atom. The 
energy of each spectral level of this atom depends strongly on whether 
its two electrons have parallel or opposite spin currents, whereas the 
magnetic interaction between these currents has only a minor effect. 
The exclusion principle makes the motion of the electrons strongly de- 
pendent upon their spin orientation and explains the observed spectrum 
in considerable detail (Sect. 17.4). . 


17.1 Evidence from Light Atoms 


Evidence on the exclusion’ property of electrons is provided by the 
trend of properties of atoms along the periodic system. It is sufficient. 
to consider the ground state of atoms of the first five or six elements, 
and specifically their radii, their ionization potentials, and their magnetic 
properties. The radii and the ionization potentials are inversely related 
to one another, as it is to be expected since a small radius implies a tight 
binding of the electrons. : 

As compared to hydrogen, the helium atom has a small radius and a 
high ionization potential, 24.6 volts as compared to 13.6 volts. This 
property results clearly from the stronger attraction by the nucleus; the 
attraction is opposed by the electrostatic repulsion between the electrons, 
which, however, has a small influence as could be easily predicted. A 
beam of helium atoms in their ground state remains undeflected in 
molecular beam, experiments, showing that the spin currents of the two 
electrons are so oriented as to cancel one another’s magnetic moment 
and angular momentum. Mutual cancellation is one of the two possible 
results of the addition of two spin angular momenta, as explained on 
page 232. The sum of two angular momenta with quantum number 


EVIDENCE FROM LIGHT ATOMS 249 


s = 4 may yielda total angular momentum with a quantum number 8.1 
equal to either 44 4=1 or 5 —4=0. No state of helium with 
parallel spins (S = 1) exists whose binding energy and radius are com- 
parable to those of the ground state; the lowest level with S = 1 has a 
binding energy of 4.8 ev as compared to 24.6 ev for the ground state. 
This result shows that two electrons can be confined to the extent per- 
mitted by complementarity only if their resultant spin angular mo- 
mentum vanishes. 

The three-electron atom, namely Li, is larger than He and also larger 
than H and has a lower ionization potential, 5.4 volts. It behaves in 
molecular beam experiments exactly like hydrogen, showing that the 
magnetic properties of its ground state stem from the spin of a single 
clectron with no circulating orbital current. It appears thus that three 
electrons cannot be packed within as narrow a space as two electrons, 
and that two out of the three electron spin currents cancel out in the 
atom. Notice that the Lit ion with two electrons is quite analogous 
to the He atom, only smaller. 

The successive atoms in the periodic system, from Li through Ne, get 
progressively smaller, until Ne is nearly as small as He with an ionization 
potential of 21.6 volts. (The next atom after Ne, namely Na, is again 
much larger.) The four-electron atom which follows Li, namely Be, is, 
like He, undeflected in molecular beam experiments, and therefore has a 
zero resultant angular momentum. A beam of B atoms (five electrons) 
is resolved into two components, like a beam, of HI or Li. . However, the 
gyromagnetic ratio of the ground state of B is much smaller than the 
value e/m,c which pertains to an electron spin uncoupled to any orbital 
current. It has the value pertaining to a spin current coupled with an 
orbital current of azimuthal quantum number l = 1. 

All these properties of light atoms are readily formulated in an 
“<ndependent-electron” approximation, in which each electron is ini- 
tially considered as subject to an average force due to the nuclear attrac- 
tion and to repulsion by the other electrons. Each electron has then 
stationary states that may be characterized by the set of quantum num- 
bers (n,l,m,ms) which apply to the clectron of the hydrogen atom. In 
this approximation, cach electron has two possible ground states, with 
n=1,l=m=0and m = +4. The He atom appears to have one 
of its two electrons in each of these ground states. (If both electrons 
had the same value of mg, the resultant S value would be one, contrary 
to the molecular beam evidence.) The larger radius of Li implies that 


1 Capital letters are commonly used to indicate variables and quantum numbers 
pertaining to a system of two or more particles. 
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one of its electrons has kinetic energy higher than the minimum cor- 
responding to the ground state of a single electron and must therefore be 
in a state with n > 1, presumably with n = 2. The absence of orbital 
currents shows that;1 = 0 and therefore also m = 0 (see Sect. 14.3). 
The similarity of the Lit ion to the He atom indicates that two of the 
electrons of Li are in the same states as the electrons of He. For Be, the 
Be* ion resembles the Li atom, while the Be+* ion resembles He. The 
third and fourth electrons of Be must have opposite spin orientation and 
appear to be in the two states with n = 2,1 = OQ and m, = +3. InB, 
four electrons are in the same states as the Be electrons, while the fifth 
one has an orbital angular momentum with quantum number I = 1. 

This analysis can be extended to all atoms of the periodic system, but 
the data considered thus far suffice to show that no two atomic electrons 
have the same set of quantum numbers (n,l,m,m,). Similar evidence 
can be gathered from other systems with several electrons, in particular 
from molecules (sce Part II). Whatever complete sct of quantum num- 
bers characterizes the states of individual electrons, no two electrons of a 
system are ever in the same state. 


17.2 States of Two Identical Particles 


The exclusion properties of two identical particles are best studied in 
phenomena where the particles are isolated, that is, not subjected to 
external forces like the attraction by a nucleus. Identical particles with 
an electric charge, for example, electrons or protons, or He nuclei 
(a particles), repel cach other; therefore, they do not form by them- 
selves stable combinations, but their motion with respect to one another 
is studied in collision processes. These processes are observed through: 
experimental arrangements shown schematically in Fig. 17.1 and analo- 
gous to the Rutherford scattering experiment. A beam of particles is 
scattered by particles of the same kind contained in the thin layer of 
matter which serves as a target. The scattering-of any incident particle 
is accompanied by recoil of the target particle with which the collision 
has taken place. ‘Two particles emerge, therefore, from the target. 
Both of them can be observed simultancously but, if they are identical, 
it remains inherently undefined which of them is the “scattered” and 
which the “recoil” particle. The results of experiments or theory: must 
therefore give the probability of observing two particles emerging at 
angles 0 and 6’ with respect to the direction of incidence, rather than the 
probability of deflection 0 of the incident particle. Actually, the angles 
0 and 0’ are not independent because, when two identical particles collide 
and one was initially at rest, they emerge from the collision traveling in 
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directions perpendicular to one another, that is, with @ + 6’ = 90°" 
The result of a collision is therefore identified by a single angle 6 which 

ranges from 0° to 90° (a value of @ > 90° would be inconsistent with the 
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Fig. 17.1 Schematic arrangement to observe collisions of identical particles. The 


detectors score simultaneously, only if their directions are perpendicular and coplanar 
with the direction of the incident beam. ; 


conservation of momentum in an elastic collision between identical 
particles). Since 6’ = 90° — 8, particle counters placed at the angles @ 
and 90° — 6 must score at equal rates. That is, the plot of the cross 


2 For two particles of the same mass, the conservation of momentum requires that 
the transverse components of the velocities V and V’ be opposite, 

V sing — V' sing’ = 0 (a) 
and that the sum of the longitudinal components equal the velocity v of the incident 
particle, 
V cosd + V' cos0’ = v, (b) 
The conservation of energy requires that 

V4 V? = 0 (c) 
The square of (a) added to the square of (0) yields 


2 


V2 + V? + 2VV"(cos0 cos’ — sind sind’) = 0°, 


which, combined with (ce), reduces to 


2VV’ cos(@ + 0’) = 0, that is @ + 0’ = 90°. 
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oa 


section is symmetrie with respect to 0 = 45°, in coritrast to the Ruther- 
ford formula. 

experiments bear out these conclusions, showing that the cross section 
for collisions between identical particles departs substantially from that 
observed with different particles under otherwise similar conditions. 
Thus the scattering of « particles on helium gas consisting of the normal 
isotope of mass 4 departs from the Rutherford formula, but the Ruther- 
ford formula holds when the @ particles of mass 4 are replaced with 
nuclei of the helium isotope of mass 3. Similarly, the scattering of pro- 
tons on, hydrogen depends on the isotopic composition of the hydrogen. 
Electron-clectron scattering also departs from the Rutherford formula. 

‘The departure is not simply due to different detection procedures, be- 
cause the cross section for collision of identical particles with emergence 
of one particle at an angle @ is not the average of the Rutherford cross 
sections for deflections @ and 90° — 6. The departure derives’ from 
differences in the interference effects, which are considered below. 

In the theoretical analysis of a collision between two particles, it is 
sufficient to consider the motion of the particles with respect to one 
another, separately from the uniform motion of their center of mass. 
(See Appendix IIT and the treatment of the hydrogen atom in Sect. 14.5.) 
It is also sufficient to consider a stationary state of the relative motion, 
that is, a steady flow of particles (see page 181) approaching one another 
in the direction of incidence and seattered out in various directions by 
their mutual repulsion. The scattering cross section is determined by 
the ratio of the flow outgoing in any one direction to the incident flow. 
The stationary state is represented by a wave function that obeys a 
Schroedinger equation analogous to that of the hydrogen atom. The 
stationary state is not an eigenstate of the squared orbital angular mo- - 
mentum, but can be regarded as a combination of such eigenstates; it is 
in this sense analogous to the states of hydrogen with off-center proba- 
bility distributions, described in Sect. 14.4. 

The quantum mechanical calculation of the collision between different 
charged particles yields the same results as the classical Rutherford cal- 
culation of Chapter 3. Characteristic differences. between the states of 
identical and different particles are pointed up by the analysis of these 
states in eigenstates of the orbital angular momentum L of the two 
particles with respect to their center of mass. In either case, the state 
of the colliding particles is an eigenstate of the component L, of L in‘the 
direction of incidence with eigenvalue L, = 0, because L, the moment 
of momentum, has no component in the direction of incidence. In the 
quantum mechanical calculation, the state of the colliding particles can 
be represented as a superposition of eigenstates of the squared orbital 
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angular momentum L? = L(L + 1)i?. In cach of these eigenstates the . 
direction of the relative position of the two particles (see Fig. 17.2) has 
the same probability of forming an angle © or 180° — © with the z axis. 
(This symmetry is the same as that of the proton-clectron direction in 
the H atom, which is syminctrical with respect to the equatorial plane; 
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Vig. 17.2. Relative positions of particles at equal times before and after collision in 


the arrangement of Fig. 17.1. 


see Tig. 14.6, etc.) In the eigenstates of L? and of L; = 0, the proba- 
bility distribution of the direction joining the two particles has a bright 
or a dark fringe centered on the equatorial plane @ = 90°, depending on 
whether the quantum number Lis even or odd. The interference among 
states with a bright fringe centered at © = 90° preserves the symmetry 
of the probability distribution, and.so does the interference among states 
with a dark fringe centered at © = 90°. On the other hand, the cross 
interference of states with dark and bright fringes destroys the sym- 
metry. In the quantum-mechanical calculation of the Rutherford cross 
section, the asymmetry of the result with respect to © = 90° stems from 
the cross interference. In collisions of identical particles the symmetry 
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with respect to @ = 45° in Fig. 17.1 is equivalent to symmetry with 
respect to® = 90° in Fig. 17.2. This symmetry excludes cross interference 
between component eigenstates with even and odd L. | : 
The exclusion of cross interference in the collision of identical particles 
follows from symmetry consideration only. More detailed information 
is to be drawn from analysis of experimental data. The results apply to 
pairs of particles with spin quantum numbers s equal to any half-integer 
or integer; for example, s = 0 for a particles, and s = 4 for electrons or 
protons. For any such pair, an eigenvalue of the squared resultant spin 
angular momentum is indicated by S? = S(S + 1)f, where the quan- 
tum number S has integral values between zero and 2s; for example, 
S = 0 or | fora pair of electrons with opposite or parallel spins. Analysis 
of the collision experiments shows that all states of identical particles 
result from the superposition of eigenstates of L? with even values of 
Lif S is even and with odd values of L if Sis odd. That is, all states of 
identical particles which are eigenstates of L? and of $2 obey the rule 


L+ 8 = even. : (1) 


This rule, confirmed by all relevant experiments, constitutes one of 

the basic formulations of the exclusion principle, when applied to 
particles with half-integer spin quantum number s. It states, in partic- 
ular, that any pair of electrons with parallel spins, that is, with S = 1, 
cannot have a vanishing orbital angular momentum, that is, L = 0. 
The non-vanishing rotational motion gives rise to a centrifugal force 
which keeps the electrons apart from one another. 

States of identical colliding particles that are eigenstates of L? and 
of S? have not been isolated for direct experimental study. However, 
isolation of such states and direct verification of rule (1) are possible 
when the particles are bound together by some external agent which 
does not otherwise disturb them. Such is the case for the pair of protons 
bound together as nuclei of a normal hydrogen molecule (H,). The 
structure of this molecule will be discussed in Chapter 19; here it suffices 
to consider that the presence of the electrons confines the distance of the 
two nuclei to an approximately fixed valuc, but does not influence they 
rotational motion about their center of mags or the orientation of the 
nuclear spins. Stationary states of this rotation are eigenstates of L? 
and S*. Molecular beam experiments separate out molecules in different 
eigenstates and measure the cigenvalues of L? and $*. Equivalent in- 
formation is provided by the low temperature thermodynamics and 
infrared spectroscopy of hydrogen, which behaves as a mixture of two 
substances, called para- and orthohydrogen. The two substances change 
into one another only very slowly. They differ by having their nuclear 
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spins respectively opposite and parallel to one another, that is, by 
being in eigenstates of S? = S(S + 1h? with S = 0 and S= 1. The 
stationary states of molecular rotation about the center of mass of the 
nuclei are cigenstates of L? = L(L + 1h? with L even for parahydrogen 
and odd for orthohydrogen, in agreement with (1). The ground state 
of the rotation has L = 0 and therefore belongs to parahydrogen. The 
energy difference between the lower stationary states of rotation exceeds 
the energy of thermal agitation at temperatures of the order of 50°IK 
(—220°C). At these temperatures, all molecules of orthohydrogen drop 
first into their lowest energy level, with L = 1, and then are slowly con- 
verted into parahydrogen, ‘thereby dropping to the ground state with 
L=0. 


17.3. Formulation in Terms of Probability Amplitudes 


For a pair of identical particles, the limitations to the eigenvalues of 
L? and S? expressed by (1) constitutes a formulation of the exclusion 
principle in terms of observable quantities. An equivalent but more 
flexible formulation can be given in terms of the probability amplitudes 
which identify a general state of two or more identical particles as 
superposition of eigenstates of any variables of the separate particles. 
It is convenient and usual to express these probability amplitudes in a 
form that would be appropriate if the particles were not quite identical, 
that is, as though one could identify one specific particle as 1, another 
one as particle 2, etc. The effects of this unrealistic assumption are sub- 
sequently compensated by a restriction appliod to the probability 
amplitudes. 

Given two particles, 1 and 2, with spin quantum numbers s = ¥) 
complete sct of states of the pair is indicated by position coordinates and 
spin orientation quantum numbers (11,21) T2,Ms2). Since the relative 
motion of the particles is independent of the motion of their center of 
mass, the coordinates ry and fz are conveniently replaced, as on page 
215, with 

R= a(t + T), r=70 =f — fe, (2) 


where R is the position of the center of mass and @ is a unit vector point- 
ing from r, toward ry. The set of states may then be indicated by 
(R,7,0,751,Meg). Since the two particles are identical, a state of this set 
is physically identical with the state P(R,7,0,251,M52) that differs from 
it by an interchange of the particle positions (that is, reversal of @) and 
spin orientations. Therefore, any actual state a of the two particles must 
be represented as a superposition of the pairs of states (R,7,@,751, 732) 
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and P(R,r,0,mMs1,mM2), with probability amplitudes 
(R,7,0,™M51,7%59| a) (8a) 


and 
P(R,r,0,mM51,M52| a) . (8b) 


respectively. Consider now how the probability amplitudes: (8a) and 
(3b) differ when the state a is an eigenstate of L?, Lz, $°, and of the 
component S, of S whose eigenvalues will be galled Mgh. The state a 
is identified by the quantum numbers L,M S,Mg, by an additional index 
a which characterizes the relative radial motion of the particles along @ 
and might be, for example, an energy, and by a momentum P which 
specifies the state of free motion of the center of mass. The probability 
amplitude (8) factors then out in the form 


(R,7,0,51,Ms9| Pa, L,M,S,M sg) 
= (R{P)(r|a,L,M)(@|L,M)(ms,m2|S,Ms). (4) 


Here (| L,M) is the same as (6|1,m)(¢|m) on page 211, if @ and ¢ are 
polar coordinates of @, and (7751,7m2|S,Ms) is determined by the pro- 
cedure of addition of angular momenta of Sect.-16.2. 

Interchange of the electron positions leaves ‘the factors (R|P) and 
(r|a,L,M) unaffected, and reverses the direction of in (o|L,M). Ac- 
condins to Chapter 14, this reversal leaves (@| L,M) unaffected or changes 
its sign depending on whether L is even or odd, 


P@|L,M) = (~0|L,M) = (—1)4(@|L,M). (5) 


Interchange of the spin orientation quantum numbers leaves the last 
factor of (4), (171,m52|8,Ms), unchanged when the electrons have 
parallel spin orientations, that is, when S = 1, whereas the interchange 
reverses the sign of this factor when S = 0.3 This result is represented by 


P(ms1,Ms2|8S,Ms) = (—D8H ng. ymso|8,Mg). (6) 


In conclusion we have 
P(R,r,0,mM51,Ms2 | Pio, L,M,S,Msg) 
= (—1)" 841 (Rr,0,ms1,Msq| Pia, LMS, Mz). me) 


*The quantum numbers, S = 1, Mg = 1, imply mei = ma = Ai in which case 
the interchange clearly has no Gch, the same holds for S = 1, Mg = —1.- The 
result extends to (S = 1, Mg = 0) because the ee of Mg depends on an irrelevant 
choice of coordinate orientation. The state S = 1, Mg = 0 is then a superposition of 
(ms. = 3 me = —3) and (ng = -%, Me = 9) swith equal probability amplitudes. 
The state (S = 0, Ms = 0) is a superposition of the same states orthogonal to 
(S = 1, Mg = 0) and thercfore with probability amplitudes of equal magnitude and 
opposite sign, 
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The restriction established by experimental observation and expressed 
by the formulation (1) of the exclusion principle comes to bear at this 
point. Since L + 8 is always even, the factor (— 1)EtS-+1 equals —1 
and Iiq. 7 reduces to ; 


P(R,7,0,M51,™Ms9 | P,a,L,M,S,Ms) 
= —(R,r,o,m1,M2|P,a,L,M,S,Ms). (8) 


This equation embodies the formulation (1) of the exclusion principle, 
but its form is independent of the values of the quantum numbers L and 
S. Therefore, it holds for any combination of the cigenstates of L? and 
S? represented by (4), that is, it holds for a general state a, 


P(Ryr@,Me1,Ms2| 0) = —(R,7,0,M51,Ms2| 4). (9) 


Returning to separate position coordinates of the two particles, we may 
also write : 
P(r4,1Me1} T2,Ms2|@) = — (11,151; 82,752] 4). (10) 
That is, any state of two electrons, or of any two identical particles with 
s = 4, can be represented as a superposition of states (11,71; T2,%%s2) 
labeled as though the particles were not identical, but the probability 
amplitudes of the components (r1,Ms1jT2,Msg) and P(r1,%Ms1; T2,Ms2) 
must differ exactly by a factor —1. . 

In atoms and molecules one deals usually with states of two electrons 
in which their center of mass docs not move freely and which are not 
eigenstates of L? but are eigenstates of S® because the interaction be- 
tiveen spin and orbital currents is negligible. These states are identified 
by quantum numbers S, Af while the state of orbital motion may remain 
unspecified at this point and indicated with the letter 8. These states 
are represented as superpositions of cigenstates of position and spin 
orientation of the individual electrons by probability amplitudes that 
factor out in the form 


(r1,2M51} F2,1s2|8,S,Ms) = 1,82] B,S)(ms1,762|5S,I7s). (11) 


The complete probability amplitude must obey Iuq. 10 and the factor 
(ms1,Ms2|S,Mg) must obey Hq. 6. The probability amplitude (r1,r2|8,S) 
of the position coordinates must then have the property 


P(ty,t2|8,8) = (—1)* (11,82 16,5). (12) 


That is, any state of orbital motion of two electrons can be represented 
as a superposition of position cigenstates (11,82) labeled as though the 
two electrons were different, but the probability amplitudes of the com- 
ponents (r1,r2) and P(r;,r2) must be identical or differ by a factor —1, 
depending on whether the spins are opposite or parallel. 
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Equation 12 implies that in states with parallel spins (S = 1) the 
probability of finding the two electrons at. the same position ry = rp 
vanishes, because the interchange of identical coordinates on the one 
hand should change the sign of the probability amplitude, but‘on the 
other hand constitutes no change. Two major consequences follow: 
(a) The vanishing of the wave function (r1,%e{8,1) at r, = re constitutes 
a “rode.” indole as any wave function with a node represents an ex- 
cited state, a system of two electrons cannot be in its ground state if the 
spins are parallel, (b) The exclusion of r, = re for electrons with parallel 
spins implies that, other circumstances being equal, these electrons keep 
further apart than if their spins were opposite, that is, the mutual spin 
orientation of a pair of electrons influences the probability distribution 
of their positions through the exclusion principle. 

The formulation of the exclusion principle for a pair of electrons, 
expressed by Iq. 10, can be exterided to a system of many clectrons. 
A complete set of eigenstates of the position and spin orientation of N 
electrons, labeled as though the electrons were different, is (11,7515 T2,2s9} 

;Ty,Msn). As for the case of two electrons, any actual state a of 
the system must be represented as a superposition of states ob- 
tained by interchanging the position coordinates and spin orientations 
of all possible pairs among the N electrons. The superposition must 
have probability amplitudes obeying the law 


P(£1,Ms1; T2,Mse} +++} TN,Msw|a) 


i= — (11,Ms1} T2,7%593 “+5 0v,Msn|Q), (13) 


where P indicates the interchange of the position and spin orientation 
of any two among the N particles. This property constitutes the usual 
formulation of the exclusion principle for electrons. 

Equation 13 implies that the probability amplitude vanishes whenever 
the positions and spin orientations of two electrons coincide, because 
here again interchange of the electrons constitutés no change, but should 
nevertheless reverse the sign of the probability amplitude. 

As an initial complete set of states of the individual electrons one may 
take, instead of the position eigenstates, the cigenstates of any other 
variable, for example, stationary states of motion under the attraction 
by anucleus. The probability amplitudes (11,71; f2,1Ms0} «+ «STN, Msn |a) 
may then be replaced with 


(aha mi Ng,lg,)M2,Me2; °* +; RN lN,my,Msn | a) 
= Dr, 2p, te * Zee(Mastasina [t1) (na, lo,mg|T2)+ ++ (ny,ly,my | ty) 


X (£1,153 Ta,Mso3 °°} TN,Mev la). (14) 
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It follows then that the property stated by Eq. 18 holds also for the 
probability amplitudes (14). That is, the exclusion principle may be 
formulated equally well with reference to any complete set of states of 
the individual particles. In particular, the probability amplitude 
vanishes whenever any two electrons are in the same state, that is, when- 
ever (r;,m¢;) = (e,IMsk) Or, alternatively, (nilimiMsi) = (Ny,lejme,Msn)- 
States with equal sets of quantum numbers are thereby excluded, in 
accord with the elementary formulation of the exclusion principle given 
in Sect. 17.1. 


17.4 The Spectrum of the Helium Atom 


Analysis of the emission spectrum of helium according to the Rydberg- 
Ritz combination principle (page 49) shows that the helium atom has 
two distinct sets of spectral terms, that is, of energy levels. Each ob- 
served line frequency corresponds to the energy difference between two 
levels of one set.t The spectrum appears thus as if it were emitted by a 
mixture of two substances; the two “substances” thus identified by 
empirical analysis of the spectrum. were called “parahelium” and 
“orthohelium.” The ground state of helium belongs to the parahelium 
set of levels and lies nearly 20 ev lower than any other level. Ortho- 
helium appears to constitute a metastable form of helium, whose con- 
version back into parahelium occurs hardly at all by emission of radiation 
but rather by less easily observable mechanisms such as collisions among 
gas atoms or with the containers’ walls. 

The parahelium spectrum exhibits no fine structure.and a normal 
Zeeman effect (sce pages 228 and 244). It follows that the spin currents 
of the two electrons in the parahclium states have opposite directions, 
that is, combine with resultant spin quantum number S = 0. The ortho- 
helium spectrum exhibits a fine structure and an anomalous Zeeman 
effect, which indicate parallel spin currents and a spin quantum number 
S=1. The extreme faintness of the intercombination lines between 
the two spectra stems from the low probability that the spin orientation 
changes in the course of an emission process. (Lhe probability increases 
with the increasing strength of spin-orbit coupling in successive elements 
of the periodic system.) 

Figure 17.3 shows the diagram of energy levels of the He atom. The 
arrows indicate transitions observed with appreciable intensity in the 
emission spectrum. The para- and ortho-systems of levels are separated 
inasmuch as no arrow interconnects them, and are similar except that 


4“Tytercombination lines” corresponding to transitions between levels of different 
sets are observed only with difficulty since their intensity is exceedingly low. 
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the deep-lying ground level of parahelium hag no counterpart in ortho- 
helium. The levels are arranged in columns, so that arrows join only 
levels of adjacent columns. The levels of each column constitute a series 
which “converges” to the limit of ionization like the single series of 
ev Parahelium Orthohelium 
24 
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Fig. 17.3 Diagram of energy levels of the helium atom. 


levels of the H spectrum (sce page 50). The fine structure of the ortho- 
helium spectrum is not indicated in F ig. 17.3; each group of levels that 
differ only in their spin-orbit coupling is indicated as a single level. 

The subdivision of the helium levels into para- and ortho-systems 
and the main characteristics of these systems follow directly from the 
exclusion principle, as formulated in Sect. 17.3 and particularly from the 
remarks on page 258.5 States of the two elections of the He atom with 


5 Tn fact, the formulation of Sect. 17.3 was first developed by Heisenberg through 
the theory of the helium spectrum. 
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opposite or parallel spins are subject to the conditions expressed by Eq. 
12 for S = OorS = 1. In particular, it has been noted that all ortho- 
states are excited states and that the two clectrons keep further apart 
in ortho- than in para-states, other conditions being equal. Since the 
electrons repel each other, their potential energy is lower when they keep 
further apart, other conditions being equal; the excited states of the 
ortho-system are, in fact, lower than the corresponding ones of the para- 
system, as shown in Fig. 17.3. 

The levels in cach system are classified by pairs of quantum numbers 
(n,l) which characterize the radial motion and the rotational energy of a 
single electron attracted toward a center of force, as in the hydrogen 
atom, The classification implies that one regards the He atom in its 
excited states as the combination of a single electron and of a He? ion. 
Justification for this model derives from the fact that Het is very small 
and the probability of its electron position is distributed with spherical 
symmetry about the nucleus as in the gr ound state of the I atom. An 
electron outside a Het ion is therefore attracted toward the center of the 
ion as though the ion were a H nucleus. - The attraction hecomes stronger 
than in the H atom when the electron penctrates close to the nucleus 
of the He* ion; it follows that states with equal quantum number 7 and 
different | have somewhat different energies, as in the alkaline atoms. 
Notice that the quantum number / is the same for all levels of cach 
column of Fig. 17.3, and differs by one in adjacent columns. The classi- 
fication agrees thus with the general rule that an electron emits light 
intensely only in transitions between stationary states whose quantum 
_ numbers J differ by one (see Appendix FX). 

The qualitative description of the He atom in its excited states as a 
combination of a Het ion and of an outer electron can be extended into 
a systematic approximation theory which yields quantitative results 
and applies also’ to the ground state, although with lower accuracy. 
Each electron is initially assumed to move independently of the other 
one-and to be attracted toward the nucleus by a force which is not quite 
the same as either in a Hatom or ina Het ion. The schematized attrac- 
tion is represented by a potential energy U(r) which depends only on the 
distance r from the nucleus and whose optimum determination will be 
discussed in Sect. 18.1. Stationary states of motion of a single electron 
are then represented, for cxample, by wave functions (r[n,lym) which 
are similar to the hydrogen wave functions (18), page 211 and. differ 
from them only in the radial factor (r|n,l), owing to the difference in the 
potential energy. 

We consider stationary states of the He atom with one electron in the 
ground state, (n = 1, | = m = 0), and the other one in some excited 
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state with unspecified quantum numbers n, l, and m. The energy of 
such a state may be indicated in the initial approximation as ° 


E10 Se Ent ‘ (15) 


The numbers 7 and J in this formula coincide with those that label the 
levels in Fig. 17.3, including the ground state of the atom for which 
n= 1andl= 0, Disregarding the spin coordinates and indicating the 
position coordinates by r; and ra, as though the electrons were not identi- 

cal, one may write the wave functions of two states with the energy (15), 
in vine one or the other electron is excited, namely, 


(r1/1,0,0)(ro|n,l,m) and (r2|1,0,0)(r1|n,l,m). (16) 


For n = 1,1 = m = 0, both electrons are in the ground state, the whole 
atom is in its ground state, and the two wave functions (16) coincide. 

Starting from the energy eigenvalues (15) and eigenfunctions (16), one 
considers the disturbance, or “perturbation,” represented by the dif- 
ference between the schematized potential energy and the actual poten- 
tial energy of the two electrons, due to their attraction by the nucleus 
and to their mutual repulsion. This difference is 


Qe" —- Qe? e 


V(tyre) = — = + — [U(ri) + U(re)}. (17) 


ry Tq |r, — f2| 


According to the procedure of Chapter 16, (pages 231-2) we assume that 
this disturbance combines the two states represented by (16) with one 
another, because they have the same energy, but with no other state. 

The second step of the procedure consists of identifying a charac- 
teristic property of the eigenstates of the total energy, which must 
identify the correct combinations of the elgenfunctions (16). This is 
the property (12) imposed by the exclusion principle. Since the wave 
functions (16) result from one another by an interchange of the electron 
position, that is P(r,[1,0,0)(re|n,l,m) = (r2[1,0,0)(r1]n,1,m), the cor- 
rect combinations of the two which obey Eq. 12 are 


(rr TQ | l 0,0 ; n,l,m,S) 


= V4l61| 1,0,0) (ca m,L,m) + (= 1)(¢2]1,0,0)(e11n,2,m)], 18) 


with S = OorS =1. (The factor VW 7 serves to fulfill the condition 
Z,,2r,| (Tite! 1,0,0; n,1,m;8) |? = 1.) The wave function (18) with either 
value of S yields a probability distribution of the positions of the two 


*'The energy does not depend on the quantum number m, which characterizes 
only the orientation of the orbital currents. 
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electrons which is no longer the product of two separate distributions 
of r, and re, and therefore describes a state of correlated, rather than 
independent, clectrons. The ground state is a special case in that there 
is only one wave function (16) and therefore no combination (18); the 
single wave function (16) obeys the condition (12) provided S is taken 
equal to zero in that equation. 

The final step of this stage of the approximation procedure consists 
of calculating the mean value of the potential energy difference (17) in 
the states represented by the wave functions (18). The mean valuc is, 
for excited states, 


(V (t,82)) - 
D, 21, V (r1 82) ¥ (r,|1,0,0) (r2|n,l,m) + (—1)* (re | 1,0,0) (1 | 2,0.) P 
= 2{5,5,,V (tite) | (t1] 1,0,0) |? | (t2] 7,22) [? : 
Dy, De,V (e182) | (F2| £,0,0) |? | (ex | ,2,m) |? 
+. (—1)8,,24,(1,0,0 |11) (1,2 | re) V (41,82) (Te | 1,0,0) (ry | 72,0,202) 
+ (—1)8E,,21,(1,0,0]r2)(n,l,m Ir) V (r1,r2) (11 | 1,0,0)(r2|n,2,m)}. (19) 


Ml 


The first two terms on the right have the same value because V(r1,r2) is 
unaffected by interchange of the two particles. Mach of these terms, to 
be called V1,0,0;n,1,m) represents the mean value of V when the positions 
of the two electrons have, respectively, the probability distributions 
(r|1,0,0) |? and |(r|n,l,m)|?. The last two terms are also equal to one 
another. Fach of these terms, to be called W1,0,0:n,1,m, is called the “ex- 
change energy”or “exchange integral” because it relates to the inter- 
change of the electrons (see also Appendix X) and is appropriately 
represented as a multiple integral rather than as a sum. The mean 
energy (19) is therefore expressed in the form 


(V(t1,r2)) = V1,0,0;n,0m + (—1)8W1,0,0:n,1:m- (20) 


The energy difference of the para- and ortho-states equals, in this ap- 
proximation, twice the exchange integral. 

The result (20), obtained by Heisenberg in 1926, constituted an carly 
important success of quantum mechanics because the distinction of 
ortho- and para-levels had been a ‘complete puzzle until then. Indeed, 
the exchange energy results fromi the interference of the two initial states 
which are superposed in (18), that is, from a phenomenon that: has no 
classical analog. The Heisenberg treatment also emphasized non- 
stationary states which result from the superposition of ortho-para pairs 
and which coincide periodically with one or the other of the initial 
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states (16). A classical analog of this periodic alternation is seen in the 
periodic exchange of oscillatory motion between two coupled pendulums 
which have the same oscillation frequency, that is, which are at-resonance. 
The analogy applies also to spin-orbit coupling and to all situations 
where one considers initially a number of states with equal, or nearly 
equal, energy and subsequently their combination duc to a disturbance. 
From this analogy stems the widespread use in atomic and quantum 
physics of “resonance” and “exchange” and related terms. The non- 
stationary aspect of the treatment and the mechanical analog are dis- 
cussed in Appendix X. 


PROBLEM 


17.1 Two electrons are confined to the vicinity of a center of force by an clastic 
attraction represented by the potential energy V(r) = dkr? = dk(2? + y? + 2), the 
force being so strong that the repulsion between the electrons may be disregarded. 
One electron is in its ground state, the other one in its first excited state of motion 
along the z axis. The wave functions of single-electron motion along cach axis may 
be taken from Problem 13.4. Write the wave function of the pair of electrons for the 
para and for the ortho state, (a) as a function of the separate electron positions ry 
and rg, and (b) as a function of the joint coordinates R = }(r, + 12) = (X,Y,Z) and 
r=, — ro = (x,y,z). 


7 : Aasrasaise 
PART 2 |= of 


: particles 


. 


[introduction 


The following chapters deal with the structure of familiar substances, 
regarded as aggregates of nuclei and electrons, considering first single 
atoms with many electrons and then combinations of two or more atoms. 
This introduction indicates the types of questions which will be asked, 
the general methods utilized in answering them, and the necessary back- 
ground information. Even qualitative answers require most, if not all, 
of the concepts of quantum physics developed in the preceding chapters. 

Any particular type of aggregate of particles which is encountered 
frequently in nature or technology must be sufficiently stable against 
external disturbances. The stability and the size and shape of aggregates 
in their ground state constitute our main subject. Excited states will 
not-be considered much. An aggregate is stable if it takes a substantial 
amount of energy to change its composition, size, or shape. “Sub- 


D. 
stantial” means here large as compared to the amounts—of the order of 
1000 cal/mole = 4h; ev—that are readily provided by thermal agitation ; 


it is well known that energies of the order of electron volts, that is, of 
scores of keal/mole, are required to disrupt atoms or molecules. The 
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size and shape of an aggregate of atomic particles are, of course, charac- 
teristics of the probability distribution (Chapter 6) of the particle posi- 
tions. : 


The study of an aggregate of electrons and nuclei concerns primarily 
the motion of its electrons. This motion is governed by the electric 
attraction toward the nuclei, by the repulsion among the electrons, and 
by the quantum-mechanical effects of reaction to confinement (Chapter 
11) and of exclusion (Chapter 17), which oppose the nuclear attraction. 
The motion of nuclei has a minor influence on the aggregation of atoms 
because nuclei, owing to their larger mass, arc_readily confined within 
narrowly defined positions in an aggregate, while nevertheless their 
kinetic energy remains much lower than that of electrons. The magnetic 
interactions among orbital and spin currents have a very minor in- 
fluence on the gross properties of an aggregate because they are weak. 
Spin orientations have, however, a major influence indirectly through 
the exclusion effects. 

As a main index of stability we shall consider how the lowest energy 
eigenvalue of the whole electron body of an aggregate depends on its 
constitution, on its size and shape, and on external disturbances. For 
example, the energy is nowhere near a minimum unless the total number 
of clectrons in the aggregate equals, at least approximately, the number 
of positive unit charges of the nuclei. A main characteristic of atomic 
systems is the substantial separation among the lower energy levels of 
their clectrons. Therefore, the energy of atomie systems cannot be 
raised in separate very small steps by transient external actions; also 


the effect of a steady external disturbance on the electrons remains small 


unless it involves an energy change comparable to the difference between 
the two lowest energy eigenvalues. By the same token, an aggregate 
yiclds'to external actions the more readily the lower is its first level of 
excitation, and is stiff when the first level is high. 

Rather simple approximation methods prove adequate for a qualita- 
tive analysis of most of the problems we shall consider, even though 
they provide satisfactory quantitative estimates only in a minority of 
problems. ‘The motion of electrons will be treated primarily in the 
independent-particle approximation: each electron is regarded as subject 
to an average clectric force which depends on the average distribution 
in space of the nuclei and of all other electrons. Thereby, one considers 
probability distributions of the position of individual electrons, whose 
qualitative features can be analyzed by the criteria indicated in Chapter 
13. The shapes of the probability distributions of electrons belonging 
to a single atom can be taken from the treatment of the H atom in 
Chapter 14. In further analogy with the treatment of H, one also con- 
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siders stationary states of individual electrons moving through a whole 
molecule, and the probability distributions of their positions. 

The motion of nuclei will be treated in an approximation—called 
“Born-Oppenheimer approximation’’—based on the fact that the nuclei 
move much more slowly than electrons, owing to their larger mass. 
(Particles with different masses, confined by mutual attraction within 
comparable volumes of space, have momenta of the same order of magni- 
tude and velocities in inverse ratio to their masses.) Because the elec- 
trons move faster than the nuclei, one may consider initially their motion 
and calculate their energy eigenvalues for cach conceivable position of 
all nuclei within the aggregate, as though the nuclei were at rest. The 
nuclei actually move, but remain near the positions for which the electron 
energy attains a minimum value; the electron energy for each set of posi- 
tions may be treated as a potential energy which confines the motion of 
the nuclei. One concludes that the probability distribution of the nuclear 
positions, and hence the shape of an entire molecule, is controlled pri- 


marily by the motion of the electrons and by the resulting shape of the 
electron distributions. 


When an initial approximation yields two or more stationary states of 
the electrons with nearly equal energy eigenvalues, the actual stationary 
states are usually combinations of the initial states, as discussed in 
Chapter 16. The lowest among the actual energy eigenvalues is lower 
than any of the approximate ones. The actual stationary states are 
often characterized by properties foreign to the initial states, such as 
- being eigenstates of the total angular momentum in the example of 

Chapter 16. Remember in this connection that a-combination of states 
may differ as radically from its components as, for example, circularly 
polarized light differs from its linearly polarized: components. 
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Atoms with 
many electrons 


It is well known that the physical and chemical properties of atoms 
follow a periodic pattern in their variation as the atomic number’ in- 
creases. This pattern, called the “periodic system” of elements and 
shown in Tig. 18.1, was first established on the basis of chemical evidence, 
that is of the behavior of atoms in combination with one another. In 
particular, the atomic radius—defined, for example, as the mean distance 
of the electrons from the nucleus—increases sharply from each rare gas 
to the following element, which is an alkali; this rise is accompanied by a 
drop in ionization potential, as shown in Tig. 4.7. In the sequence of 
elements along each row of the periodic system, from an alkali td a rare 
gas, the atomic radius decreases and the ionization potential increases, 
gradually though not always regularly. A progressive decrease in 
radius, that is, an increasing confinement of the atomic electrons, can be 
attributed to the increasing attraction by the nucleus. The steplike 
increase of radius between each rare gas and the next element has been 
considered for the case of helium and lithium in Sect. 17.1, and has been 


interpreted as an effect of the exclusion principle. It appears that, when 
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the number of electrons in an atom has reached a. critical limit, equal to 
the atomic number of one of the rare gascs, additional electrons can no 
longer be packed in the same volume, but are forced to stay further away 
from the nucleus. 

This phenomenon, and the general periodicity of atomic properties, 
are readily explained by the treatment of atoms in the independent- 
electron approximation (Sect. 18.1). In this approximation, individual 
electrons have stationary states characterized by the same quantum 
numbers (n,l,m,ms) as the electron of a hydrogen atom. To each sta- 
tionary state there corresponds an energy level and a mean distance 
from the nucleus which depend primarily on the principal quantum 
number 7 in an atom of a given element. (The mean distance is es- 
sentially the radius of the outermost interference fringe of the radial 
motion.) States of electrons with approximately equal energy and dis- 
tance from the nucleus, but with different rotational motion and spin 
orientation, are said to belong to a “shell.” 

The nuclear attraction strives to confine the electrons close to the 
nucleus, but the exclusion principle allows only a limited number of 
electrons in the same space, that is, in the same shell. This number 
equals the number of states in the shell and is 9n? for the shell charac- 
terized by the quantum number n. A group of electrons which fills 
every state of a shell has great stability and stiffness. The electrons of 
an atom in its ground state are in the states of lowest energy consistent 
with the exclusion principle, and are therefore distributed among the 
innermost shells. The distribution can be determined by assigning to 
cach shell, beginning with the innermost one, the number of electrons 
required to fill it, and proceeding to outer shells until all electrons have 
been assigned; the last group of electrons in general fills a shell only 
partially. An increasing number of shells gets filled as the atomic num- 
ber increases. 

- The experimental evidence appears to indicate that the rare gases 
have the exact numbers of electrons to complete the filling of successive 
shells. Since the atomic numbers of the rare gases are 2, 10, 18, 36, 54, 
and 86, successive shells should contain 2, 8, 8, 18, 18, and 32 electrons. 
This result agrees only partially with the characterization of shells ac- 
cording to the quantum number n, since the values of 2n? are 2, 8, 18, 32 
-. without any repeats. The discrepancy is removed by a closer 
analysis of the energies and radii of one-electron states which turn out to 
depend appreciably also on the azimuthal quantum number / (Sect. 18. 2), 

The major physical and chemical properties of an atom are determined 
by the number of electrons in its outermost shell. Atoms with different 
numbers of filled shells but with equal numbers of electrons in their 
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outermost shell have similar chemical properties and belong to the same 
column of the periodic table of elements (Fig. 18.1). Successive rows in 
the table correspond to successive numbers of filled inner shells. 

Atoms in each column of the periodic table also have similar optical 
(infrared, visible and ultraviolet) spectra. That is, the optical spectra 
of successive elements follow the same pattern of periodic variation as 
chemical properties. The emission and absorption of radiation in the 
optical range derives, in fact, like the chemical properties, from the outer- 
most atomic electrons whose energy level differences are equal to photons 
of optical frequencies. (The excitation of inner electrons requires more 
energy and yields, in general, different effects.) In most cases of in- 

- terest, radiation is emitted or absorbed in transitions between stationary 
states that differ primarily by the level of excitation of a single electron 
whose quantum numbers n and | change in the course of the transition. 
The analysis of spectra leads to a classification of the stationary states 
of atoms according to eigenvalues of the angular momenta (orbital, spin, 
and total). The eigenvalues of the energy and of the angular momenta 
for the various stationary states depend on the interaction among elec- 
trons. Their theoretical determination requires, therefore, a more de- 
tailed treatment of electron interaction than in the independent electron 
approximation (Sect. 18.3). The angular momenta of the ground state 
of an atom and of its successive excited states, are determined, in general, 
by the number of electrons in the outermost shell and by their quantum 
numbers J. Therefore, the same pattern of angular momenta is found, 
in general, in the spectra of atoms along cach column of the periodic 
system. ‘The same pattern is also found in the spectra of “isoelectronic’’ 
ions, that is, of ions with the same number of electrons as a given neutral 
atom. y 

X rays are emitted in transitions in which a single electron drops into 
an inner shell to fill a vacancy caused by.a preceding phenomenon. 
Since the quantum numbers of inner shell states are the same for atoms 
in successive columns of the periodic table, X-ray spectra do noteexhibit 
any periodic variations, in contrast to optical spectra. On-the other 
hand, the energy of the emitted X-ray photon depends greatly upon the 
shell into which the clectron drops. X-ray spectra thus provide direct 
evidence on the existence and energy levels of inner shells (sce also 
page 46), 


18.1 Independent-clectron Approximation 


The motion of many electrons within a single atom is complicated 
because the potential energy of each electron at any one time and place 
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depends on the position of all other electrons at that time. Hence, the 
motion of all electrons should be considered simultaneously. However, 
it is possible to obtain significant results by a simplified approximation 
procedure.! 
In the independent-clectron approximation, the electric force applied 
to one electron is represented initially as though the positions of all other 
electrons had a probability distribution uniform in all directions around 
the nucleus and independent of the positien of the electron one considers. 
This electron is then attracted toward the nucleus by a force approxi- 
mately equal to Ze?/r? (Z.= atomic number, 7 = distance from the 
nucleus) when it is close to the nucleus and the repulsion by all other out- 
lying electrons cancels out. The attraction is approximately equal to 
e2/r® when the electron under consideration lies farther from the nucleus 
than the other Z — 1 electrons, so that their repulsions add up, that is, 
when the nucleus and the Z — 1 electrons can be regarded together as a 
pointlike ion of unit charge. The attraction at any distance may be ex- 
pressed as Zor e”/r?, where Zezz is called the “effective nuclear charge” 
and is a function of the distance from the nucleus which decreases from 
Z% at r = 0 down to one. The attraction is represented by a potential 
energy U(r) approximately equal to —e*/r for large r and to —ZLe*/r + 
Vo near the nucleus, where Vo is a constant equal to the energy spent 
in bringing an electron from infinite distance to the center of the atom 


“against the repulsion by the other electrons. The determination of the 


function U(r) in the main range of interest of r through the atom offers 
a serious problem. 

This problem is best solved by Hartree’s “self-consistent” method. 
Starting from a trial function Uo(r), one calculates the motion of all 
electrons, the combined probability distribution of their positions, and 
hence the average electric force which they would generate. Thus one 
obtains a new estimate U,(r) of the potential energy. This estimate 
agrees with Uo(r) if Up was a good trial function; otherwise U;(r) serves 
as a new trial function and the calculation is repeated until a satisfactory 
estimate is attaincd. Simpler but cruder methods of estimating U(r) are 
available. . 

Once the potential energy of an electron is specified by a function 
U(r), its motion is analyzed like the motion of the electron of the hy- 
drogen atom. Stationary states of this motion are called “one-electron 
states,” to distinguish them from the states of the whole atom. Since 
the potential energy depends only on 7, the rotational motion of the 

1 Conditions are favorable to a schematization in atoms of high atomic number 
where the effect of nuclear attraction is dominant and irregularitics in the distribution 
of electrons tend to cancel out owing to the large number of electrons. 
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electron is unaffected by torques and the eigenstates of its squared orbital 
angular momentum I? are the same as for the hydrogen atom. ‘The 
radial motion is subjected to an attractive force, stronger at most places 
than in the hydrogen atom, and is therefore confined into a narrow space. 
A one- -cleetron stationary state is classified by the same set of quantum 
numbers (n,l,m,m,) as for the hydrogen atom (see page 233) if the spin- 
orbit coupling is disregarded? 

The energy of a one-clectron state (n,lm,m,) is independent of the 
quantum numbers m and m,, which identify only the orientation of the 
orbital and spin currents, and will be called /,;. In the hydrogen atom, 
Ii, is also independent of the azimuthal quantum number l, but in other 
atoms states with higher / have higher energy for equal n. The potential 
energy U(r) decreases more rapidly than in hydrogen, when an clectron 
approaches the nucleus, as indicated by the increase of Zerr. This de- 
crease of potential energy reduces the energy of electrons with low 
angular momentum (small 0) to a greater extent than the energy of 
electrons with higher angular momentum, which are kept away from 
the immediate vicinity of the nucleus by the centrifugal foree. For 
given values of n and J and increasing atomic number Z, the energy ni 
decreases rapidly. The mean distance from the nucleus of an electron 
in a given state also decreases with increasing Z. 

A state of a complete atom with Z electrons is identified, in the initial 
approximation, by Z sets of quantum numbers (n,l,m,ms) which identify 
the one-clectron states of all electrons. No two of these sets of quantum 
numbers ever coincide, according to the exclusion principle. ‘The 
orientation of the clectron currents, represented by the quantum num- 
‘ bers m and ms, has no bearing on the energy of the individual electrons, 
or on that of the whole atom, in the independent-electron approxima- 
tion.” States of the whole atom which differ only in the orientation of 
the electron currents have therefore the same energy and are said to 
have the same “configuration.” A configuration is identified by the 
numbers of electrons in states with any given pair of quantum numbers 
mand l. It is usually represented by a formula in which the values of 
n and I are indicated by a number and a letter, respectively, according 
to the code given on pages 202 and 208, and the number of electrons with 
any given 7 and J is indicated as a superscript. For example,.the con- 


*'The spin-orbit coupling should he taken into account in the initial approximation 
for the inner electrons of medium and heavy atoms and sometimes for the outer 
electrons of heavy atoms. In this event, the one-electron states are identified by 
the quantum numbers (n,J,j,m;) utilized for the hydrogen atom on page 2:10. 


3 When the spin-orbit coupling i is considered the energy cigenvalue depends also 


on the quantum number j and is called Baty. 
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figuration of the ground state of the silicon atom is 
(18)°(28)?(2p)°(8s)?(Bp)”, « “AD 


meaning that there are two electrons with n = 1, | = 0, two electrons 
with n = 2, | = 0, six electrons with n = 2, 1 = 1, ete. 

The states of whole atoms identified by Z sets of one-clectron quantum 
numbers (n,l,m,m,) are not, in general, stationary states because of the 
interactions among different electrons which are disregarded in the 
independent-electron approximation. The actual stationary states of a 
whole atom may be represented as combinations of first approximation 
states (identified by one-electron quantum numbers) whose energies are 
equal, or nearly equal, according to the procedure of pages 231 {f. The 
combination includes usually only states with the same configuration, 
and occasionally states with different configurations whose energies 
differ by a small amount. 

The number of states of an atom with any given configuration. is 
limited by the exclusion principle, which requires all sets of quantum 
numbers (n,l,m,ms) with equal (n,l) to have different pairs (m,m,;). If 
the number of (n,l) electrons in a configuration equals the available 
number of pairs (m,ms), their state is uniquely defined. For each pair 
of quantum numbers (n,l), the number of possible values of m is (21+ 1), 
while m, can have the values -++4; hence there are 2(21 + 1) different 
pairs of values of (m,m,), that is, 2 for s states, 6 for p states, 10 for d 
states, etc. Therefore, a group of 2(21 + 1) electrons with quantum 
numbers 7 and J has only one state which is identified by the 2(21 + 1) 
different sets of quantum numbers (n,lm,ms). with the given values of 
n and I. For instance, the neon atom in its ground state has the con- 
figuration (1s)?(2s)?(2p)° which consists of three groups of 2(21 + 1) 
electrons. Since each of these groups has a single state, the ground 
state of the whole atom is uniquely defined by its configuration. In 
the example of the ground state of silicon, with the configuration 
(1s)2(2s)?(2p)°(3s)2(8p)”, the groups of electrons (1s),(2s),(2p), and 
(3s) have a uniquely defined state; the two remaining (3p) electrons 
may be in any of the states identified by two among the 2(2 X 1+ 1) = 6 
possible pairs of quantum numbers (mms). This yields 15 different 
states with the same configuration and with energies equal in first 
approximation. The ground state of the Si atom is, therefore, a com- 
bination of these states. 
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18.2 Shell Structure and the Periodic System of Elements 


The ground state of an atom has the configuration whose energy is 
lowest in first approximation. The lowest-energy configuration for a 
neutral atom with Z electrons is determined by the following procedure: 
One considers the sequence of energies /,; of one-electron states, which 
runs basically in order of increasing n, and, for a given 7, of increasing 1, 
namely I19, Hoo, B21, Bo, +++. Then one assigns to each of these energ 
levels, in succession of increasing energy, the maximum number of 
electrons consistent with the exclusion principle, namely, 2(21 + 1), 
until all Z electrons are assigned. After a certain number of levels are 
filled, a residue of the Z electrons is left, in general, smaller than the 
number of states in the next level; for example, in the ground state con- 
figuration of Si, shown in (1), two electrons are left in the 3p level which 
has six states available. . 

In general, one-electron states with different quantum number n have 
quite different energy levels, whereas the energy difference between 
states with equal n and different l are minor.. The mean distance of an 
clectron from the nucleus depends on its energy level.> Therefore, the 
one-electron states with the same quantum number n are said to con- 
stitute one “shell.” The one-electron states with the same n and | 
values, that is, belonging to the same level, are said to constitute a 
“subshell.” The different shells, particularly the first ones, are often 
identified by code letters, rather than by the values of n, as follows: ® 


n=] 2 3 4 5 6 
code=K L M N O P 


The shell structure of atoms will be discussed here by considering in 
turn the atoms with increasing atomic number. Following H, the He 
atom has its two clectrons in the first shell, which consists of the single 
subshell 1s. The two electrons fill the shell, so that there is only one 


a Exceptions to this rule may occur if different configurations have nearly equal 
energy. 

’ The mean distance is approximately equal to the radius of the outermost inter- 
ference fringe of the radial probability distribution at its brightest point (see the 
distribution of the electron in the H atom in lig. 14.9). When n > 1 + 1, the dis- 
tribution consists of more than one bright fringe, corresponding to a non-vanishing, 
but low probability, of finding the electron at a distance from the nucleus much 
lower than the mean, 

$A roman numeral subscript is sometimes used to indicate a subshell identified 
by spin-orbit coupling quantum numbers 1 and j; for example, Ia, means n = 2, 
b= 1,7 = 5; Io means n = 2,1 = 1,7 = 3, ete. 
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state with the configuration (1s), with opposite spin orientation, as dis- 
cussed in Chapter 17. The energy difference between the ground state 
and the lowest excited states of Ile, with the configurations (1s)!(2s)' 
and (1s)'(2p)!, is approximately 20 ev, that is, substantially larger than 
for any other atom. Therefore, any variation of the ground state of He, 
represented by a combination of the ground state with excited states, 
involves a variation of energy proportionately higher than in other 
atoms; the He atom in its ground state is the most stable and stiff of all 
atoms. In particular the fact that the ground state has a one-state con- 
figuration prevents the formation of chemical bonds and thereby classes 
helium as a rare gas. s 


The short periods. The next two atoms, Li and Be, have, re- 
spectively, one and two electrons in the subshell 2s. The subshell is 
filled in Be, whose configuration is (1s)!(2s)?. However, the single state 
of this configuration is not very stable because the energy difference 
Be, — Foy is small and a small disturbance suffices to combine the 
ground state configuration with (1s)?(2s)1(2p)!. 

The atoms from B to Ne have the ground state configuration 
(1s)?(2s)?(2p)", with m increasing from one to six. The subshell 2p is 
filled at Ne, and with it the whole L shell (n = 2). Ne atoms are there- 
fore similar to He atoms, that is, are very stable and stiff, and exhibit 
the properties of a rare gas. Let us reemphasize that the recurrence of 
rare gas properties, when Z has increased by eight units beyond He, de- 
rives from the capacity of the shell with n = 2, which is 2n? = 8. 
Notice also that, even though the probability distribution of any one p 
electron is not uniform around the nucleus, the combined distribution 
of all electrons in a filled subshell is exactly uniform 7; moreover, the re- 
sultant spin of the subshell vanishes. 

The eight atoms from Na to A have inereasing numbers of electrons 
in the subshells 3s and 3p of the Af shell (n = 3), following the same pat- 
tern as the eight atoms from Li to Ne. Pairs of elements whose atoms 
have equal numbers of electrons in incomplete shells with n = 3 and 
n = 2, have very similar physical and chemical properties and are ac- 
cordingly arranged in the same columns of the periodic table. These 
cight pairs of elements, Li and Na, Be and Mg, -- - to Ne and A, con- 
stitute the two “short periods” of the table. It is remarkable, at this 
point of the sequence of elements, that A shares the special stability of 


7'This property is verified by calculating, with the wave functions of page 211, 
that %,,.|(@{l,m)(o}m) [2 = (21. + 1)/4z, independently of the direction (0,4), or by 
noticing that the sum of the quantum numbers m of all states of a subshell vanishes, 
whatever coordinate axis has been chosen. 
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Ne and He, that is, is a rare gas, even liguek its electrons fill only the 
levels up to the 3p gabebelt leaving unoccupied the remaining subshell, 
3d (1 = 2), of the M shell. The stability of A is very high, though not 
quite as high as that of Ne, because the energy of the 3d states lies much 
higher than the energy of the 3p states for the reasons indicated on page 
274. The energy of the A configuration with one electron in the 3d sub- 
shell exceeds by 11.5 ev the energy of the ground state configuration. 
Therefore, the effects generally associated with completion of a shell are 
associated here, and also in the remaining rare gases, with completion of 
a p subshell. 


The long periods. Proceeding beyond A, a departure from the basic 
regularity of shells is encountered, namely, the energy of the 3d states 
excecds that of the 4s states. Therefore, the atom following A, namely 
K, has the ground state configuration (1s)?(2s)?(2p)°(3s)?(3p)°(4s)', 
that is, it consists of a rare gas core and of a single electron in the next 
shell. Potassium is thus similar to Li and Na. The next atom, Ca 
(Z = 20), has two electrons in the 4s subshell and is thus analogous to 
Be and Mg. 

The states of the 3d subshell be gin to be occupied in the atoms fol- 
lowing Ca.. The atoms from Sc (Z = 21) to Mn (Z = 25) have three to 
seven electrons with comparable energies in the 4s and 3d subshells. 
These atoms are somewhat similar to those of the sequence Al to Cl 
which also have three to seven outer electrons with comparable energies. 
The difference between the 3d states in one sequence and the 3p states 
in the other causes, however, the clements in the two sequences to be in- 
creasingly different. The 3d subshell has 10 states, as compared with 6 
states for the 3p subshell, and the elements féllowine Mn, namely, Fe, 
Co, and Ni, have additional 3d electrons and therefore have no analog 
in the earlier portion of the periodic table. 

As the nuclear charge increases and the 3d subshell gets filled, 
energy level H’32 decreases somewhat faster than the level 449 of the a 
subshell, and becomes eventually lower than it (Fig. 18.2). This cross- 
over of energy levels stems from the following circumstance. Once the 
nuclear attraction has become sufficiently strong to overcome the centri- 
fugal force on 3d electrons and to draw their probability distribution 
inside the atom, these electrons are attracted toward the nucleus with 
increasing strength, represented by a high value of the effective nuclear 
charge Zers. The effect indicated on page 274 to explain the dependence 
of H,. upon the quantum number / becomes less important. Actually 
the energy level [32 becomes more nearly comparable to /3; and Eq as 
Z increases beyond 30. 
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When the subshells 4s and 3d hold jointly 11 electrons, that is, at 
Cu (4% = 29), the ground state configuration formula includes, besides 
the rare gas core of A, a factor (8d)'°(4s)', whereas the preceding Ni 
atom has (3d)°(4s)*. Thus the filling of the 3d subshell—and of the 
whole Af shell—gets completed when another subshell is already started, 
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Fig. 18.2. Typical variations of one-electron energy levels as functions of the atomic 
number. (Adapted from R. Latter, Phys. Rev., 99, 515, 1955.) 
and no remarkable stability is associated with its completion. The 


(3d)°(4s)? configuration of Cu has an energy only about 1.5 ev higher 


than the (8d)!°(4s)! configuration. 
The filling of the 4s and 4p subshells resumes regularly after the 3d 


- subshell is completed. From Cu to Kr (7 = 29 to 36) we have a se- 

quence of cight atoms with one to eight s and p electrons, which become 
increasingly similar to the corresponding atoms of the short period se- 
quences from Li to Ne and from Na to A. The increasing similarity 
derives from the increasing stability of the filled 3d subshell which is 
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being drawn in with the rest of the M shell and has a diminishing in- 
fluence on the outer electrons. Completion of the 4p subshell at Z = 36 
is quite analogous to the completion of the 8p subshell at Z = 18, and 
indeed the Kr element is a rare gas like A. ; 

Thus 18 electrons have been added along the sequence of atoms from 
A to Kr, as many as belong in the n = 3 shell, according to the 2n? 
formula. However, these electrons have occupied the subshells 4s, 3d, 
and 4p instead of a single shell. 

The filling of the 4d subshell is delayed like that of the 3d subshell. 
. Beyond Kr the sequence of configurations parallels closely the sequence 
that follows A. From Rb (Z = 37) to Xe (Z = 54) we have 18 atoms 
which form a “long period” of the periodic table, quite analogous to the 
preceding period from K to Kr. The subshells 5s, 4d, and 5p are filled 
along the sequence which terminates, upon filling of the 5p subshell, 
with the rare gas Xe similar to Kr and A. The subshell 4/ is still unfilled 
at this point, as well as 5d. . 


The rare earths. A new long period starts with Cs (Z = 55) in which 
the 6s subshell is filled first, and then the 5d-is started. However, the 
filling of the 4f subshell sets in after La (Z = 57) which has two 6s 
electrons and one 5d. As the atomic number increases in this range, 
the energy level £43 of the 4f electrons decreases faster than the levels 
és and /g9, much as the level /32 decreases faster than the other levels 
in Fig. 18.2. Still more striking is the rapid decrease of the mean distance 
of 4f electrons from the nucleus. It follows that, however many electrons 
are in the 4f states of the atoms following La, they are substantially 
closer to the nucleus than the 6s and dd electrons. In these atoms the 

‘configuration of the ground state, shown in Fig. 18.1, provides no ade- 
quate indication of the chemical propertics. It turns out that owing to 
the: characteristics of 4f states, all the clements following La have 
chemical properties closely similar to those of-La and of the other analo- 
gous elements with three outer electrons (“earth elements”), namely Sc 
and Y. “The filling of the 14 states of the 4fsubshell extends over the 


group of elements from Z = 58 to Z = 71, which are called the “rare 
ry 


earths.” 
The “long period” which begins at Cs resumes its course after the 4f 


subshell has been filled and remains quite similar to the preceding long 
periods. Including the rare earths, this period consists of 32 elements, 
as many as the states of the shell with n‘= 4. he period terminates 
upon completion of the 6p subshell, at Rn (4 = 86) which is another 


rare gas. The 5f and 6d subshells are still unfilled at this point, besides 


bg, Of, 6g, and Gh. 
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Following Rn, a new long period starts with I’'r and Ra which have, 


respectively, one and two 7s electrons. There follows Ac and a long 
group of elements, called actinides, which are analogous to the rare 
sarths.. This group includes the “transuranic” elements, with atomic 
number higher than 92, which are not found in nature but have been 
produced by laboratory transformation of atomic nuclei. 

Atomic ions. Atoms can exist in various states of positive ioniza- 
tion, in which the number of electrons is smaller than the number of unit 
charges on the nucleus. Ions with a.net positive charge of a dozen units 
exist on the sun. Positive ions are stable, of course, insofar as no elec- 
trons are available to be captured. 

The ground state of a positive ion may be characterized by its con- 
figuration which is generally the same as that of a neutral atom with the 
same number of electrons. A typical exception to this rule is the Cut 
ion which has an outermost complete subshell of ten 3d electrons, whercas 


the neutral Ni atom has the same number of electrons in a (4s)°(3d)8 


configuration. 
Positive ions with one or a few unit charges are produced in electric 
discharges. Certain species of positive ions also exist as stable con- 


stituents of large aggregates of matter (crystals or solutions), when the 


conditions around the ion prevent it from capturing an electron without 
expenditure of energy. Some examples of this stability will be given in 
Chapter 22. The ions for which these conditions obtain have particu- 
larly stable configurations, namely, those of the rare gases, and are called 
‘Gsoelectronie” to rare gases. Typical examples are Lit and Bett, 
isoclectronic to He, Nat*, Mgtt, and Alt+t+, isoelectronic to Ne, K*, 
and Catt, isoelectronic to A. Ions of the Cut and Zn** groups, whose 
configuration has an outermost complete d subshell, have also con- 
siderable stability, whereas the isoelectronic neutral atoms of the Ni 
group have different ground state configurations and are not particularly 


stable. 

Atoms of a few elements are apt to capture an additional electron and 
to form with it a stable negative ion. Consider that an clectron outside 
a neutral atom is attracted to it by no net electric charge but only by a 


weak induced electric force (to be discussed in Sect. 22.3). The weak 
force is not sufficient to confine an electron. Therefore, a negative ion 
‘annot exist with an electron substantially farther away from the nucleus 
than the other electrons. On the other hand, if an atom has a partially 
filled outer shell, an additional electron can be at a distance from the 
nucleus comparable to that of the other electrons and experience a strong 
net attraction toward the nucleus. The conditions are most favorable to 
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the formation of a negative ion in neutral atoms that lack a single elec- 
tron to complete a rare-gas configuration. Typical negative ions have 
in fact a rare-gas configuration, namely, H~ with 2 electrons, I’~ with 
18 electrons, and similarly Cl~, Br~, and I~. The neutral O atom lacks 
2 electrons to achieve a rare gas configuration, but nevertheless forms a 
stable OT ion. The O77 ion is stable only in crystals. 


18.3 


Stationary States in Normal-coupling Approximation 


Lhe states of whole atoms identified by Z sets of one-electron quantum numbers 
(n,L,7,ms) are not, in general, stationary, as mentioned in Sect., 18.1, because of the 
interactions among the electrons. The procedure to identify the actual stationary 
states depends on the relative strength of different types of interaction. In the in- 
dependent-clectron approximation, the electric repulsion among electrons has been 
strongly schematized and the magnetic interactions among orbital and spin currents 
have been disregarded. Most frequently, the departures from the schematized 
electric repulsion have a dominant effect, and are appropriately taken into account 
ahead of the magnetic interactions. The interaction among electrons under these 
conditions is called “normal coupling.” Magnetic interactions become increasingly 
important as the atomic number increases and substantial departures from conditions 
of normal coupling are encountered; however, the present treatment is limited to 
normal coupling. 

The state of an atom with a configuration consisting only of complete subshells is 
completely identified by its configuration, as mentioned in Sect. 18.1. The inter- 
actions among electrons do not modify this stationary state unless they are suf- 
ficiently strong to combine different configurations. In general, the complication 
of the interaction of many electrons depends on the number of states of the whole 
atom in the same configuration. The number of states depends on the number of 
electrons in the partially filled subshell (or subshells); it increases with increasing 
number of electrons until the. subshell is half-filled, and decreases thereafter. Tor 
a subshell with given quantum number J, the number of states is the same whether 
it contains r clectrons or r vacancies.’ : 

States with a single electron in an unfilled shell, which are typical of the alkali 
atoms, present no special interaction problem. The electric repulsion between the 
electrons of completed subshells and the single “outer” electron in the unfilled shell 
docs not modify the magnetic quantum number m of the outer electron; the mag- 
netic spin-orbit intcraction of this electron has been treated in Chapter 16. The 
ground state of the halogen atoms, whose configuration lacks one electron to compete 
a subshcell, is analogous to the states of the alkali atoms. The treatment of electron 
interaction i in subshells containing more than one electron is beyond the scope of 
this book; only highlights of its results are outlined below. 

The energy of the electric repulsion among electrons depends on the mutual orienta- 
tion of the separate probability distributions of their positions and on the correla- 


"8 With reference to the example on page 275, it can be scen that the number of. 
states of the whole atom equals the number of ways in which the 2(21 + 1) one- 
electron states of the subshell can be divided into two groups of r and 2(21 -+ 1) — r 


states. It is immaterial whether r indicates the number of filled states or the number 
of vacancies. 
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tions between the positions of different electrons which are established by the exclu- 
sion principle. The oricntation cffects arise only for electrons in states with an 
azimuthal quantum number | # 0, because states with 1 = 0 have probability dis- 
tributions uniform in all directions. The mutual orientation of probability distribu- 
tions may be expressed in terms of the mutual orientation of the orbital currents of 
different electrons, and therefore depends on the squared resultant orbital ‘angular 
momentum L? of all electrons. Under conditions of normal coupling, station- 
ary states of a whole atom are eigenstates of L?, The cigenvalues of L?2 are in- 
dicated by LL + 1)#?, where Z is called total orbital quantum number as in Chapter 
17. The possible values of the quantum nymber L for a given configuration are ob- 
tained by applying the procedure of addition of angular momenta, indicated in Sect. 
16.2, to the orbital angular momenta I of the individual electrons in the incomplete 
subshell. The mutual orientation of orbital currents is restricted by the exclusion 
principle, which therefore restricts also the possible resultant values of LZ. For 
example, the ground state of nitrogen has three 2p electrons but the value L = 8, cor- 
responding to parallel orbital momenta, is excluded as all three electrons cannot be 
in states with m = 1. Often, though not always, the quantum number FL specifics 
completely the mutual orientation of the orbital currents and the probability dis- 
tribution of the interacting electrons. States of an atom with many electrons are 
usually designated with capital letters which identify the value of Z according to 
the same code as for one-clectron states, namely, 


L value 012 38 4 
code name S PDF @ --. 


The correlations between the positions of different electrons arising from the ex- 
clusion. principle depend on the mutual orientation of the electron spins, and there- 
fore on their squared resultant angular momentum S*. Under conditions of normal 
coupling, stationary states of a whole atom are cigenstates of $?;"the cigenvalues of 

2 are indicated by SOS + 1)#2, as in Chapter 17. The possible values of S are de- 
termined by addition of the spin angular momenta s of the individual electrons in 
the incomplete subshell. Here again, the mutual orientation of spin currents is 
restricted by the exclusion principle, which therefore restricts also the possible values 
of S. Within this limitation, the higher is the value of S, the larger is the average 
distance of the electrons and the lower is the average potential energy due to their 
repulsion. Therefore, the ground state of an atom has generally the highest permis- 
sible value of 8. In the example of the ground state of the nitrogen atom, the three 
2p electrons have parallel spins (S = 3); the clectrons must therefore occupy the 
states with quantum numbers m = 1,0 and —1, their resultant angular momentum 
vanishes (L = 0), and the ground state is therefore fully defined. 

Ligenstates of L? and S? with quantum numbers Land 8 other than zero exist with 
different mutual orientations of their orbital and spin currents, that is, with different 
squared total angular momenta p= |L+S/?. These states have different energy 
of spin-orbit coupling. Energy levels of states with equal L and § and different J 
constitute the fine structure multiplets of the spectra, analogous to the doublets of 
alkali spectra (sce Chapter 16). 

In conclusion, stationary states of atoms with many clectrons under conditions of 
normal coupling are eigenstates of L’, S$? and J? characterized by quantum numbers 
L,S,and J. The mutual orientation of the orbital currents and probability distribu- 
tions of several electrons may require further specification than is provided by the 
value of L. A state with quantum numbers L, S, and J is usually indicated by a 
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code symbol which specifies the values of these numbers. The symbol consists of 
the code letter corresponding to the value of L, with a superscript on the left equal to 
28 + 1 (which is the number of fine structure levels for L > S) and a subscript on 
the right equal to J. “For example, ‘Ds, means L = 2, 8 = 4, and J = &. 

When the interactions among electrons eause an appreciable combination of states 
of different configurations, only states with the same quantum numbers Z, §8, and J 
intercombine under conditions of normal coupling. 

Under conditions of normal coupling, intense emission or absorption of radiation 
occurs only in transitions between states with the sume quantum number S. There- 
fore, the spectral levels of an atom are subdivided into separate sets of terms cor- 
‘responding to different values of S, as the levels of He are subdivided into parahel- 
ium (S = 0) and orthohelium (S = 1) levels (Sect. 17.4), The S value of each set of 


levels is determined by experimental observation of the multiplicity of fine structure 
levels. 


' 


. 


The simplest molecules 


‘The hydrogen molecule, Hg, is the simplest electrically neutral mole- 
cule. It consists of two hydrogen atoms, that is, of two hydrogen nuclei 
and of two electrons. Still simpler is the hydrogen molecular ion, H,*, 
which consists of two nuclei and of a single electron. 

The stability of the Hz ion results from the tendency of its electron 
to expand, that is, from the complementarity relationship between the 
volume in which the electron is confined and its kinctic energy (see 
Chapter 11). The electron of a H atom finds itself under reduced con- 
finement when a second FE nucleus approaches the atom, because it can- 
pass from the proximity of one nucleus to the proximity of the other 
without any increase of its potential energy. An electron in. the space 
surrounding two H nuclei can therefore be in a stationary state such 
that its mean potential energy is comparable to that in the ground state 
of the H atom, but its mean kinetic encrgy is substantially lower. 
lixperiments show that the total energy of the ion H.* in its ground 
state is 2.65 ev lower than the sum of the energics of a H atom and of a 
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H. nucleus at infinite distance, as represented by the equation. 
H.t = H + Ht — 2.65 ev. (1) 


To study the mechanics of the H+ ion, it is appropriate to consider 
the energy eigenvalues of its clectron for cach possible distance of the 
two nuclei (see page 269). If this distance greatly excecds the size of 
the H atom, the potential energy of the electron at the mid-point be- 
tween the two nuclei is considerably higher than its average value in the 
H atom, and the electron’s energy eigenvalue is not much lower than 
in the H atom. If the internuclear distance is much smaller than the 
size of the H atom, the electron is not less confined than in the H atom 
and its kinetie energy fails to be reduced; moreover, to the electron’s 
energy cigenvalue one must add a high potential energy of repulsion 
between the two nuclei. Between the two high-energy regions for small 
and large internuclear distances there lies a minimum of the total energy 
for an internuclear distance comparable to the size of the H atom. A 
calculation outlined in Sect. 19.1 yields the plot of energy versus distance 
shown in Fig. 19.1 with a minimum at the internuclear distance of 1.06 A. 
The calculation also yields an energy eigenvalue for the ground state of 
the ion which agrees with the experimental value given in Haq. |. 

The normal hydrogen molecule, Ha, is regarded in the independent- 
clectron approximation as a system of two electrons, each of which moves 
under the attraction of two nuclei much as the single electron of the H,t 
ion. The two electrons, being in the same state of motion, must have 
opposite spin orientation on account of the exclusion principle. The 
molecule has, therefore, the complete shell characteristics of a He atom 
in its ground state. 

The stability of the H, molecule may also be understood by consider- 
ing first -two adjacent H atoms. The close approach of the two atoms 
reduces the confinement of cach electron because they can both pass 
from the vicinity of one nucleus to the vicinity of the other without in- 
creasing their potential energy. Since the two electrons have their 
kinetic energy decreased by decreasing confinement, the energy released 
in the formation of the He molecule is roughly twice as large as in the 
formation of the H,* ion, 


Ty = H+ H — 4.48 ev. : (2) 

The internuclear distance which yields the minimum of the total energy 
is smaller than that of the Hgt ion, namely 0.74 A. 

The formation of the Hz molecule involves a full interpenetration of 


the electron “bodies” of the two H atoms, that is, a full overlapping of 
the probability distributions of electron positions. The interpenetra- 
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tion is possible only if the electrons have opposite spin orientation. If 
two H atoms approach one another with parallel electron spins, their 
combined state may be regarded as an excited state of the Hy molecule, 
analogous to the ortho-states of the He atom discussed in Sect. 17.4. 
The total energy of the molecule in this excited state is higher than the 
energy of the separate H atoms for all values of the internuclear distance. 
‘Therefore, H atoms with parallel electron spins fail to interpenetrate and 
to form a stable molecule. (If, however, one of the two Il atoms happens 
to be initially in an excited state, a molecule can be formed in a state with 
parallel clectron spins without violation of the exclusion principle. The 
resulting molecule is in an excited, state.) ; 

In general, the state of a system of two approaching atoms is not an 
cigenstate of their squared total spin angular momentum, that is, the 
spins are neither certainly parallel nor opposite. The state can, how- 
ever, be represented as a superposition of component eigenstates with 
parallel and opposite spin orientation. The intensities of the component 
states represent the probability that the atoms interpenetrate or fail to ° 
do so. Interpenetration leads to the formation of a molecule only if 
the system can release excess energy, usually through simultancous col- 
lision with another molecule; otherwise interpenetration merely results 
in an elastic collision of the two atoms. 

Because the two electrons of a He molecule are in states that constitute 
a complete shell, no further electron can be confined in the same region 
of space without being in an excited state. Therefore, a further H atom 
which approaches a Hz molecule does not penetrate it with formation of 
a Hg molecule. The Hy molecule constitutes a closed system, with no 
tendency to form additional bonds with other atoms. For the same 
reason, a H atom does not penetrate a He atom with formation of a HHe 
molecule. The electron of 2 H atom cannot be confined in a ground 
state in the same space as the two electrons of He, just as the third elec- 
tron of a Li atom does not stay in the 1s shell together with the other 
two electrons. 

Three electrons can be confined to form a molecule in the space around 
two nuclei if one of the electrons is not in the ground state, in analogy 
to the Li atom configuration (1s)*(2s)’. As shown in Sect. 19.1, the 
one-electron energy level immediately above the ground state of the 
molecule is “antibonding.” This energy level decreases steadily as the 
internuclear distance increases; therefore the presence of an electron in 
the antibonding state reduces the stability of the molecule. The mole- 
cule can nevertheless be stable, provided the energy gain from the “bhond- 
ing” action of two electrons in the ground state overcompensates the 
effect of the electron in the antibonding state. Whether the aggregate 
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of three electrons and two nuclei is stable or not depends on whether its 
total energy is smaller or larger than the sum of energics of any other 
possible aggregate of the same constituents. For instance, the Ho 
molecule does not hold an additional electron to form H»~, and‘an Hie 
molecule would be less stable than the separate atoms of II and He. 
Conversely, the Hey* ion is stable and constitutes a typical example of 
molecule with a “three-clectron bond.” Its stability is comparable to 
the stability of the H,+ molecular ion whose bond is called a “one- 
electron” bond, Addition of a fourth electron to the Heg* ion into the 
lowest energy state available, which is antibonding, leads to decomposi- 
‘tion of the molecule into two neutral He atoms. However, if the fourth 
electron is added in a bonding state of higher excitation, it forms an ex- 
cited metastable Hee molecule. The temporary existence of this mole- 
cule can be observed experimentally before it loses its excitation energy 
and breaks up into two He atoms. 

‘This discussion of the states of simple molecules has been based on the 
independent-electron approximation, which assigns each electron to 
a one-electron state with a probability distribution extended throughout 
the molecule. A one-electron state of orbital motion, that is, a sta- 
tionary state of electron motion irrespective of spin orientation is called 
an “orbital.” -A “molecular orbital” is an orbital in which the electron 
distribution extends over a molecule (or over a part of a polyatomic 
molecule). Two electrons with opposite spin orientation may be in 
the same orbital. 

The independent-electron approximation provides a very direct de- 
scription of molecular stability and is therefore convenient for qualitative 
analysis. However, it underestimates substantially the effects of re- 
pulsion among electrons. Not even the average effect of this repulsion 
is conveniently taken into account in the first approximation treatment 
of the’ Hz molecule. As mentioned in Chapter 18, the independent- 
electron approximation yields reasonably good quantitative results 
when the attraction by a single nucleus is predominant and when many 
electrons perform similar motions. These conditions are not met in the 
Hy molecule. Other approximation methods are commonly utilized for 
the calculation of energies of molecules with two or more electrons. 
Different methods of approximation lead to different points of view on 
the mechanism of bond formation. Section 19.2 indicates alternative 
approaches and their relationships. 
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19.1 Stationary States of the Il,* Ton 


The stationary states of the clectron in the IIy* ion are studied ac- 
cording to the Born-Oppenheimer approximation by assuming initially 
that the nuclei lie at a fixed distance & from one another, Tor each 
value of the internuclear distance one solves the Schroedinger equation 
for the electron motion, secking the distance that yields the lowest energy 
eigenvalue. The Schrocdinger equation is expressed as in Taq. 2, page 
170, by 
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where E,, is an energy eigenvalue, (r|Z,) the corresponding cigenfunc- 
tion, and the potential energy V@,R) represents the attraction on the 
clectron by the two nuclei. The equation is to be solved separately for 
cach value & of the internuclear distance. The potential energy due to 


the repulsion between the nuclei may be included in the expression of - 


V(r,R), so that the energy eigenvalues of the electron will include this 
contribution. If the nuclei lic on the z axis at equal distances from the 


origin of coordinates, we-have 
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The mathematical solution of the Schroedinger equation with this 
potential energy must be conducted by approximation methods, be- 
cause the motion of the electron cannot be resolved completely into 
motions in different directions as was done for the H atom. The solution 
yields the energy cigenvalues plotted as functions of 2 in Fig. 19.1. 
Maximum stability of the molecule corresponds to the internuclear dis- 
tance Rmin at which the lowest eigenvalue No is a minimum. The total 
energy of the molecule in its ground state includes, besides the eigen- 
value of the electron’s energy Ho(Rmin), the energy of relative motion of 
the two nuclei. 

The relative motion of the nuclei consists of a rotation about their center of mass 
and of oscillatory variations of the internuclear distance about the equilibrium value 
Rin. The energy eigenvalue Ko(R) of the eleetron’s motion may be treated as the 
potential energy of the nuelei, in the same way as the kinetic energy of rotation of 
the electron in the El atom is treated as potential cnergy of the radial motion in 
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Fig. 19.1 Energy levels of the clectron in the I: ion as functions of the internuclear 
distance. The energy of internuclear repulsion is included in the levels shown in (b), 
while it is notin (a). (After I. Teller, 7. Physik, 61, 474, 1930.) 
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Soct. 14.la. The stationary states of the nuclear motion are cigenstates of a Schroed- 
inger equation which has the same form as (8) and the following variables and para- 
meters: (a) the relative coordinates R of the two nuclei in place of the eleetron’s co- 
ordinates r; (b) the reduced mass of the two nuelei, that is, the mass of one nucleus 
(see Appendix II and Sect. 14.5) in place of the electron’s mass; and (c) E(B) in 
place of V(r). The stationary states of the nuclear motion are then quite analogous 
to those of the clectron in the H atom, beeause the potential depends only on the 
magnitude of R and not on its direction, except that the radial motion is now governed 
by the potential energy shown in Fig. 19.16 with its lowest point at Rmin rather than 
at zero. Ligenvalues of the Schroedinger equation for the relative motion of the 
two nuclei represent the total energy of the H2* ion, since the electron’s enorgy is 
already included as potential energy of the nuclei. The lowest eigenvalue, cor- 
responding to vanishing rotational motion and to a single bright interference fringe 
in the probability distribution of the internuclear distance, equals Ho(Rmin) + 0.15 


. 


ev. ; 
As mentioned on page 254, an H nucleus has a spin angular momentum equal to 
that of electrons. This spin angular momentum does not influence directly the 
mechanies of the Hat ion, or of the Hz molecule. However, the exclusion principle 
requires that the oricntation of the two nuclear spins be opposite or parallel (S = 0 
or S = 1) depending on whether the quantum number of the rotational motion is 
even or odd. In particular, the spin orientations are opposite for the ground state of 
the molecule in which the rotational motion vanishes. 


The motion of the electron in the H,* ion can be analyzed as for the 
H atom with a resulting complete classification of its stationary states. 
Part of the results thus obtained is applicable to other molecules with 
two equal nuclei. The electron moves freely around the line that joins 
the nuclei (“nuclear axis”), and thereby generates a centrifugal force 
which influences the motion in other directions. This motion is analo- 
gous to the motion along parallel circles in the H atom (Sect. 14.1) and 
14.3). It is characterized for each stationary state by an eigenvalue of 
the squared angular momentum component 1,” = m?A?,! where z indicates 
the nuclear axis as in Eq. 4. Eigenstates of rotational motion with m= 
0, 1, 4, --- are designated respectively as o, 7, 6, ---, that is, by Greek 
letters corresponding to the letters s, p, d, --+, used for the one-electron 
states of atoms. Figenstates of 1? which are also cigenstates of 1, with 
eigenvalue other than zero involve a net electron flow around the nuclear 
axis. Higenstates o, 7, 6, °°° of 1,” without any electron flow have clec- 
tron distributions with respectively zero, one, two, «++ dark interference 
fringes centered on planes through the nuclear axis. (Notice the analogy 
with the cigenstates of J,” in the H atom in Tig. 14.4.) 

After this classification of the electron’s motion around the nuclear 

“axis, there remains to be considered the motion within planes through 
this axis. The existence of two centers of attraction hampers, in general, 


1 The quantum number m is often called A when applicd to molecules, as here. 
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the further analysis of this motion, except in the special case of the Hy 
ion. Here the mathematical form (4) of the potential energy makes it 
possible to treat separately different components of the clectron motion 
in the same way as the motion of the clectron in the H atom is resolved 
into the motion along meridian and radial directions. In the Hy ion 
the appropriate directions are no longer singled out by a system of polar 
coordinates but by elliptical coordinates. It follows that each stationary 
state of the’ Hy ion is characterized by two sets of dark interference 
fringes in its electron distribution (see Chapter 13). One sct is centered 
on cllipsoids with the nuelei at their foci, the other one on hyperboloids 
which cross the nuclear axis and have the same foci (Fig. 19.2). A sta- 


Nuclear axis 


Fig. 19.2 Intersection of centers of dark fringes with a plane through the nuclear 
axis for Hy. s 


tionary state with no clectron flow around the z axis is identified by three 
quantum numbers: the number m of plane dark fringes containing the 
nuclear axis, the number of hyperboloid dark fringes crossing this axis 
(namely, three in Fig. 19.2), and the number of ellipsoid dark fringes 
wrapped around both nuclei. The sum of these numbers, increased by 
one, is called the “principal quantum number” n,.as in the H atom. The 
sum of the first two numbers (of planes and hyperboloids) is indicated 
by an azimuthal quantum number | or by the corresponding code letters 
s, p, d, +++, again as in the H atom. For example, the set of quantum 
numbers n = 4, | = 2, m = 1, or the corresponding symbol 4dz, in- 
dicates, for a state without any flow, one dark fringe along the z axis, 
one across it, and one around the nuclei. 

The number and type of interference fringes remains unchanged in 
the H,* ion if the internuclear distance 2 varies. For analytical pur- 
poses one considers conveniently the extreme limits of R = ©andR = 0. 
At R = «a state of the Hy ion reduces to a combination of states of a 
II* ion and of a H atom, at R = 0 to a state of a Het ion (which is iso- 
electronic to the H atom, as we know). In the limit R = 0 the hyper- 
holoid fringes reduce to cones and the ellipsoid fringes to spheres, so that 
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the quantum numbers 7 and J resume their usual meaning of Chapter 14. 
The characterization of the Het states by quantum numbers n and 1 is 
actually based on the limiting case of R = 0, which is called the “united 
atom” limit. 

Of special importance for molecular mechanics is the presence of a 
dark or bright fringe centered on the plane perpendicular to the nuclear 
axis at its midpoint. This plane is a degenerate hyperboloid, as seen 
in Fig. 19.2, and must be the center of a dark or of a bright fringe of 
the electron distribution owing to the symmetry of the molecule. ‘States 
with a bright fringe on this “central” plane are stable because the clec- 
tron has then a high probability of being in the space between the two 
nuclei where its potential energy is low. The ground state has no dark 
interference fringe and is clearly a state of this type. The explanation 
of the stability of the H,* ion on the basis of reduced confinement of 
its electron applies to all its states with a bright fringe on the central 
plane. Conversely, a dark fringe across the middle of the molecule ex- 
cludes the electron from the region of low potential energy and, ina way, 
keeps it confined to the separate halves of the molecule. Any increase of 
the internuclear distance results in a broadening of the bright fringes on 
cither side of the central dark fringe and thereby reduces the mean kinetic 
energy of the electron (see page 177) without any decrease of mean 
potential energy. Therefore, the energy eigenvalue of any state with a 
central dark fringe is a steadily decreasing function of the internuclear 
distance, as shown in Fig. 19.1, and has no minimum corresponding to’ 
molecular stability. [For this reason, stationary states are called “bond- 
ing” or “antibonding” depending on whether their electron distribution 
has a bright or a dark fringe on the central plane of the molecule. A 
dark central fringe occurs when the number | — m of dark hyperboloid 
fringes is odd, a bright fringe when 1 — m is even. The dependence of 
the molecular stability on ! — m is illustrated by the presence or absence 
of 2 minimum in the curves of Fig. 19.1. 

In a molecule with many electrons, the potential energy is complicated 
so that the one-electron states are no longer classified and described by 
definite numbers of dark fringes across the nuclear axis and around the 
nuclei. The energy and other characteristics of each stationary state 
may still be considered as functions of the internuclear distance [t, so 
that each state may be identified by the quantum numbers 7,l,m, which 
pertain to the united atom limit & = 0. However, the number and type © 

“of interference fringes may vary as a function of I so that a designation 
such as 4dr is useful but not necessarily descriptive of the state of the 
actual molecule, ‘Two important classification features remain invariant 
and meaningful: (a) for all molecules with an internuclear axis of sym- 
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metry the motion around the nuclear axis is independent of other mo- 
tions and of the value of 2, and is characterized by the symbol O, 7, 0,793 

(6) all molecules symmetrical with respect to a plane perpendicular to 
this axis have in each stationary state a bright or dark fringe centered on 
this plane and therefore a bonding or antibonding character represented 
by an even or odd value of 1 — m for the united atom limit. 

. The low-cnergy stationary states of molecules with two nuclei and a 
small number of electrons can be characterized, aside from electron spin 
orientation, by configuration formulas analogous to (1), page 275, in 
terms of their one-clectron states. The ground state of the H. molecule 
has the configuration (lsc)? and spin quantum number S = 0. The 
system of two H atoms in their ground states approaching with parallel 
spins has the configuration (1sc)!(2pc)! and S = 1. The. ground state 
of the Hee* ion has the configuration (1sc)*(2pc)' and S = 4. The 
molecule of Heg, which exists only in excited states, has a state of lowest 
energy (1sc)?(2po)1(2sc)! and S = 1. 


19.2. The Atomic Orbital Approximation and 
Chemical Resonance ; 


The description of the Hy molecule on the basis of molecular orbitals 
does not yield very good quantitative results, as mentioned on page 288. 
The molecular orbital approximation attributes to each electron a sta- 
tionary state in which the electron’s position has a probability distribu- 
tion spread throughout the molecule and independent of the position of 
other electrons. A different approximation was utilized in the first 
interpretation of the stability of the Hy molecule by Heitler and London 
_ in 1928 and has found widespread applications... This approximation 

initially regards the Hz molecule as consisting of two separate atoms, 
cach with its own electron in the ground state, and is therefore called the 
“atomic orbital” approximation. , 

Ieven at the start of this approximation, the probability distributions 
of the positions of the two electrons cannot be treated as independent 
in the region between the two nuclei where the distributions overlap. 
Since the two electrons are indistinguishable, the probability of finding 
an clectron at any one point within this region must be determined by 
a combination of the probability distributions pertaining to the two 
atoms, and the combination involves interference effects. The appro- 
priate treatment of identical particles is governed by the general formula- 
tion of the exclusion principle and has been discussed in Chapter 17. 
The exclusion principle introduces a statistical correlation between the 
positions of the two electrons. The correlation increases the probability 
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of finding an electron in the region of overlap if the electrons have op= 
posite spin orientation, and decreases it if the spins are parallel. The 
potential energy of the electron is particularly low in the region of over- 
lap, which is close to both nuclei. Therefore, a state represented 
initially by atomic orbitals and modified by the correlation pertaining 
to opposite spin orientation has a mean energy lower than the sum of 
the energies of the two separate atoms. 

The mathematical calculation of the mean energy of the molecule in 
this approximation is fully analogous to the calculation for the excited 
states of the He atom in Sect. 17.4. The He atom has one electron in 
the ground state, with quantum numbers (1,0,0), and one in the excited 
state (n,l,m); here we consider initially onc electron in the ground state 
(“atomic orbital”) of cach separate Hl atom.? The wave functions of 
the two atoms can be indicated initially by a and b, as though the atoms 
were distinguishable, and the positions of the two electrons are indicated 
by r; and re, as though the electrons were distinguishable. One writes 
then two wave functions of the whole molecule, corresponding to alterna- 
tive assignments of electrons 1 and 2 to the two atomic orbitals and 
analogous to the He wave functions (16) page 262, namely, 


(r1]a)(t2/b) and (r2|a)(r1{0). (5) 


The correlation of electron positions is introduced by representing the 
state of the H». molecule, in first approximation, as a superposition of 
the wave functions (5), analogous to the He wave function (18) page 262, 
namely, 


(r,r2|4,b,8) = VE (Gra) (r2/b) + (-1)8 @ala)ri|B)} 6) 


with 8 = 0 or 1 for opposite or parallel spins.: Electrons in a state re- 
presented by this formula have a mean potential energy which is given, 
as the He energy (20), page 263, by the sum or the difference of two 
terms, depending on the value of S: 


(i) = Var + (—1)° War. (7) 


In this equation the term Wa» represents the effect of interference in the 
region of overlap of the two atoms. This term is negative because the 
potential energy is negative in the region of overlap (the corresponding 
term in the He problem is positive). Therefore, a decrease of the inter- 
nuclear distance, increasing the region of overlap, decreases the mean 
potential energy of electrons with opposite spin orientations. This 


2 Conversely, the molecular orbital approximation represents the state of the II, 
molecule in analogy with the ground state of the He atom, with identical probability 
distributions for the positions of both electrons. 
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energy decrease represents the chemical bond that draws the atoms to- 
gether. The atoms-approach until the bond attraction is balanced ‘by 
the increasing nuclear repulsion. 


An important difference between the independent-electron molecular-orbital ap- 
proximation and the’ atomic-orbital approximation lies in the treatment of the 
repulsion among electrons, which is fully disregarded in the former approximation. 
This difference ig illustrated by representing the molecular-orbital wave functions 
schematically as combinations of one-electron atomic orbitals. ‘The electron in the 
ground state Iso of the Ht ion is regarded as belonging with equal probability to 
cither nueleus.. The wave function of this state is accordingly represented as a super- 
position of the wave functions (r|a) and (r{b) with equal probability amplitudes,? 


(t]1so) = V3 [(r|a) + (r]D)). (8) 


The ground state of the Hz molecule may be represented in the molecular-orbital 
Approximation in terms of the wave function (8) of one-clectron states, 


(r1,T2|(1s)*) = (r1| lso) (rg | 1s) 


= pl(tila)(r2|a) + (ri ]b)(r2|) + (rila)(ra |B) + (ri lb)(r2la)]. ®) 
This wave function is a superposition of the wave functions (11]@)(r2|b) and (r1[b) 
(t2|@), which are the same ag in the atomic-orbital wave function (6), and also of the 
functions (r1|@)(r2]@) and (r148)(r2|b), which represent both electrons as belonging to 
the same atom. The inclusion of the latter wave functions on a par with the other 
ones is unrealistic, as the electrons are unlikely to be in the same atom owing to their 
repulsion. Conversely, the complete exclusion of the terms (ri|a)(re}a) and (1,5) 
(t2|b) from the atomic-orbital wave function (6) is also unrealistic. A better approxi- 
mation should include these terms with a smaller probability amplitude than the 
others. 


The atomic-orbital approximation method has the advantage of start- 
ing from states that are completely identified in terms of the well-known 
stationary states.of the H atom. The initial wave functions (5) are 
unrealistic in so far as the position coordinates of the two electrons are 
treated as independent distinguishable variables; but this initial error 
is compensated by replacing the wave functions (5) with their combina- 
tions (6). Similarly, in the treatment of molecules more complicated 
than Hy it is often eonvenient to consider initially states of different 
parts of a molecule. The stationary states of the whole molecule are 
then described approximately by no single initial state but by a”com- 
bination of two or more states. The determination of the actual sta- 
tionary states and of their energy cigenvalues follows the general pro- 
eedure outlined in Chapter 16. 


‘The 2pe state is represented by Vi [(r]a) — (rb). A state in whieh the clec- 
tron belongs definitely to one atom, as it must when the internuclear distance is very: 
large, is represented by (r[a) = Vi [(r|lso) + (r|2pe)]. 
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As indicated in connection with the helium atom and discussed in 
Appendix X, the quantum meehanieal treatment of the combinations 
of a few states is analogous to the classical treatment of a few coupled 
pendulums. The initial set of quantum mechanical states have equal, or 
nearly equal, energies, and the pendulums have equal, or nearly equal, 
frequencies, that is, are at or near resonance with one another. One 
speaks particularly of resonance when the oscillation energy is transferred 
periodically from one pendulum to another one; similarly, there are non- 
stationary quantum mechanical states which approximate in turn now 
one and then another of the initial states. A set of coupled pendulums 
can perform a steady harmonic combined oscillation with minimum 
frequency lower than the frequency of the separate pendulums; similarly, 
the combinations of initial quantum mechanical states include a station- 
ary state of minimum energy lower than the energy of the initial states. 
"The existence of such a combined state of highest stability is often called 
an “effect of resonance.” Sometimes it is also said inappropriately 
that a system in a stationary state resonates among the initial states; 
such a concept refers rather to a non-stationary state. 

In the atomic-orbital treatment of the He molecule, the initial states 
with the wave functions (5) differ in the assignment of electrons among 
the two atoms. A non-stationary state that approximates first one and 
then the other of the initial states represents an exchange of electrons 
between the two atoms. Owing to this aspect of the approximate treat- 
ment, which is common to the treatment of the He atom in Sect. 17.4, 
it is said that the exchange of the electrons between the atoms stabilizes 
their aggregation into a single molecule. Even in the molecular-orbital 
treatment the stability of the molecule derives from the ability of cach 
electron to move from one to the other atom. 

"Phe frequency of the exchange of electrons between the atoms in a 
non-stationary state is determined by the same energy term Way in Eq. 7 
which determines the stability of the molecule. This term is called the 
“exchange energy,” a8 mentioned on page 264. The energy Wap is a 
part of the electric potential energy of the electrons. It is the part which 
the atomic-orbital method singles out as due to the interference of the 
states with the alternative distributions of electrons between the two 


atoms. 


shapier 20 ee eee 
Chemical bonds 


Atoms are held together in molecules by bonds which resemble, to a 
greater or smaller extent, the bond between the two atoms in the He 
molecule. Many atoms may be connected chainwise into molecules of 
different sizes and shapes. 

Molecules consisting of two alkali atoms are particularly similar to 
the H, molecule, inasmuch as cach alkali atom has a single electron 
in its outermost shell. To discuss the formation of chemical bonds by 
an atom with more than one electron in its outermost shell, the state of 
the atom is appropriately identified at the outset, in the independent- 
clectron approximation, by assigning a full set of quantum numbers to 
cach electron, as on page 275. (The portion of electron interaction dis- 
regarded in this approximation is smaller than the interaction with other 
atoms which gives rise to the bond formation.) Any one-electron state 
of orbital motion irrespective of spin orientation, identified for example, 
by quantum numbers n,l,m, is called an “atomic orbital.” A bond simi- 
lar to the bond in the Hg molecule can be formed whenever two atoms . 
approach under the following conditions: (a) cach atom has an atomic 
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orbital with a single electron assigned to it, that is, an unfilled orbital; 
(b) the probability distributions of the electron position in unfilled or- 
bitals of the two atoms overlap; (¢) the electrons in the overlapping 
orbitals have opposite spin orientation. These tivo’electrons can’ then 
pair up, cach expanding into the space assigned to the other one. The 
combined state of the two electrons is identified, in the independent- 
electron approximation, by assigning both electrons to the same “mole- 
cular orbital’ (see page 288) with opposite spin oricntation. Alterna- 
tively, the state of the two electrons may be represented, in the atomic- 
orbital approximation, as a combination of a pair of states with alterna- 
tive assignment of the two electrons to the two atoms, in analogy to the 
treatment of H2 on pages 294-297.” 

Notice that, in the bond formation by atoms other than H, the inter- 
penetration of the atoms is resisted not only by the repulsion between 
the nuclei but also by the effects of exclusion among the electrons of 
their inner shells. For purpose of orientation it is sufficient to assume 
that any two complete shells of different atoms are effectively impenc- 
trable to each other. This obstacle to interpenetration often reduces 
the stability of bonds, particularly for atoms like the alkalis whose com- 
plete shells have a large radius. 

One- and three-electron bonds, similar to those of the Hy+ and Hegt 
ions, can also be formed’ between many-electron atoms. However, 
molecules with these types of bond are on the whole less stable than 
molecules with ordinary two-electron bonds and are seldom encountered. 
That is, chemical bonds are in the main two-electron bonds which result 
from the sharing of pairs of electrons by adjacent atoms. , 

An atom has an opportunity to form a chemical bond as long as it has 
an orbital with a single electron assigned to it; such an electron is called 
‘ansaturated.” Matter usually attains a stable state of aggregation 
when all its electrons are saturated. For this reason, and because of 
the predominance of tavo-electron bonds, stable molecules and ions have, 
in general, even numbers of electrons. Moreover, any two clectrons that 
“saturate” each other have opposite spin orientation, in molecular as in 
atomic orbitals, so that the resultant spin angular momentum of most 
molecules vanishes. (Numerous molecules with unsaturated electrons 
are now being studied, even though they are unstable. They are called 
“fro radicals” and are usually characterized by a nonvanishing resultant 
spin angular momentum.) 

The stability of cach chemical bond in a given molecule is charac- 
terized by the bond’s energy, which is the energy required to break it by 
raising the internuclear distance up to infinity. The stability of a bond 
is also indicated by the mean value of the internuclear distance in the 
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ground state of the molecule, particularly by the difference in inter- 
nuclear distance when two atoms are linked together in different. mole- 
cules. 

Chemical bonds, although similar in general to the bond in the Hy, 
molecule, exhibit characteristics that do not occur in the simple case of 
hydrogen. First; the nature of the bond is modified and -its stability 
increased when it links different atoms instead of identical ones (Sect. 
20.1). Second, an atom with more than one electron in its outermost 
shell may form a number of simultaneous bonds with surrounding atoms; 
the geometrical characteristics of the atomic orbitals determine the re- 
lative positions of the atoms in the resulting molecule (Sect. 20.2). 
Third, two atoms with more than one unsaturated electron each may 
form a multiple bond by sharing more than one pair of electrons (Sect. 
20.3). 


20.1 Covalent and Ionic Bonds 


The character of a bond depends on the similarity or dissimilarity 
of the atoms it links. A bond between identical atoms, as in the Hy or 
Nag molecules, is called “covalent” or “homopolar.”? A bond between 
two atoms apt to form ions of opposite sign has different character and 
greater stability than the basic covalent bond. The additional stability 
derives from the contribution of-a different bonding mechanism, namely, 
from the electric attraction between ions of opposite sign. Consider the 
approach of two atoms, like Na and Cl, which have particularly stable 
ionized forms of opposite,sign. An electron transfer from one neutral 
atom to the other one would generate a pair of ions which are then held 
together by electric attraction. This kind of bond is called “ionic” or 

-“heteropolar.” A purely ionic bond exists only in crystals and not in 
molecules. 

To assess the stability of an ionic. bond, compare the energy of a 
Na*tCl~ combination with the energy of separate atoms of Na and Cl. 
Starting from separate atoms, the stripping of an electron from Na. to 
yicld Na* and a free electron at infinite distance absorbs 5.1 ev. The 
subsequent attachment of the electron to a Cl atom to form a stable Cl 
ion releases 3.7 ev. Finally, the approach of the ions Nat antl Cl 
from infinite distance to the limit-of interpenetration of their complete 
electron shells, about 2.8 A, reduces their potential energy by 5.3 ev. 
Therefore, the sequence of three processes releases about —5.1 + 3.7 + 
5.3 = 3.9 ev: That is, the structure NatCl7 has an energy lower than 


1A bond between different atoms is also called “covalent” or “homopolar” when- 
ever its character is not altered substantially by the difference between the atoms. 
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Na -+ Cl by an amount comparable to the energy released in the forma- 
tion of a covalent bond. 

On the other hand, the Na and Cl atoms have each an unsaturated 
electron, and thus are capable of forming a bond of the covalent type. 
he bond between Na and Cl differs from the bond between tio like 
atoms in that the mean potential energy of the unsaturated clectron of 
Cl is lower than that of the unsaturated electron of Na. Therefore, 
after bond formation each electron has a greater probability to be found 
in the Cl than in the Na atom. This is to say that the bond partakes 
of the ionic character. 

In the molecular-orbital approximation the probability distribution 
of the positions of the two bond electrons is modified by the lower po- 
tential energy in the Cl atom. It is no longer distributed evenly with 
respect to the mid-point between the two nuclei, but is shifted toward 
the Cl nucleus. The electron concentration in the region of low electric 
potential adds stability to the NaCl molecule. More specifically, the 
energy eigenvalue of the molecular orbital of NaCl is lower than the 
arithmetic mean of the corresponding eigenvalues of Nag and Cle. In 
the atomic orbital approximation, the state of the two electron system 
is no longer adequately represented by a superposition of the states 
with wave functions (r,/Na)(r2|Cl) and (r2|Na)(1|Cl), correspond- 
ing to formula (5), page 295. The superposition must also include, © 
with substantial probability amplitude, a state with wave function 
(r, | Cl) (r2| Cl) which represents both clectrons in the Cl orbital and 
thus attributes to the molecule the ionic structure Na+Cl~. It is often 
said that the NaCl molecule is “stabilized by resonance” between. the 
covalent structure, represented by the formula Na—Cl and the wave 
function V 2 (x, |Na)(r2| Cl) + (rg|Na)(r,|Cl)], and the ionic struc- 
ture, represented by the formula NatCl7 and the wave function 
(ry | Cl) (Ye | Ch. 

A chemical bond between any two different atoms always partakes, 
to a greater or lesser extent, of the covalent and of the ionic character. 
One way to specify the extent of the ionic character of the bond between 
two atoms @ and @ consists of comparing the stability of the bonds 
a—®, @—G, and ®B—G, by calculating the energy difference 


Eos — §(Baa + Ean). (1) 


The ionic character of a bond derives from the greater tendency of one 
of the atoms to form a negative ion. Atoms that form stable negative 
ions are called “electronegative.” One says, therefore, that the energy 
difference (1) is an index of the difference in electronegativity between 
the atoms @ and &. It is possible to construct empirically a table of the 
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electronegativity of chemical elements by examining the relative stability 
of the bonds which they form. 

The clectronegativity of elements increases along cach row of the 

Periodic Table (Hig. 18.1) as one approaches the halogens, ‘which lack 
one electron to achieve a complete shell configuration. In.each column 
of the periodic system the lighter elements are the more electronegative 
ones, because shell completion has a more marked effect in the upper 
rows of the periodic system. (The stability of the rare gases decreases 
with increasing atomic weight.) The strongly electronegative elements 
are the few ones in the upper right hand corner of the Periodie Table, the 
most strongly clectronegative one being fluorine. 
_ The strongly electronegative elements combine with other elements 
into the most stable known molecules, and the combination reactions arc 
correspondingly exothermic. These reactions proceed readily, and often 
spontancously, particularly when they involve fluorine. They are called, 
in general, “combustions.” Among the strongly electronegative ele- 
ments, oxygen is widespread and combustions with oxygen provide the 
most common sources of chemical energy. 

The ionic character of a chemical bond is also indicated by the electric 
dipole moment of the resulting molecule, or, more specifically, of the 


\ 


TABLE 20.1 


DIPOLE MOMENTS OF MOLECULAR GROUPS 


Dipole Internuclear 

Molecular ‘ Moment Distance Be 

Group w(10—8 esu) (10-8 em) eR 
TIN (in NH3) 0.63 10h - 0.18 
ILO (in HO) 1.51 0.97 0.32 
HF 1.91 0.92 0.48 
IICl 1.05. 1.27 : 0.17 
Br 0.80 1-41 0.11 
HI 0.42 1.62 0.05 
KF 7.8 2.55 0.60 
CsI 7.6 2.84 0.68 


e 
pair of atoms linked by the bond. One calls “electric dipole’. the com- 
bination of two distributions of electric charge of equal magnitude and 
opposite sign and centered at different positions; for example, a pair of 
ions Nat Cl™ constitutes a dipole. The product of the magnitude of 
the charge in either distribution and of the distance between their 
centers is called the ‘moment of the dipole.” The dipole moment is’: 
vector directed from the center of the negative to the center of the posi- 
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tive charges. The dipole moment of a molecular aggregate is defined as 
follows: Given an aggregate of N electrons at positions r; and of nuclei 
with atomic numbers Z; at positions R,;, its dipole moment pis Ne times 
the vector distance between the centers of positive and negative charges, 
that is, p = Ne(2, ZeRe/N — Zi1i/N). The dipole moment of an atomic 
system is the mean value of p. averaged over the probability distribution 
of particle positions. ‘The dipole moment of a molecule can be measured 
experimentally by various methods. If a chemical bond were fully 
ionic, the atoms it links would have a dipole moment equal to the pro- 
duct of the unit charge e and of the internuclear distance. ‘Table 20.1 
gives a few examples of dipole momunts of molecules, or parts of mole- 
cules, with partially ionic bonds. 


20.2 Atoms with Many Bonds and the Shape of Molecules 


An atom can form chemical bonds with a number of different atoms 
equal to the number of its unsaturated electrons. This number is the 
chemical valence of the atom.’ 

The state of an isolated atom which determines the number and type 
of its bonds is not necessarily the ground state. The approach of other 
atoms capable of forming bonds with the atom under consideration dis- 
turbs this atom, primarily by beginning to reduce the confinement of its. 
electrons. The perturbed state may be represented as a superposition 
of stationary states of the isolated atom. The component state with 
largest probability amplitude is the one which yields the largest net 
energy release upon bond formation. One may say that the disturbance 
drives the atom into the state which permits the formation of the largest 
number of bonds and of the bonds of greatest stability, provided that 
the improvement in bond formation releases more energy than is required 
to modify the ground state of the atom. With this proviso, the state of 
the atom which determines the number and type of bonds has the maxi- 
mum number of unsaturated electrons for its configuration, it has the 
configuration with the highest number of unsaturated electrons, and the 
one-clectron atomic orbitals which overlap most with those of the ap- 
proaching atom. 

The highest number of unsaturated clectrons in a given configuration 
is the same as the highest number of electrons with parallel spins.’ 


2 Only a limited number of atoms can fit around a given atom so as to form bonds 
with it. This number is not always as large as the number of unsaturated elcetrons, 
so that the number of bonds may not attain its theoretical maximum. 

3States with a maximum number of parallel spins are particularly stable for an 
isolated atom, as discussed on page 283. 
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It. equals either the number of electrons in partially filled subshells, or 
the number.of vacancies in these subshells, whichever is smaller.» For 
example, the O atom has four 2p electrons in its outer shell, that is, two 
electrons fewer than would fill this shell; its valence is accordingly two. 

The number of unsaturated clectrons is increased by distributing 
‘the outer-electrons among more than one incomplete subshell. Such a 
redistribution requires, in general, much energy, but clectrons shift 
readily from s to p states of the same shell, or between nd and (n + l)s 
or (n + 1)p states in atoms of the long periods with unfilled d subshells. 
In particular, the ground state configurations (ns)”, (ns)?(wp), and 
(ns)?(np)?, of atoms like Be, B, and C, are normally raised, respectively, 
to (ns)(np), (ns)(np)”, and (ns)(np)*. The valence of these atoms in- 
creases thereby from 0, 1, and 2 to the familiar values 2, 3, and 4 which 
are indicated, for example, by the existence of fluoride molecules Bel’, 
BI's, and CF. . 

Consider now the overlapping of the atomic orbitals. One-electron 
states characterized by a quantum number J have electron positions dis- 
tributed with equal probability in any two directions opposite with 
respect to the nucleus. For example, in the p, state (1 = 1, m = 0) 
the probability distribution of the electron position has maxima of equal 
brightness in the directions of the positive and negative z axis. This 
probability distribution is favorable to bond formation with an atom 
upproaching along the z axis; nevertheless, the concentration of proba- 
bility distribution in the negative z direction does not contribute to the 
overlap of the orbitals. A larger overlap of probability distribution is 
afforded by one-electron states with off-center electron distribution of 
the type described in Sect. 14.4. In particular, for the’ configuration 
(2s)(2p) there is a complete set of two one-electron states with off-center 
probability distribution, one of which is concentrated in the region of 
positive z and ‘the other in the region of negative z. These states are 
represented by the wave functions (23) and (25) on pages 213-4. Simi- 
larly, for the (2s)(2p)? configuration there is a set of three one-electroit 
states whose probability distributions are concentrated, respectively, in 
three directions forming a planc, symmetrical, three-pointed star. These 
states have wave functions of the form (26) and (27), on page 214. 
Finally, in the (2s)(2p)® configuration there is a complete set of four 
states with off-center probability distributions concentrated, respec- 
tively, in the directions of the vertices of a regular tetrahedron centered 
at the.atomic nucleus. The four wave functions have the form (28) and 
(29) on page 21-4. The fluoride molecules Bel’s, Bs, and CI’y have in 
fact, respectively, the linear, triangular, and tetrahedral shapes in- 
dicated in Tig. 20.1. 
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. Bond formation along axes arranged in a straight line, in a triangular, 
or in a tetrahedral pattern is normal for elements of the Be, B, and C 
groups, respectively. In particular, carbon atoms are linked in long 
chains of aliphatic (saturated *) compounds with hydrogen atoms, or 
other groups, as side branches. Hach carbon atom in these chains is sur- 


. 
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nue ous nucleus 
(2s)(2p) (2s\(2p)> (2s)(2p)3 
i 
Be 
F 
(a) (b) , (c) 


Fig. 20.1 Diagram of directions of highest probability of the electron position for 
sets of off-center orbitals of different configurations. The arrows represent the cen- 
tral axes of the brightest fringes, the circles the positions of the atoms in typical 


molecules. 


rounded by four other atoms in a tetrahedral pattern. The methane 
molecule, CHy4, constitutes a basic example of tetrahedral structure. 
Notice that this molecule has, in all, ten electrons like the Ne atom and 
that the set of its molecular orbitals partakes of the symmetry and sta- 
bility of a closed shell. These characteristics are shared also by the am- 
monium ion, NH,*, which differs from methane only by the replacement 
of a carbon with a nitrogen nucleus. The higher electric charge of the 
N nucleus draws the probability distribution of all electron positions 


4 The adjective “saturated” refers here not to the absence of unsaturated electrons 
but rather to the formation by each C atom of a maximum number of bonds with a 
maximum number of different atoms. It distinguishes the aliphatic hydrocarbons . 
from the ethylenic and.acetylenic ones which have multiple bonds; see footnote 8. 
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closer to the center of the molecule, giving the bonds a greater ionic 
character than they have in the CH, molecule. 

In atoms like N, with five electrons in s and p subshells; only three 
electrons can be unsaturated irrespective of their subdivision among the 
two subshells. Therefore, the neutral N atom is trivalent, whereas the 
ion N*, with one less Gleatnor: is tetravalent.6 In particular, N is 
trivalent in its ground state with the configuration oy Ca An atom 
with the three unsaturated electrons in the orbitals 2p,, 2p,, and 2p,, 
respectively, can form bonds with three other atoms approaching in the 
directions of the three coordinate axes. According to this model, the 
resulting molecule would have a pyramidal shape with 90° angles be- 
tween the bond directions. On the other hand, the bonds formed start- 
ing from the p orbitals of the ground state configuration. are not as 
strong as the bonds formed starting from orbitals with off-center electron 
distributions. In particular, one may consider for the N atom the 
same set of four orbitals in the tetrahedral pattern as for the C atom.7 
The five electrons in the outer shell of the N atom fill completely one of 
these orbitals, leaving the other three available for bond formation. 
This model also yields a pyramidal shape for a molecule like NH3, how- 
ever, with the “tetrahedral angle” of 109.5° instead of 90° between the 
bond directions. The bond angle of the NH3 molecule is known experi- 
mentally to be 108°. This value would indicate that the bonds of this 
molecule are formed starting from orbitals quite similar to those of car- 
bon. One must also consider in this connection that the NH bond i is 

partially ionic (see Table 20.1) with an excess positive charge on the I 
atom. The repulsion between the H atoms strives to increase the bond 
angles. The actual state of the NH3 molecule appears thus to partake 
of the characteristics of the two models considered above. 

The problem of bond formation by oxygen is quite analogous to that 
of nitrogen, except that the number of unsaturated electrons is now 
reduced to two, instead of three. The simple compound H20 has V- 
shaped molecules, with a bond angle of 105°. The ground state con- 


5 Tn the atomic orbital approximation, the state of the NH4*t molecular ion is repre- 
sented as a combination of five states described by the structural formulas 


H Il Ht Ii H ~ 
| | 
II—N tH, H+ N—H, H—N-—H, H—N Ht, II—N—H. 


| | | 


Hi Il H iH Ht 


6 The alternative apparent pentavalence of N will be discussed in Sect. 21.1. 
7 The bonds formed starting from C orbitals are stronger than those formed starting 
from Be or B type orbitals. 


te 
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figuration of oxygen (2s)°(2p)* can form two bonds at an angle of 90°. 
A state with carbon-type orbitals has two of .these orbitals. completely 
filled and tao with one electron cach available to form bonds at an angle 
of 109.5°. Here again the molecule appears to partake of the charac- 
teristics of both models. The IO bond is more strongly ionic than the 
NH bond (sce Table 20.1). 

Atoms in states with a partially filled d subshell can form a larger 
number of bonds than atoms of the short periods which have only s and 
p electrons. A theoretical maximum of nine bonds could be formed 
starting from a configuration. (ns) (np)°(n—1 d)°. However, nine atoms 
cannot fit around a central atom sufficiently close to it for bond forma- 
tion. The highest number of single bonds an atom actually forms in a 
molecule is usually six. 


20.3 Multiple Bonds 


Two atoms, each possessing more than one unsaturated electron, can 
form a multiple bond by sharing two or three pairs of electrons. The 
molecules thus formed are quite stable, even though the formation of a 
second or third bond does not usually release as much energy as the 
formation of the first one. Some typical examples of multiple bonds 
occur in the oxygen and nitrogen molecules and in the “unsaturated” § 
hydrocarbons. 

Different pairs of electrons taking part in a multiple bond are in dif- 
ferent one-electron states, owing to the exclusion principle. Since the 
pairs of electrons are confined in the same region of space, they have 
usually different energy levels, one pair being in the ground state, the 
others in excited states. Therefore, the structure of a molecule with 
multiple bonds is conveniently analyzed by considering first the forma- 
tion of single bonds by pairs of electrons in their ground state, and then 
the formation of additional bonds by the remaining pairs of bonding 
electrons. In the molecular orbital approximation, the states of the 
electrons in the first bonds are classified as o states, while the additional 
cleetrons shared by atoms can gencrally be classified as 7 electrons (sce _ 
Sect. 19.1). This situation is illustrated by the following examples. 


The ethylenic double bend. Ithylene, C2Hy, is a prototype of 
unsaturated hydrocarbon molecule. Its saturated counterpart, the 
ethane molecule, CoHe, has one additional hydrogen atom attached to 
each carbon. In ethylene, the fourth valence electron of each carbon, 


8“Unsaturated”’ means in this case that the carbon atoms are not linked to a 


- maximum number of hydrogen atoms. The electrons in the molecule are, however, 


all saturated by the formation of multiple bonds. 
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which is not utilized in a C—H bond, is shared by the two carbons in the 
formation of a second C-—-C bond. The resulting structural formula is 
II I . 


pine - Disregard initially the fourth valence electron; cach 
Il II 
carbon atom forms bonds like a trivalent atom, namely, like B, starting 
from the atomic configuration (2s)(2p)” (sce page 304). Each carbon 


is therefore surrounded by three atoms (two hydrogens and a carbon) 
in the plane triangular configuration of Vig. 20.1b. (The triangle need 
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Fig. 20.2. Diagram of directions of highest probability distribution of the electron 
position for the p, atomic orbital of a carbon atom in ethylene. 


not be exactly equilateral when the three atoms are not identical.) 
The second C—-C bond is formed starting from an orbital of each carbon 
atom which is orthogonal (that is, mutually exclusive, see page 97) to 
the orbitals involved in the other three bonds. These last orbitals have 
electron distributions concentrated along the three coplanar directions of 
the atoms surrounding the carbon. The fourth orbital has, therefore, its 
electron distribution concentrated in the directions perpendicular to this 
plane. It is the-p orbital whose electron distribution has a dark inter- 
ference fringe centered on the plane of the atoms surrounding the-carbon 
(see Fig. 20.2). Notice that this orbital has two bright interference 
fringes above and below the plane of the other nuclei, centered along 
directions perpendicular to this plane, neither of which points toward 
the other C atom. These directions are usually designated as -:z and 
the orbital as the p, orbital. The bright fringes of the pz orbitals of the 
two carbon atoms overlap sideways above and below the C—C axis. 
Since the two C atoms are held at close distance by the first CC bond, 
this overlap reduces sufficiently the confinement of each electron to yield 
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a bond with substantial energy release. It is essential, however, for good 
overlap that the bright fringes of the p, orbitals of the two C atoms have 
parallel axes (that is, that the z directions for the two atoms coincide). 
Therefore, the formation of a double bond constricts the whole ethylene 
molecule into a planar configuration. This constriction is, of course, not 
a rigid one; the two halves of the molecule can twist about’ the C—C 
axis, but any twist is resisted because it forces up the kinetic energy of the 
pz electrons. 

In the molecular-orbital approximation, the states of the four electrons 


in the double bond ean be classified according to their motion about the’ 


bond axis, as was done for the states of the H,*t ion (see Sect. 19.1). 
The electrons of the first bond have their position distributed uniformly 
about the bond axis and no rotational motion around this axis; their state 
is accordingly classified as o. The electrons of the second C—C bond 
have a distribution with a dark interference fringe centered on the mole- 
cular plane which contains the bond axis. Their states are accordingly 
classified as 7. 

The internuclear C==C distance in the ethylenic double bond is 1.34 A, 
as compared to 1.54 A for singly bonded ‘carbons. Double bonds 
analogous to the ethylenic C=C bond occur in organic molecules between 
carbon and nitrogen and between carbon and oxygen atoms. 


The 14-electron molecules C2H2, No, and CO. Acetylene, C2He, 
has two hydrogen atoms less than ethylene; the valence electron thus left 
unsaturated in each C atom is taken up in the formation of an additional 
C—C bond. The structure formula.is accordingly H—C==C—H. 

Disregard initially the electrons forming the second and third C—C 
bond; each carbon atom forms bonds like a bivalent atom, namely, like 
Be, starting from the atomic configuration (2s)'(2p)' (see page 304). 
Each carbon is therefore linked to two atoms in a straight linc. 

Since the molecule is linear, the one-electron states (atomic and mole- 
cular) are classified according to rotational motion about the molecular 
axis. The electrons forming the C—H and the first C—C bonds have no 
rotational motion, that is, are in o states. The electrons forming the 


second and third bonds have therefore a non-vanishing rotational mo- — 


tion. Specifically, their two atomic orbitals are p states which may be 
characterized either by dark interference fringes centered on two per- 
pendicular planes through the molecular axis, or by opposite directions 
of electron flow about this axis. The bright fringes of these orbitals 
extend in directions transverse to the molecular axis, and the second 
and third bond are formed in the same way as the second bond of ethy- 
lene. In the molecular orbital approximation, the electrons of the second 
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and third bond are assigned to four x states, each of them identified by 

one of two alternative orbitals and one of two alternative spin orienta- 

tions. The C=:C internuclear distance in the acetylene molecule is 

1.20 A. : 

_ The Nz molecule is held together by a very stable triple bond, quite 
analogous to that of acetylene, with internuclear distance 1.10 A. Each 
N atom has an electronic structure very similar to that of the C—H 
group and is equivalent to this group in many organic compounds. 
(Even NH; has the structure of CH,, with the N atom in place of CH.) 
The C—H group and the N atom have the same number of nuclear 

"charges and of electrons, namely seven. One may regard the electronic 
structure of the N atom as a limiting case of the structure of the mole- 
cular group C—H, when the internuclear distance is brought to zero. 
The two electrons forming the C--H. bond in acetylene remain paired, 
in the case of nitrogen, in a single atomic orbital homologous to the 
carbon atomic orbital from which the C-—H bond was originated. 

Since the Ny molecule is diatomic, its one-electron molecular orbitals 
can be classified like the orbitals of the H,* ion by complete sets of 
quantum numbers which pertain to the “united atom” limit of vanishing 
internuclear distance (Sect. 19.1). Out of the 14 electrons, two pairs 
are in the 1s shells of the separate atoms and take no part in the forma- 
tion of bonds; their states can nevertheless be classified as molecular 
orbitals so and 2po, one of which is bonding and one antibonding. The 
triple bond stems from. three pairs of electrons in bonding orbitals, one 
of which is classified as 2sc and two as 2pr. The 2se molecular orbital 
is formed from N atomic orbitals of the off-center type which are com- 
binations of 2s and 2p with m = 0; the 2pz orbitals are formed from 2p 
atomic orbitals with m = -+-1. There remain the two electron pairs, 
one for each atom, in the atomic orbitals which are homologous to those 
in the C—H pond of acetylene and are also combinations of 2s and 2p 
with m = 0; these electrons take no part in the bond but their states can 
nevertheless be classified as molecular orbitals 3so and 3pc, one of which 
is bonding and one antibonding. The complete state of the 14 electrons 
is accordingly described by the configuration (1sc)?(2pc)? (288)? (2pr)4 
(38c)?(3po)?. ; 

The carbon monoxide molecule, CO, is diatomic with the same num- 
ber of electrons as the Ng molecule. Its remarkable stability and short 
internuclear distance indicate that it partakes of the stability of the 
triply bonded Nz molecule. Whereas Ng has seven unit charges on each 
nucleus, CO has six charges on one nucleus and eight on the other one. 
The structure formula of CO analogous to that of Ng would therefore 
be C7==07. The triple bond stabilizes this structure, but it takes a 
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large amount of energy to shift an electron from electronegative oxygen 
to carbon. Experimentally, the CO molecule has a very small dipole 
moment. On the other hand, the usual formula C=O does not account 
for the stability of the molecule or for the short internuclear distance, 
whieh is 1.13 A, as compared to about 1.21 A for C=O groups in or- 
ganic molecules. In addition, the C==O structure implies that the C 
atom has two unsaturated valences. The actual state of the CO mole- 
cule may be regarded as a superposition of C7=0O7 and of C=O, 
stabilized by resonance; the superposition probably also includes the 
structure C+—O7 with appreciable probability amplitude. The mole- 
cular orbital approximation affords a simple qualitative description of 
this state. The probability distribution of the positions of the six 
electrons (2sc)?(2pr)* need not be symmetrical with respect to the mid- 
point between the two nuclei, but may be shifted toward the O nucleus 
to an extent commensurate to the strength of its attraction. 

The H-—-C==N molecule and the (C==N)~ ion have electronic struc- 
tures analogous to those of C2H2 and CO. 


The oxygen molecule. The oxygen atom with six electrons in its 
outer shell is bivalent because it has only two unsaturated electrons. 
Accordingly, the atoms in the Og molecule are connected by a double 
bond. This bond has, however, the singular characteristic that the elec- 
trons forming it have a net spin angular momentum. ‘The circulating 
current associated with the angular momentum causes the Oz gas to be 
paramagnetic.® , : 

The structure of Og is conveniently described in the molecular orbital 
approximation. ‘T'wo electrons are added to the configuration of Nz to 
yield the full complement of electrons of Og. The states of lowest energy 
available for these two electrons are antibonding states 8dr. The addi- 
tion of two electrons in an antibonding orbital counterbalances almost 
exactly the bonding action of two among the six bonding electrons, thus 
leaving the molecule with the stability of a double bond. The anti- 
bonding electrons occupy two of the four 3dr states, each of which is 
identified by one of two alternative orbitals and by one of two alternative 


spin orientations. The repulsion between the two antibonding electrons’ 


‘auses their joint state to be most stable when their spin angular mo- 
menta are parallel and they are assigned to different orbitals. This 
effect is analogous to the greater stability of orthohelium as compared 
to parahclium excited states (see Sect. 17.4). 


9A substance is called paramagnetic when under the action of an external mag- 
netic field it acquires a magnetic moment due to prevalent parallel orientation of 
net intramolecular currents. 
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“ 


The Oz molecule has a state of low excitation which has the same con- 
figuration as the ground state, but has zero resultant spin angular mo- 
mentum and the two antibonding electrons in the same 8dz orbital. 
This state is equivalent to the state described by assigning two pairs of 
electrons to form an ethylene-type double bond and tivo additional 

_pairs, one for cach atom, to non-bonding atomic orbitals. 
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Non-localized bonds 


The chemical bonds described in the last chapter link any one atom of 
2 molecule only to atoms immediately adjacent to it. Thereby distant 
atoms of a molecule are linked only indirectly through a chain of bonds, 
and physical actions are transmitted through molecules only stepwise 
from one atom to its neighbors. The ordinary structure formulas of 
chemistry emphasize this stepwise linkage by representing cach bond as 
a dash between the symbols of two elements. This concept of localized 
chemical bond goes a long way toward a realistic description of chemical 
structures but fails to account for the properties of many important ag- 
gregates of atoms. 

The basic mechanism of chemical bonds, namely, the relaxation. of 
the confinement of electron motion, is not exploited fully when separate 
electron pairs expand over separate pairs of atoms. Additional stability 
accrues to many molecules when a number of electron pairs spread 
smoothly over a number of atoms, thus welding all atoms together by a 
single diffuse bond. Electrons moving throughout the volume of many 
atoms can also concentrate in regions where the potential energy is 
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particularly low, with a resulting further gain of stability. This gain 
extends the gain derived from partial ionic character of localized bonds. 

The combination of a number of electron pairs into a single system 
gives molecules certain characteristic properties besides increased sta- 
bility. In the first place, the motion of electrons over an extended 
volume transmits readily throughout that volume the effects of external 
disturbances. Second, the larger the volume is through which clectrons 
‘can move, the closer are their one-electron energy levels (see the example 
on page 189), Therefore, the spacing of the energy levels of the whole 
system decreases with increasing volume, even though the number of 
electrons is proportional-to the volume and consequently the average 
energy per electron is constant. It follows that a system becomes in- 
creasingly sensitive to external disturbances (see page 268) and acquires 
the properties which characterize a conductor.” 

A series of examples will be given in this chapter, in which the range of 
electronic motion within an aggregate increases from a few atoms to 
macroscopic distances. Examples of motion through small molecules 
are described in Sect. 21.1 and examples of motion along chains and plane 
networks of atoms in Sect. 21.2, Metals may be regarded as limiting 
cases of large molecules with unrestricted range of electronic motion 
(Sect. 21.3). Molecules with non-localized bonds are utilized in physico- 
chemical processes owing to their sensitivity to disturbances and to their 
ability to transmit them. Organic molecules with non-localized bonds 
as, for example, the tetrapyrrole ring shown in Fig. 21.1 are found to be 
key ingredients of biochemical catalysis. 

Polyvalent atoms usually form bonds, as explained in Sect. 20.2 
starting from atomic orbitals with off-center electron distributions, con- 
centrated in the direction of bond formation. There result molecular 
orbitals in which the electrons have small probability of being outside 
the region between the nuclei and little opportunity of expanding in 
other directions. Accordingly, non-localized bonds occur normally in 
molecules as modifications of multiple bonds, in which the electron dis- 

tribution is not quite concentrated between two nuclei. Non-localized 
bonds do not occur, for example, in saturated hydrocarbons. In metals, 
molecular orbitals between pairs of atoms would not be very stable and 
no electron remains localized in such a state. » 

Non-localized bonds are not represented directly by chemical struc- 
ture formulas. The state of a molecule with a non-localized “bond is 
usually regarded, according to the quantum mechanical approximation 
method (page 297), as a combination of a number of states, cach re- 
presented by a structure formula. The molecule is portrayed by the 
collection of these formulas and is said to be stabilized by resonance. ° 
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21.1 A Simple Example: Carbon Dioxide 


As geen in Sect. 20.3, multiple bonds originate in part from atomic 
orbitals with electron distributions extending transversally to the bond 
axis. Such orbitals of two adjacent atoms have electron distributions 
extending not toward but mainly parallel to each other. They neverthe- 
less overlap sufficiently to reduce the electrons’ confinement with forma- 
tion of a bond. 

Consider now the situation of a molecule, like COs, in which an atom, 
carbon, forms multiple bonds with two equal atoms. Any carbon orbital 
with electron distribution extending transversally to the bond axes over- 
laps equally on two sides with a similar orbital of each O atom. An 
electron initially in the carbon orbital may thus move through all three 
atoms linking them ‘all, instead of linking only a pair of them. 

The motion of an electron through three atoms has stationary states 
which are represented approximately as combinations of orbitals of the 
three atoms and are analogous to the states 2pm and 3dz of motion 
restricted to two atoms. The two-atom states 2pm and 3dz are, respec- 
tively, bonding and antibonding and have, respectively, no dark fringe 
and one dark fringe perpendicular to the molecular axis. It can be 
shown that the three-atom system has three types of states, respectively, 
with 0, 1, and 2 dark fringes perpendicular to the molecular axis, which 
may be designated as 7, 7, and 72. There are four states of each type, 
identified by one of two alternative orbitals (for example, with opposite 
directions of electron flow about the bond axis) and by one of tio alter- 
native spin orientations. The zo states have lowest energy and are 
strongly bonding, more strongly than the 2pz, the 7 have no bonding 
action, and the ze are strongly antibonding. 

The electronic structure of the COs molecule is described by the pro- 
cedure of Sect. 20.3, that is, by considering first the formation of two 
single bonds between carbon and the two oxygens. The C atom forms 
these bonds like a bivalent atom and is therefore linked to the two O 
atoms in opposite directions, forming a linear molecule. The C atom 
has thus tio residual outer electrons for assignment in the x molecular 
orbitals. Each oxygen has six electrons in its outer shell, one of which 


is taken up by the first CO bond. Two of the remaining electrons satu- . 


rate cach other in one atomic orbital, as in Oz and Ne, with its bright 
fringe centered in a direction opposite to the CO bond. There remain 
three electrons in each O atom for assignment to the molecular orbitals. 
In all, the COz molecule has eight electrons (two from C, and three from 
each O) for assignment to x orbitals. The ground state configuration of 
these electrons is therefore (19)*(1)'. 
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The pairing of four electrons in the two zo orbitals yields two bonds, 
which, together with the two initial CO bonds, make a total of four bonds 
for the COy molecule. As noted above, the xo bonds, distributed over 
the whole molecule, are more stable than the 2pr bonds.of diatomic 
molecules. The molecule is therefore more stable than indicated by the 
ordinary formula O—=C= O, with two localized double bonds. Iexperi- 
mentally, the total bond energy of the molecule exceeds by 1.4 ev the 
sum of the energies of two localized double bonds between carbon and 
oxygen such as occur, for example, in aldehydes and ketones. The 
. internuclear CO distance, in the CO, molecule is 1.15 A, as compared to 
about 1.21 A in molecules with localized bonds. 

The special stability of CO, can be accounted for qualitatively 
by regarding the state of the molecule as a combination of states re- 
presented by O=C==O and by’ the alternative formulas Ot==C—-O-, 
and O--——-C==0+, The combination gives each bond a partial triple 
bond character. A transition between states represented by the three 
formulas involves a shift of electrons from one to the other end of the 
molecule. Therefore, a combination of these states represents, like the 
description by molecular orbitals, a state of the molecule in which elec- 
trons move throughout its length and weld all atoms together by means 
of a single non-localized bond. 

The special stability of the CO2 molecular structure accounts for the 
structure and stability of two molecules isoelectronic to COs, namely, 
the nitrogen monoxyde NeO and the azide ion N3~. The structure 


formulas of these molecules analogous to O==-C==O are bespechively 
N7-=N*=0 and N-=N+t=N7-, 


The borate, .carbonate, and nitrate ions. ‘The ions BO3~—", 
CO3;~~, and NOs~ constitute an isoelectronic sequence. Their atoms 
are arranged in plane triangular patterns, with the oxygens at the ver- 
tices and the other atom at the center. This ‘structure derives from the 
formation of three single bonds by the central atom with trivalent be- 
havior, starting from the (2s)(2p)? configuration (see page 304, Tig. 
20.1b). It corresponds to the structure formulas 

O~ O7 OT 
i" és ++ (1) 
BX oes . Be 


« 


All atoms of these ions have an atomic orbital with a dark interference 
fringe centered on the plane of the nuclei. This orbital is the one from 
which is formed the second bond of ethylene (sce page 308) and is desig- 
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nated by p, when the z axis is perpendicular to the plane of the molecule. 
The formulas (1) imply electronic structures in which the central atom 
is trivalent and surrounded by monovalent O7 ions. The p, orbital of 
the central atom is wholly unoccupied and the p, orbital of each O7 ion 
is occupied by a pair of electrons with opposite spin orientation. In 
fact, the p, orbitals of the central and outer atoms overlap and the pz 
electrons of cach O~ can expand toward the center of the molecule. In 
the molecular orbital approximation one considers a set. of four x orbitals, 
each with a dark fringe centered qn the plane of the molecule, in which 
the probability distribution of the electron position extends over all 
four atoms. The probability of finding the electron in the central atom 
is low for the BO37~~7 ion and increasingly large for CO3~— and NO37. 
Three of the four 7 orbitals are fully occupied. by the six electrons which 
would be assigned to the O atoms according to the formulas (1). 

The shift of the electrons toward the center of the ions is taken into 
account by regarding the state of each ion as a combination of states re- 
presented by (1) and by formulas of the type 


O ; O 
i | i. 
B Nt (2) 


xo Pan Ze 
Oo =O 


(There are three sets of formulas with the double bond in the three posi- 
tions.) Notice that, from the standpoint of electronic structure, there is 
' 0 
VA 
no state represented by the formula O7--—-N in which the N atom 
XX 
O 
appears to be pentavalent, because the outer shell of the N atom pos- 
sesses only four independent orbitals from which bonds can be formed. 
The distance between the central nucleus and the nuclei of the outer 
atoms is 1.35, 1.31, and 1.21 A respectively for the three ions. These 
distances are shorter than would be expected for single bonds, and their 
decrease along the sequence parallels the increasing double-bond char- 
- acter of the bonds and the increasing stability of the ions. 


21.2 Conjugated Ethylenic Bonds. Graphite 


Very important classes of organic molecules contain non-localized 
bonds which result from the merger of double bonds similar to the ethy- 
lene bond described in Sect. 20.3. The smallest molecule of this type is 
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butadiene whose basic structure formula is indicated schematically by 
CHe==CH—CH==CHp, and more explicitly in the alternative cis and 
trans forms 


— II il if 
— 
C=C ° Ht H—C C—Il. (3) 
TREY SS of 
C==C O—-C 
— de 
I] I I i 
cis trans 


Hach of the double bonds indicated in these formulas may be described 
like the bond of ethylene. The “second” bond of each double bond 
arises from the overlap of atomic orbitals of the C atoms with a dark 
fringe of the electron distribution centered on the plane of the molecule; 
these orbitals are designated by p,, with reference to a z axis perpendi- 
cular to the plane of the molecule. The p; orbitals of the two middle 
atoms of the moleculé overlap each other as well as the orbitals of the 
end atoms, so that a non-localized bond is formed throughout the chain 
of four C atoms. 

Four + molecular orbitals, with electron distribution extended over 
the whole chain of C atoms and with a dark fringe centered on the plane 
of the molecule, are formed starting from the p, orbitals of the four C 
atoms. The four electrons, one from each atom, which would form the 
second bonds in the structures (8) fill the two extended x orbitals with 
_ lowest energy. The first of these orbitals has bonding action throughout 
the molecule and particularly at its mid-point, the second has a dark 
fringe across the middle of the molecule and is antibonding there. 
Therefore, the resulting non-localized bond is weaker in the middle of 
the chain than in its outer links. In fact, the internuclear CC distance 
is 1.46 A for the middle bond, as compared to 1.54 A for a single bond 
and to°1.34 A for the double bond in ethylene. Owing to the non- 
localized bond, the total bond energy of butadiene is } ev higher than 
it would be if its structure were represented accurately by on€ of the 
formulas (3) with separate double bonds. 

The actual state of the butadiene molecule may be regarded as a com- 
bination of states represented by the schematic formulas CH.—CH— 
CH=CHy, and CH,—CH==CH—CHp. The structure with the double 
bond in the middle has one bond less than the normal structure; there- 
fore, its probability amplitude is rather small, in accordance with the 
fact that the middle bond has only a weak doublée-bond character. 

The formation of a non-localized bond along the whole chain stabilizes 
the molecule to.a configuration with all its nuclei in a plane. In the 
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absence of this bond, the two halves of the molecule could twist with 
respect to one another about the axis of the middle bond. There are two 
alternative plane configurations, with equal bond energies, namely, 
those indicated as cis and drans in the formulas (3). The non-localized 
bond is, however, not very strong in the middle and fails to prevent the 
occurrence of transitions between the cis and trans forms, so that these 
forms are not isolated as distinct structure isomers of butadiene. 

Double bonds which are separated by a single C—C bond, as indicated 
in the butadiene formulas (3), are called “conjugated double bonds.” 
Sequences of conjugated double bonds of various lengths occur in numer- 
ous organic molecules. Simple chains of CH groups, represented by for- 
mulas —CH==CH—CH=CH—CH=CH— -:-, or —(CH=CH),—, 
are called “polymethine” chains. The non-localized bonds formed along 
these chains become increasingly uniform as the chain length increases, 
that is, they show no longer any weak spot as marked as the one in the. 
middle of the butadiene molecule. As the chain length increases, the 
electrons forming the non-localized bond become capable of oscillating 
with lower frequency, in non-stationary states, as it generally happens 
to mechanical systems of increasing dimensions. ‘The low-frequency 
oscillations of non-stationary states may be represented as effects of 
interference between stationary states whose energy differences are small 
for the reason indicated on page 314. The electrons of polymethine 
chaing with more than four conjugated bonds oscillate with frequencies 
in the visible and infrared range of the spectrum, and therefore absorb 
light of characteristic frequencies in this range. Substances having these 
chains in their molecules act as dyes; they include the carotene pigments. 

The benzene molecule, CoH, consists of a closed ring of six methine 
groups with three conjugated double bonds. These groups are welded 
into a regular hexagon by a non-localized bond whose electrons are dis- 
tributed uniformly all around the ring. The total bond energy of benzene 
exceeds by 1.7 ev the value corresponding to the structure 
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with alternate single and double bonds. The complete uniformity and 
stability of the benzene ring is often taken into account by structure 


formulas which symbolize the whole molecule as a regular hexagon 
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The organic polycyclic hydrocarbons consist of two or more benzene 
rings condensed into a plane network with common sides. The strue- 
tures of the simplest substances of this series are indicated by the schema- 
tic structural formulas 


Naphthalene Anthracene Phenanthrene 


Vertices of these diagrams common to different rings indicate the posi- 
tions of C atoms, vertices belonging to a single ring indicate the posi- 
tions of CH groups. Each atom of the network is linked to the adjacent 
atoms by an ordinary covalent localized bond. All atoms are further 
welded into a single system by a non-localized bond formed by electrons 
which move all over the network in states with a dark interference fringe 
centered on the plane of the network. 
There is a great variety of polycyclic compounds, in which CH groups 
are often replaced with N atoms and some rings consist of five atoms 


R R 


Fig. 21.1. Structure formula of tetrapyrrole ring. Numerous substances have this 

structure with various radicals at positions 2. Carbon atoms lie at unmarked cor- 
: » 

ners of the network of conjugated bonds. 


only. ‘There are also combinations of rings and of polymethine chains 
again welded into single systems by non-localized bonds. Figure 21.1 
shows, as an example, the structure formula of a tetrapyrrole ring. This 
basic ring, with an iron or magnesium ion added in the middle and with 
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different minor modifications, constitutes the pigment and key functional 
element of hemoglobin and of chlorophyll. 

Networks of hexagonal benzene rings of any size can exist, up to 
macroscopic dimensions, because they are structurally strong and less 
liable to accidental breakage than polymethine chains. A large network 
consists almost entirely of C atoms, since CII groups are confined to its 
edges. As the:size of the network increases, the clectronic system of the 
non-localized bond becomes increasingly sensitive to disturbances, as 
indicated on page 314, and capable of oscillating at progressively lower 
frequencies. A macroscopic network of this type acts as a laminar 
metallic conductor and constitutes the basic structural unit of graphite 
crystals. It will be seen in the next chapter that a graphite crystal con- 
sists of a stack of such laminar units held together by weak cohesive 


forces. 


21.3. The Metallic Bond 


We have seen that non-localized bonds are formed starting from atomic 
orbitals whose electron distributions extend equally in the directions of 
different. adjacent atoms. Conversely, bonds localized between two 
atoms are strongest when the electron distribution of an orbital of each 
atom is concentrated in the direction of the other atom. Formation of a 
non-localized bond also implies an equal, or nearly equal, overlap of 
orbitals between an atom and two or more adjacent atoms and therefore 
implies that the adjacent atoms are equal or at least similar to one 
another. Formation of a bond which welds many atoms uniformly, as 
in the carbon chains and networks, implies that all these atoms are 
similar to one another, as they are in typically covalent bonds. 

In the examples described thus far, non-localized bonds are subsidiary 
to an underlying system of localized covalent, or partially ionic, single 
bonds. This system of bonds determines the kind, number, and relative 
positions of the adjacent atoms among which a non-loca alized bond can 
be formed. In particular under these conditions, atoms with only s and 
p electrons in their outer shell, and therefore with four independent or- 
bitals, can form non-localized bonds with no more than three adjacent 
atoms. On the other hand, non-localized bonds become increasingly 
stable if the confinement to the motion of atomic clectrons is reduced by, 
the approach of an increasing number of atoms from different directions. 
Therefore, maximum spread of a non-localized bond is inconsistent with 
an underlying network of localized bonds and occurs when the circum- 
stances cause a non-localized bond to replace localized bonds altogether, 


namely in metals. - 


322 NON-LOCALIZED BONDS 


A metal consists of a lattice of atoms, usually of the same element, 
held together by a non-localized bond formed by electrons that move 
throughout the lattice in all directions. This type of non-localized bond, 
which results from reduced confinement of all unsaturated electrons in a 
three-dimensional array of directions, is called a “metallic bond.” A 
system of conjugated double bonds constitutes an intermediate case 
between the covalent and metallic bonds. The total bond energy of a 

‘metal lattice is of the order of a few electron volts per pair of electrons 
taking part in the bond. 
_ Most of the chemical elements are metals, that is, under normal condi- 
tions of pressure and temperature their atoms form an aggregate held 
together by a metallic bond. On the other hand, a number of important 
elements, like hydrogen and oxygen, are stable when their atoms combine 
in pairs to form molecules held together by covalent bonds. Some 
metallic elements, for example, the alkalis, also form diatomic molecules 
in their vapor form, but upon condensation their molecules merge into a 
lattice and the covalent bonds into a metallic bond, whereas this merger 
does not occur, for example, in oxygen. The elements whose molecular 
form persists upon condensation are those that form strong covalent 
bonds, whereas the covalent bonds of mctal atoms are weak. That is, 
the metallic bond prevails only when the covalent bond is weak; or, In 
other words, the metallic bond is never very strong. 

The reason for the limited strength of the metallie bond is indicated in 
Vig. 21.2. The figure shows the cross section of a lattice of atoms, each 
atom being represented schematically by a circle. The electron distribu- 
tion of each atom overlaps equally with the electron distributions of 
several other atoms. The strength of the metallic bond is derived from 
the number of separate overlaps, but no single overlap can be very ex- 
tensive. In a regular lattice of atoms an extensive overlap would imply 
a simultaneous overlap of the electron distributions of more than two 
atoms, and would violate the exclusion principle since no more than two 
electrons can occupy the same space and have opposite spin orientations. 
(More specifically, the probability distributions of the positions of three 
or more electrons can overlap only if their joint state is so combined as 
to yield a partially antibonding effect.) 

In a covalent bond the extent of overlap between the electron distribu- 
tions of two atoms is not limited by the exclusion principle, as far as the 
bond-forming electrons are concerned, but it is limited by the impenc- 
trability of inner shells (see page 299). Therefore, the extent of overlap 
and the covalent bond strength are significantly limited in atoms whose 
core of inner shells is not much smaller than the whole atom. This con- 
dition holds for all atoms with few outer electrons and also, in general, 
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for atoms of high atomic number; atoms with these characteristics belong 
to the elements that are, in fact, metals. The limited interpenctration 
of these atoms in any one direction allows simultancous interpenetration 
in many directions and makes the metallic bond energetically conven- 
ient. Conversely, elements in the upper right hand corner of the Periodic 


Fig, 21.2 Schematic diagram of overlap of clectron distributions for atoms packed 
in a metal lattice. 


Table, that is, the electronegative eléments, have atoms with small 
inner-shell cores which can interpenetrate extensively and form strong 
covalent bonds. These are just the elements whose molecules are stable 
even in condensed states. There are, of course, elements which are 
neither strongly electronegative nor typically metallic; their state of 
aggregation will be considered in the next chapter. 


chapter DD retereeneaeaeesensesneseneenaueneneuanenerenenaneravanas 


Macroscopic ageregates 
_of atoms | 


Chemical bonds—covalent, ionic, or metallic—can hold together in- 
definitely large numbers of atoms. The resulting aggregates may be 
regarded as giant molecules. An aggregate of this kind is usually a 
crystal, that is, its atoms are arranged in a regular lattice whose structure 
determines the external shape of the whole aggregate. Diamond is a 
typical crystal consisting of carbon atoms linked by covalent bonds into 
a rigid three-dimensional lattice. Other examples of crystals with dif- 
ferent types of bonds and different types of macroscopic properties will 
be discussed in Sect. 22.1, 

The majority of substances in solid or liquid form are, however, ag- 
gregates of molecular groups bound to each other by mechanisms less 
strong than chemical bonds. Water consists, for example, of small mole- 
cules, whereas graphite consists of extended layers of carbon atoms 
(page 321). The water molecules and the graphite layers are held to- 
gether by a combination of electric forces between the nuclei and clec- 
trons of different molecules, or layers. These forces, being partly at- 
tractive and partly repulsive, tend to cancel out, but the cancellation is 

324 
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not exact. The net resulting force turns out to be attractive, although 
some 10 to 100 times weaker than the forces due to chemical bonds. 

Molecules containing “polar groups,” that is, with partially ionic 
bonds, exert a net force on any external electric charge because their 
electrons and nuclei are, on the average, at different distances from that 
charge. The positively charged portion of any polar group is thus drawn 
toward any negative ion or negatively charged portion of another polar 
group. The structure of water and the stability of ions in water solution 
originate from this mechanism. Polar groups containing hydrogen, 
such as O—H and N—H, become attached to other groups with par- 
ticular firmness because the small size of the H atom affords a close ap- 
proach; this attachment is called a “hydrogen bond” (Sect. 22.2), 

An ever-present cohesive force exists also between non-polar groups. 
This force derives from simultaneous deformations of the clectron dis- 
tributions of adjacent atoms or group of atoms. Its existence was argued 


by Van der Waals on the basis of the departure of real gas propertics 


from the perfect gas laws, but its nature was first explained by quantum- 
mechanical analysis. It is the Van der Waals force which holds the 
molecules together when gases liquefy or solidify at low temperatures. 
In substances consisting of extended molecules, the Van der Waals 
forees between many molecular groups contribute to hold cach molecule 
close to other molecules against the action of thermal agitation and are 
thus adequate to stabilize a condensed state even at moderately high 
temperatures (Sect. 22.3). 

The structural variety of materials and of their macroscopic properties 
derives largely from the possible coexistence of different mechanisms of 
aggregation having widely different strengths. Marked changes of mac- 
roscopic properties may be brought about by minor changes in the pro- 
portion of chemical bonds within an aggregate. For example, rubber is 
hardened by the process of vulcanization in which a comparatively few 
covalent cross-linkages are established between long molecular chains of 
hydrocarbon groups. 


22.1 Crystals with Covalent, Ionic, and Metallic Bonds 


“ 


A diamond constitutes the typical example of an aggregate of atoms 


held.in a regular lattice by covalent bonds. Fach carbon atom is sur- 


rounded by four other atoms arranged at the vertices of a tetrahedron 
(Fig. 22.1) and is linked to them by bonds of the type described in Sect. 
20.1 and Tig. 20.1c. The lattice thus formed is braced in all directions 
and is very strong because any distortion alters the distances between 
the atoms and the angles between the bond directions. 
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Only a very few substances exist which form stable crystal lattices 
with purely covalent bonds. These substances consist of tetravalent 
clements of average clectronegativity, like carbon. ‘Thus silicon carbide, 
with alternate atoms of C and Si, is most nearly similar to diamond. ‘The 
sequence of clements of the C group, namely, Si, Ge, and Si, have solid 
forms analogous to diamond but with bonds having an increasingly 
metallic character, 

Substances, like NaCl, whose molecules are held together by strongly 
ionic bonds, form crystalline aggregates with purely ionic bonds. For 


Fig. 22.1. Crystal structure of Vig. 22.2 Crystal structure of 
diamond. / Natl. 


example, when several NaCl molecules approach one another, each 
positively charged Na atom attracts to its proximity the negatively 
charged Cl atoms of other molecules. The negative charges surrounding 
a Na atom drive then the electrons of the NaCl bond farther away from 
Na and completely onto the Cl atom, so that the bond becomes com- 
pletely ionic. The initial single bond of any one NaCl molecule is 
thereby we akened, by loss of its partial covalent character, but the re- 
sulting Nat ion becomes attached by an ionic bond to each of the sur- 
rounding CI~ ions of other molecules. Therefore, the crystalline state 
of aggregation of the substance is more stable than its molecular vapor 
state!” 

The lattice type of any particular ionic crystal depends on the,rclative 
size of the constituent ions, and also on their shape if they, consist of 
several atoms. For exe ample, i in a NaCl crystal the ions are arranged in a 
cubic lattice (ig. 22.2) in which cach Nat or Cl7 is surrounded respec- 
tively, by six Cl7 or Nat ions. The arrangement of monoatomic ions 


*Tonic crystals form usually by precipitation of separate ions from a solution in 
which the ions are stable, rather than by condensation of molecules in vapor form. 
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in crystal lattices can generally be predicted by regarding each type of 
ion as a hard sphere of given radius and considering what is the most. 
compact possible packing of any given set of spheres. Table 22.1 shows 


TABLE 22.1 


IONIC RADIL (ANGSTROM) 


Lit Bett 
0.70 0.380 

O-- FS Nat Mgt} ALPE git-tt+ 
1.35 1.33 1.00. 0.75 0.55 0.40 
s-- Cl K+ Catt Settt 
1.82 1.80 1.33 1.05 0.83 
Se77 Br- Rbt Srtto oyrtt 
1.9 1.96 1.52 1.18 0.95 
Te77 Cst Batt  Latt++ 


I- 
2.12 2.20 1.70 1.38 1.15 


Cut Antt 
0.58 0.83 


Agt Cdt* 
0.97 0.99 


Data from RB. W. G. Wyckoff, Crystal Structures, Interscience, New York, 1948. 


the radii of hard spheres which represent adequately various kinds of 
ions. The halogenides, oxides, and sulphides of most metals form typical 
ionic crystals. Polyatomie ions of either sign, for example, CO3”~, 
$0477, or NH,4*, participate in the formation of ionic crystals in the 
same manner as monoatomic ions, with due regard to their size and 
shape. The packing of ions into a regular lattice is often facilitated by 
the inclusion of water molecules, oriented with their negatively charged 
O atoms next’ to positive ions and their H atoms next to negative ions. 
Ionic erystals are very rigid because the attractions between ions of 
opposite sign brace their lattices with great strength and in all directions. 

As described in Sect. 21.8, the atoms of most elements tend to ag- 
gregate in crystals held together by a metallic bond. This happens when 
the atoms are cleetropositive, that is, when they have rather large cores 
of closed shells and cannot form strong covalent bonds. Simple metals 
consist of atoms of a.single clement, and therefore of equal size; conse- 
quently, they form the types of lattice which yield the highest density of 
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equal hard spheres. “Alloys” are aggregates consisting of mixtures of 
atoms of different elements packed together and joined by a single metal- 
lic bond. Atoms of nearly equal size, like Cu and Zn, form alloys by 
mixing in practically any proportion. Atoms of greatly different size 
form “‘intersticial” alloys in which a few of the smaller atoms fill holes in 
interstices between larger atoms. 

. The metallic bond is not very strong, as noted in Sect. 21.3, and its 
strength does not depend critically on the lattice shape. Therefore, 
metallic crystals yield to stresses more readily than covalent. or ionic 
crystals by experiencing small elastic deformations. Following an elastic 


Shear 


Fig. 22.3. Diagram of plastic deformation by gliding of metal atoms. 


deformation, a crystal lattice returns spontaneously to its original ar- 
rangement of atoms when the stress subsides. ‘Metallic crystals also 
experience a different type of deformation, which is “plastic,” that is, 
not spontancously reversible, when they are subjected to sufficiently 
high stresses. Inasmuch as the atoms of a metal are all equal, or nearly 
equal, their aggregate remains just as stable if the atoms of a section of a 
crystal shift each to replace one of its nearest neighbors as shown, for 
example, in Fig. 22.3. This collective shift amounts to a gliding of the 
atoms on one side of a plane over the adjacent layer of atoms across the 
plane. The combination of numerous gliding processes along parallel 
planes yields a macroscopic plastic deformation. The ductility of metals 
derives from their ability to experience such plastic deformations. Plas- 
tic deformations of crystals with covalent or ionic bonds are possible, but 
meet with stronger resistance on account of the greater bond strength; 
therefore these crystals tend to break at points of imperfection when 
subjected to very high stresses rather than to glide plastically. The 
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addition of foreign atoms to a metal to form an intersticial alloy, for 
example, the addition of a small proportion of carbon to iron to form 
stecl, inhibits its ductility. - 

22.3 requires an Initial expenditure 


The shift of atoms indicated in Fig. 
of energy, until it is half-accomplished. ‘The minimum stress required 


to bring about the initial half-shift is called the “yield strength.” The 
remainder of the shift proceeds spontaneously and returns the energy 
spent initially, except for some dissipation into heat. The dissipation 
is represented macroscopically as the work performed against a resistance 
which opposes the plastic deformation and limits its rate of progress 
when a metal is subjected to a stress in excess of the yield strength. This 
resistance constitutes, therefore, the viscosity of the metal. The yield 
strength and the viscosity vary greatly from one metal to another. 
They are low, for example, in lead and still lower in mercury, which is a 
liquid flowing under the stresses caused by its own weight and by thermal 


agitation. 
22.2 Aggregation of Polar Groups 


A polar group within a molecule exerts a net force on any charge in the 
surrounding space, because the electric fields generated by its nuclei and 
electrons nowhere compensate cach other exactly in strength and in 
direction. ‘The interaction of a polar group with other charges may be 
represented in first approximation as the interaction of a “dipole” (page 
303).of given moment and negligible dimensions. A dipole and a single 
charge exert on one another a force, whose strength is proportional to the 
magnitudes of the charge and of the dipole moment and decreases in 


inverse ratio to the cubed distance between charge and dipole.’ ‘Two 


dipoles also exert on one another a force, whose strength decreases in 
ratio to the fourth power of their distance. In addition, polar 


inverse 
groups are subject to torques since the electric field generated by other 
groups of particles pulls their positive and negative charges in opposite 
directions. The torque acting on a dipole strives to orient it so that its 
positive (or negative) charge is closest to the negative (or, respectively, 
positive) charges of other groups. When this orientation occurs, the net 
force on a polar group attracts it toward other groups (I'ig. 22.4). 
Isolated neutral atoms in stationary states, and molecules with purely 


covalent bonds, have no dipole moment.’ They may, however, have 


2 This decrease is more rapid than for the force between charges because the sepa- 
rate charges of a dipole appear so close to one another, when seen from a great dis- 


tance, as to nearly cancel out. 
3 The H states with off-center electron distributions are exceptional in this respect. 
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electric moments of higher order which are represented schematically by 
combinations of dipoles with different orientations, called “multipoles.” 
(The combination of two dipoles is 

Ses Sho 4 called a “quadrupole,” of four dipoles 

an “octupole,” ete.) Atoms, or groups 

Net force Of atoms, with quadrupole or higher 
ae multipole moments and with appropri- 
ate mutual orientation attract one an- 
ia other as shown, for example, in Fig, 
| 22.5. The strength of these attractions 
decreases very rapidly with increasing 


{ distance. 
sete ate The potential energy due to dipole, 
or multipole, interactions between ad- 
f jacent atoms or molecules may be as 
large as about =y of the potential 
energy of interaction between ions. It 
SO eee 7 may amount to 10,000 cal/mole and 
Fig. 22.4 Diagram of net attrac- ohne exceed ereauly ahe-cnergy, of Wier 
tion between two properly oriented mal agitation and produce a stable 
dipoles. “ageregation of molecules at ordinary 

temperatures. 

For example, forces between the polar OH groups of H,O molecules 
influence the molecular orientation to form networks in which the nega- 
tively charged side of any one molecule, namely its O atom, remains 


oO 
G) 2 " ©——@o——9 
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(a) (b) 
Fig. 22.5 (a) Charge distribution within an atom, analogous to that of Fig. 14.10, 
and its schematic representation as a quadrupole consisting of two dipoles. (b) Orien- 
tation of two quadrupoles yiclding net attraction. 


close to the positively charged EE atom of another molecule. Several 


types of H,O network exist;.they constitute solid or liquid structures 
depending on their stability and rigidity. Besides adhering to each 
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other, water molecules adhere to polar molecules or to larger aggregates, 
called “hydrophilic,” whose surfaces contain polar groups. Hydrophilic 
molecules mix readily with water to form solutions. 


Solvation of ions. Tons are particularly stable in water solution. 
The ionic charge orients the surrounding water molecules so that the 
portion of each molecule with charge opposite to that of the ion is closest 
to it. The combined potential energy of the ion and of the water mole- 
cules is thereby reduced. This orientation of water molecules around an 
ion extends over a radius of several molecular diameters and is called 
“solvation.” Solvation releases an amount of cnergy of the order of one 
electron volt per ion and increases the stability of isolated ions in solu- 
tion against their aggregation into molecules or crystals. By the same 
token, molecules and crystals with wholly or partially ionic bonds “dis- 
sociate” into separate solvated ions when in contact with water. The — 
tendency of any given substance to dissociate depends, of course, also 
upon the stability of the electronic structure of the resulting ions. For 
| 
4 

example, the —C—O—H group of an alcohol does not dissociate into 
| ; 

| | 
_-C—O7 and Ht, whereas the related carboxyl group O=-C-—-O—H 
behaves as an “acid” by releasing readily an H* ion in water, because 
the carboxyl radical is stabilized by a non-localized bond represented by 


| | 


combination of the bond structures O==C—O™ and O-—C=0. 


Hydrogen bond. The dipole interaction between water molecules 
is enhanced by the circumstance that the H atom is small and its nucleus 
can approach closely the negatively charged portion of another molecule. 
The interactions of all polar groups containing hydrogen, particularly 
in O—H, N—H, F—H, and Cl—H combinations, are similarly en- 
hanced. The link between molecules due to this interaction is called a 
“hydrogen bond.” ‘The formation of this type of bond releases about . 
_ £ ev = 6,000 cal/mol. The hydrogen bond has great practical impor- 
tance. It accounts for the remarkable properties not only of water but 
also of the related substances NH; and HI as well as of organic sub- 


stances containing alcoholic and carboxylic groups, --C—O—H and 


| 


O—C—O—H. For example, it causes HE and carboxylic acids to form 
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stable dimers with the structures 
O-H—-O 
--F Vi XS 
i of and —C C—, 
Ir] 


where the dots indicate the hydrogen bonds. 


22.3 Aggregation of Non-polar Groups 

Induced dipole moments. Single atoms, and molecular groups 
with purely covalent bonds,‘ have normally no electric dipole moment. 
Ifowever, the approach of an ion or of a polar group deforms atoms and 
molecules by pulling their electrons in one direction and their nuclei in 
the opposite direction, and thereby “induces” a dipole moment in non- 
polar atoms or groups of atoms. ‘The induced moment is directed so 
that a net attraction results between the inducing agent and the initially 
non-polar group (Fig. 22.6). A cohesive force arises thus between ions, 


Fig. 22.6 Schematic representation of induced dipole moment in an atom. 


or polar groups, and any sort of surrounding atoms or molecules. ‘This 
foree is weaker than it would be if these atoms or molecules possessed a 
non-vanishing dipole moment in their undisturbed stationary stetes. 

The strength of the cohesive force arising from induced dipole moments 
may be estimated hy a standard procedure of quantum mechanics. The 
procedure serves to calculate the effect of any weak disturbance applied 


* A bond is understood here to be “purely covalent” insofar as it has no dipole 
moment, 


e 
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to an atomic system. Its results are readily visualized in our present 
problem, where the disturbance consists of an electric field generated by 
an ion or dipole external to the atomic system. 


The ground state of an atom subject to an clectric field is regarded as a combina- 
tion of stationary states of the undisturbed atom. The probability amplitudes of 
this combination are to be calculated. The total encrgy of the atom includes a 
term V equal to the product of the clectrie field strength and of the atom’s dipole 
moment. The dipole moment vanishes if the atom is in one of the states, 0, 1, 2, 

-+, 1, +++, which are stationary in the absence of the electric field. When these 
states are combined, their interference yields a new probability distribution of the 
electron positions which may be off-center with respect to the nucleus, as for the IT 
states of Sect. 14.4, and may therefore have a non-vanishing dipole moment (sec 
also Appendix IX). One may consider,a set of standard combinations, each one 
consisting of the superposition of the ground state 0 and of one of the excited states 
é of the undisturbed atom with equal probability amplitudes, and call their dipole 
moments ego;; in this expression ¢ is the charge of an electron and fo; has the dimensions 
of a distance whose value may range up to nearly 1 A. Calling Vo; the product of 
this dipole moment and of the electric field strength, the disturbance caused by this 
field is “weak” provided Vo; is much smaller than the difference #; — Hy of the . 
zero-field energy cigenvalues, for each state 7. In this event, one finds that the 
actual ground state of the atom in’ presence of the field includes the state 7 as a 
component with probability amplitude equal to the energy ratio Voi/(i; — Eo). The in- 
clusion in the combination of the component state 7 contributes to reduce the 
energy cigenvaluc of the ground state by the product of Vor and of the ratio 
Voi/(#; — Eo), that is, by 
: Vor. (1) 
B; — Ey 
The contributions (1) due to combination of the zero-field ground state with cach 
of the states 7 must be added to calculate the new energy eigenvalue in the presence 
of the electric field. ; . 

The electrie field generated by an ion with charge ¢ at a distance r has strength 
e/r?, which yields Vor = etoi/r? = (e/r)(éoi/r), equal to the potential energy of 
two ions with unit charge at distance r reduced by the ratio fo:/r. This ratio may 
be of the order of, or somewhat larger than, 7g in eases of interest. The sum of the 
energy contributions (1) for all states 7 becomes then 
ety _(Go)® hy er (@) 
rt r 


9 
wT aa ay ay n (2) 
B;- Ey or Ey Bo 


In the summation on the right side, the first factor may be of the order of a few 
clectron volts, the second of the order of 1, and the third Se Ce 
what larger than, $v. 


The expression (2) represents the potential energy corresponding to 
the cohesive force between an ion and a non-polar atom or group of 
atoms. his energy decreases in inverse ratio to the fourth power of 
the distance between the ion and the non-polar system. When the co- 
hesive force derives from the field of a polar group, which has a dipole 
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moment and no net charge, the strength of this field is inversely pro- 
portional to the third power and the potential energy of cohesion to 
the sixth power of the distance. 

Van der Waals force. Y:lectric dipole moments arisc in neutral 
atoms, or groups of atoms, whenever there are other atoms in their 
proximity, owing to interaction between the electron motions in different 


Isolated atom 


Unlikely electron distributions yielding repulsive dipole moments 


Fig. 22.7 Scheme of likely and unlikely joint electron distributions of two adjacent 


atoms. 


atoms without any intervention of ions or other sources of constant 
electric fields. The effect of this interaction becomes apparent by treat- 
ing a pair of adjacent atoms first as separate systems and then as a single 
system. The statement that each atom in its ground state has vanishing 
dipole moment means that the mean position of all its electrons, averaged 
over their probability distribution, coincides with the position of the 
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nucleus. When the two atoms are considered simultancously, their 
dipole moments still vanish if the probability distributions of the elec- 
trons of the two atoms are regarded as independent, that is, if the whole 
system is treated in an “independent-atom approximation” analogous 
to the independent-electron treatment of single atoms. Actually, the 
positions of the electrons of the two atoms are bound to be correlated. 
For example, the probability of finding the electrons of both atoms con- 
centrated in the space between the two nuclei is small owing to the re- 
pulsion among electrons. If the electrons of one atom are found pre- : 
dominantly in that space, those of the other atom are likely to be found 
concentrated on the opposite side of its nucleus, as shown in Fig, 22.7, 
That is, a distribution of the electrons of onc atom yielding a dipole 
moment in the direction of the internuclear axis is likely to occur jointly 
with a distribution in the other atom yielding a dipole moment with 
equal orientation. The mean value of the dipole moment of each atom 
vanishes, but the mean value of their product does not vanish. ‘Two 
aligned dipoles of equal orientation attract each other. Therefore, the 
correlation between electron positions in the two atoms yields a net at- 
traction, and the total energy eigenvalue of the two atoms is lower when 
they are close to one another than when they are far away. 


The magnitude of this attraction is calculated by the method utilized to calculate 
the attraction of an ion upon a neutral atom. In the treatment of two neutral atoms 
we consider, instead of a simple sequence 0, 1, 2: --d+++ of zero-field stationary states, 
a double sequence 0, 1, 2+++j +++, 0,1, 2++° k +++ of stationary states of the separate 
atoms with separate energies Zo, +++ Zj- ++ and J4’9-+-22",. We also consider standard 
combinations of states 0j and Ok for the two separate atoms and call their dipole 
moments respectively ef; and eé’ox. ‘The energy Vo; of a standard dipole in an 
external field is replaced here by the potential cnergy of two aligned dipoles, which 
is Vojor = —2ekojet’o/r, and the energy difference #; — Eo is replaced by (2; — Bo) + 
(E", — HE’). The combination of the ground states of the scparate atoms with their 
various excited states then reduces the ground state energy of the whole system by 


the quantity analogous to (2) 


! ayy? 
Voson? de! >>, (tos’on) 
0" By + EB’, — Bo — Eo 


yy 


“I TB, — By - Be OO 
2 ay 2 2 
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= 4— 25247 7 = = . (3) 
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Tho attraction between any two atoms or groups of atoms is thus 
found to be represented by a potential energy inversely proportional to 
the sixth power of their distance. The structure of the formulas in- 
dicates the order of magnitude of the potential energy; closer evaluations 
show this energy to be about 0.1 ev for a pair of adjacent atoms of 


average properties. 
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Molecular crystals and aggregates of large molecules. Gases 
consisting of small molecules with tight covalent bonds solidify, at low 
temperatures, into crystalline aggregates of molecules (“molecular crys- 
tals”) held together by Van der Waals forces. The solid forms of the 
rare gases may also be regarded as molecular crystals. ‘The molecules 
~ are packed with low density in these crystals, because the Van der Waals 
forces are much weaker than chemical bonds or even than the forees 
between polar groups. For the same reason, the Van der Waals forces 
suffice to keep small molecules packed in a crystal only at low tempera- 
tures, that is, when thermal agitation is weak. 

Molecules of increasing size attract each other through an increasing 
multiplicity of Van der Waals bonds, acting between all pairs of adjacent 
atoms, or groups of atoms, of different molecules. The molecules form, 
accordingly, aggregates of increasing stability. These aggregates arc 
crystalline if individual molecules have a regular and rigid shape which 
allows them to be packed into a regular lattice.. Graphite crystals con- 
sist, as mentioned before, of extended molecular layers of carbon atoms 
held in a stack by-Van der Waals forces; cach layer is held together 
in a flat shape by a combination of covalent and non-localized bonds 
(sce Sect. 21.2). The weakness of Van der Waals forces and the resulting 
large distance between adjacent layers permit the layers to glide on one 
another plastically when subjected to a low shearing stress in the appro- 
priate direction. This structure accounts for the characteristic properties 
of the material. ; 

Long stringy molecules with no definite shape generally form “amor- 
phous” aggregates in which they intertwine irregularly. Typical dmong 
these molecules are-the saturated hydrocarbons, consisting of chains of 
--CH2— groups which may rotate freely about each C—-C chain link. 
Paraffins are substances of this type. They are readily subjected to 
plastic flow, in which portions of different molecules glide on one another. 
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Deflection 
of charged particle beams 


Consider a beam of particles with charge ¢, mass m, and velocity 2, 
which traverse a region of length J where they are subjected to an clec- 
tric field of strength / perpendicular to the beam, (In a narrow gap 
between the plates of a flat condenser, / equals the potential difference 
of the plates divided by their distance.) The deflecting force on cach 
particle is ef and the resulting acceleration is e/m. The particle re- 
mains exposed to the field for a time //v and hence acquires a crosswise 
velocity (el/m)(l/v). If this velocity is much smaller than v, the result- 
ing angle of deflection is approximately 


alt /y 2 : 
foe (eH /m) (l/v) 7 = (i) 
v mv 
If the same beam traverses a magnetic field of strength H perpen- 
dicular to the beam direction, it experiences a force perpendicular to the 
field and to the beam of strength evf/c, where c is the velocity of light. 
The corresponding acceleration is evf/me. If the field acts over a dis- 
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tance l’, that is, for a time l’/v, and the total deflection remains small, 
it will impart to each particle a crosswise velocity (evlZ/me)(I’/v) and 
therefore a deflection 
(evH /me)(l'/v) eH’ : 
on = , (2) 
v Mev 


In a beam of canal rays the velocities are not uniform because ions 
may have been generated at different points of the potential between 
the electrodes and they may have lost different amounts of energy in 
collisions against gas molecules. To eliminate the influence of this lack 
of uniformity J. J. Thomson applied an electric and a magnetic field in 
parallel directions so that the deflections 6, and 6, would be perpen- 
dicular to each other. These deflections could then be measured as 
ordinates and abscissas on a screen or photographic plate which regis- 
tered the arrival of the beam after deflection. Beam components with 
different velocities and equal specific charges arrived at different points 
whose coordinates obeyed the equation of a parabola 


én ell eHll\? om Ec? 1 
— = —-) =—-—- (8a) 
by° / e H- I” 


2 
mo~ mcv 


! 


that is, Ss 
mc? 1 


bp = ——> 
e H* 1? 


577°. (3b) 


Measurement of the constants of this parabola yielded the value of e/m, 
since Li, H, c, l, and ’ were known. 
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Relative motion 
of two particles 


Consider tio particles, for example an @ particle and the nucleus of an 
atom, or an electron and the nucleus of the same atom, which attract or 
repel cach other. The attraction or repulsion is represented by a po- 
tential energy U(r) which depends only on the distance r of the two 
particles. 

We indicate the position coordinates of the two particles, with respect 
to an arbitrary origin, respectively, by vectors r, and rg and their veloci- 
ties and accclerations by v1, 41 and ve, ae. The distance of the two 
particles is then, 

r= |r — r| (1). 
and the velocity and acceleration of particle 1 with respect to particle 2 
are 

vV=Vi — Ve (2) 

a = 8, — ag (3) 


The force F; acting on particle | may be indicated by —grad,,U (ae 
where grad,, is the gradient with respect to variations of the coordinate 
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vector ry. Since U depends on the magnitude of r = T — fz, we may 
write 


F, = —grad,,U(r) = ~grad,U(7) (4) 
F, = —grad,,U(r) = grad,U(r) (5) 


The equations of motion of the two particles are then 


mya, = —grad,U(r), (6) 
May = grad, U(r). (7) 


The relative motion of one particle with respect to the other is studied 
by calculating their relative acceleration (3). To do this, we divide (6) 
by m, and (7) by m2 and then subtract the second equation from the 
first, which gives: 


1 1 { Mo 
a=a,—-a = — (— + —) erad,U(r) = — fie erad,U(?). 


my Me MMe 
(8) 
This equation may also be written 
pa = —prad,U(r), (9) 
where 
MMe 
Sasa (10) 


; my —-- mg 


is called the “reduced mass” of the two particles. Equation 9 coincides 
with the equation of motion of a single particle of mass » attracted or 
repelled toward the origin of the coordinates r by a force corresponding 
to'the potential U(r). Notice that the reduced. mass is always smaller 
than either m, or mg, and approaches the smaller one of the two if the 
other particle is much heavier than it. 

The sum of (6) and (7) yields 


mya, + mya, = 0. (11) 
» 
This equation may also be written as 
MA = 0, (12) 
where 
M =m, + my (18) 
is the total mass, and 
my Me 
A= "ta, + ay (14) 
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represents the acceleration of the center of mass of the two particles, 
which lies at 


R my & Me ‘ 
= —fr —— To. 5 
mo Mu”? (15) 


Equation 12 states that a force acting between the two par ticles does not 
affect the motion of their center of mass. 

The total kinetic energy of the two particles may also be decomposed 
into kinetic energy of relative motion and kinetic energy of the motion 
of their center of mass. The velocity of the center of mass is 


my mea 


Sey —— Vo i 
M 1+ M 2) (16) 


and it follows from (2) and (16) that 


me . 
V1 eh ee (17) 
my 
ve =V—- ra (18) 
The kinetic energy is then 
K = dno? + dmen.? = SMV? + bm? (19) 


The total energy, kinetic plus potential, also splits into two com- 
ponents 


= K+ UC) = $V? + [Sw + UO) (20) 


the first of which depends only on the center of mass coordinates and the 
second only on the relative coordinates. 
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Retation between deflection 
and impact parameter. 
in Rutherford scattering 


This appendix gives two proofs of Eq. 1 of Chapter 3; one utilizes 
the knowledge that the « particle follows a hyperbolic track and the 
other does not. It will also be indicated how that equation must be 
adjusted to take into account the recoil of the nucleus. 

(1) Call p the distance of closest approach to the nucleus and 0 the 
a-particle velocity at this distance. The total energy, kinetic and 
potential, of the a particle at this distance must equal its kinetic 
energy before the collision, 


eee Be TS a) 
~ mi? + -—- = — mo. 
2 p 2 ; 


The angular momenta before the collision and at the distance p must also 

be equal. Before the collision the particle is aimed to pass at the dis- 

tance b from the nucleus, at distance p its velocity 0 is perpendicular to 
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the direction of p. Hence the angular momentum equation is. 
mub = mip, (2) 


which gives 5 = v(b/p). Substituting this value of 5 in (L) and dividing 
« 9 . 
that equation by yu" gives 


@) si 2Ze" b 
= sl. 3 
p md p (3) 
This is an equation of the second degree in b/p with the solution 

b 2Le 


mo-b/ 


On the other hand, for any hyperbola the ratio b/p is a function of the 
angle 6 between the asymptotes (see F ig. III.1), which can be expressed 


in the form i 
~ = — tego + V+ tg?20. (5) 


p mob 


Hquation 1 of Chapter 3 follows by comparing (5) with (4). 
(2) ‘Lhe repulsion exerted by the nucleus on the & particle is a force 
F = 2Ze2/r® pushing the particle always away from the nucleus, and 


Fig. HI.1 Variation of repulsion along an e-particle track. 


therefore acting in different directions depending on the instantaneous 
position of the particle with regard to the nucleus (see Fig. III.1). Each 
of the angles y shown in the figure characterizes the direction of F fora 
position of the a particle along its track. 
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SUE age Fx. 

‘The force F acting during a small interval of time, Al, contributes to 
the particle a momentum F At, in the direction determined by y, which 
must be added vectorially to the momentum of the @ particle prior to 
At. When the particle is still far away from the nucleus, y is approxi- 
mately equal to zero and hence the direction of F is approximately op- 
posite to that of the momentum p = mv of the incoming particle. The 
"initial effect of the force is thus simply to slow down the particle, that is, 
to reduce the value of its momentum. As the particle approaches the 
nucleus, the angle y differs appreciably from zcro and theréfore the mo- 
mentum contributed by the repulsion F is oblique to the momentum 
previously possessed by the particle. The resulting momentum after 
the push F A¢ has a new direction corresponding to the partial deflec- 
tion of the particle. 

This process of deflection due to the addition of successive momentum 
contributions by the repulsive force in different directions proceeds as 
shown in Fig. II.2 while the particle approaches the nucleus and then 
while it draws away. It terminates when the particle is again very far 
from the nucleus, so that the repulsive force is again parallel to the track 
of the particle, but this time directed so as to increase the particle’s 
momentum. 

There remain to be calculated the quantitative features of the vector 
diagram in Vig. TII.2. Consider successive small but unequal intervals of 


mv 


90) 272 


Vig. UT.2 Diagram of momentum variations along an e-particle track. 


time At, during which the direction of the force F varies by equal small 
amounts Ay. ‘The ratio Ay/At is the rate (angular velocity) w at 
which the & particle goes around the nucleus. The successive momentum 
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contributions by the repulsion have therefore magnitudes: 
rAt=F Ay/o = —— Ay. (6) 
eo 


The quantity re in the denominator of (6) is the angular momentum 
of the particle with respect to the nucleus divided hy the particle’s mass 
m; it is called the “areal velocity.” The angular momentum is constant 
throughout the motion of the particle and is equal to mob, according to 
(2). Hence we may replace ra in (6) with vb, which gives 


9 
2Le~ 


vd 


FeAt= 


This equation states that the momentum contributions I’ At in suc- 
cessive time intervals during which y varies by equal amounts Ay are all 
equal in magnitude. These momentum contributions can therefore be 
entered in the diagram of Tig. ITI.2 as small arrows of equal length each 
of which is rotated with respect to the previous one by an equal angle 
Ay. The arrows form, therefore, a cirele of radius 2Ze?/vb. The total 
deflection 6 is obtained by considering that in the triangle 

1 2Ze" /vb 


La = 


res) 
2 mv 


(8) 


which coincides with (1) of Chapter 3. 

(3) According to Appendix I, the relationship (1) of Chapter 3 be- 
tween the deflection and the impact parameter is correct, in the frame 
of reference of the center of mass of the @ particle and the nucleus, pro- 
vided m represents the reduced mass of the @ particle and the nucleus. 
Equation 10 of Appendix II specifies that 

Men 

ea caer aE (9) 

Me + my 
where m, and my are the masses of the a particle and of the nucleus. 
The deflection © in the laboratory frame of reference, in which the 
nucleus was at rest before recoiling, can be expressed in terms of the 
deflection 6 (in the center of mass system) and of the mass ratio m_/IMn, 

zs tg? 5 
tg?-@ = Re (10) 


2 Ma .- ag 
1+— (1+ te*3é) 
MN. 


Ay = const. Ay. (7) 


appendix IV neue sen RAFU RA we MatienaslensNawagensnesidumanneet Nene 


Analysis of a phenomenon. 
into sinusoidal oscillating 
components (Fourier analysis) 


Numerous physical phenomena, described by the plot of a function 
of one variable, may be regarded as combinations of sinusoidal oscilla- 
tions with different frequencies. Tor example, the radio disturbance 
emitted by a spark affects receivers tuned to different frequencies; the 
response of cach receiver indicates the presence in the disturbance of 
an oscillatory component of its proper frequency, even though the spark 
may involve a simple surge of current directed from one electrode to 
another. Similarly, the sound track obtained by recording. any noise 
may be analyzed into a superposition of records of pure notes. 

This analysis of physical phenomena constitutes an application of 
the mathematical process of expansion of functions f(£), where ¢ indicates 
any variable, in the form 


f@) = 3, ¢, sin(2rvt + 4,) re) 


. or 


(0) = 3 laysindmt + by cosdzvl), (2) 


where ¢, is the amplitude of the oscillating component with frequency 
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v, % is its phase constant, a, = ¢, cosd, and b, = ¢ sing,. The sum 
over different frequencies v contains, in general, terms corresponding to 
all possible values of », which range with continuity from zero to infinity, 
and is properly represented by an integral. ‘The Fourier expansion (1) 
or (2) is possible for all continuous functions which are finite throughout 
and vanish outside a finite range of values of ¢ (These conditions have 
been stated for simplicity in a form unnecessarily restrictive.) ‘The ex- 
pansion can be extended to functions of several variables. 

The existence of the Fourier expansion of a given function and the 
calculation of the coefficients a,, b, (or ¢ and ¢,) hinge on the following 
properties of the sine and cosine functions. ‘The square of each of these 
functions is, of course, non-negative, and its mean value, averaged over 
a range of values of t extending to infinity, equals 5. Jor definiteness, 
the averaging may be carried out over a finite range of t, from the value 
i= —T tot = T, and then one takes the limiting value of the average 
when 7 increases to infinity. We write then 

tet, 

lim — sin“2rve de 

Pun 27 1 in : 

fim [cosine = 2 : 

lim oF 0° Qrvl dl 5 fory #0. (3) 

For v = 0 the average of the squared sine vanishes and the squared 

cosine equals one. The product of two sine (or cosine) functions with 

different frequencies »; and vg, or of a sine and a cosine function with 

any frequencies, is an oscillating function whose mean value, defined 
as in (3) vanishes: 


i ft 
lim — sin2rvyt sin2arvet dé 
Tan 2T —T 
T 
= lim Ti [cos2ar(vy — va)l — cos2r(v, 4 v2)t] dl 
Pan 4 7 
= 0), for vy 4 va, (4) 
1? 7 | 
‘lim ral cos2rvyl cos2rvet dt = 0, for vy ¥% v2 
Tan _T 
1 (7? 
lim f sin2rv;l cos2rvet di = 0. 
T=» 2T —T 


The coefficients a, and b, are calculated conveniently by considering 
again large but finite intervals from —Z' to 7, in which case the fre- 
queney v must be replaced with n/27, where n is an integer. With these 


350 APPENDIX Iv 


values of y, (3) and (4) hold even though 7 is finite. Assuming also, 

initially, that the expansion (2) exists, one multiplies cach side of this 

equation by (1/27') sin2r(n/2T)t or (1/21’) cos2r(n/27)t and integrates 

from —T to 7’. All terms of the sum on the right side, but one, vanish 
owing to (4), and the residual term is given by (3). One finds 


: t) (2 “ : dl =~ ty, 
~~ —— = Uny 
oT ff sin an oF 5° 


1 v 
{ —-1)di = —b, 
ay fo cos(2n ) 2 


if? 
0 = ao, ral [® dt = bo, forn = 
iT 


forn 4 0 (5) 


To show that the right side of (2) is actually equal to f(t), when the 
cocflicients are given by (5), one checks whether the difference of the 
right and left side of (2), squared and integrated over t, vanishes. The 
integration represents the sum of possible discrepancies over all values 
of ¢; the squaring of the discrepancies ensures against accidental can~ 
cellation of discrepancies with opposite signs. It follows from (8), (4), 
and (5) that 


f so a Qarnt 4b omy 4 
- ye a, sin —— n COS ¢ 
_p ° oT oT 


oT 
=| [for dl ~~ T[2b,? + 2 Dre (ay? + b,” *)]. (6) 
—T ; 


By entering in (6) the values of a, and b,, from (5) and carrying out 
the sum over 7, it is verified that the right side of (6) actually vanishes. 

Equation 6 indicates a physical interpretation of the expansion pro- 
cedure. The integrated square of a function is often a quantity of 
interest. For example, if J represents the current intensity in a wire, 


a function of time, f, [fF dt is proportional to the cnergy dissi- 


pated into heat in the time interval from —7 to 7. Each term on the 
right of (6) represents similarly the energy dissipated by 6éne of the 
sinusoidal components of the current. The essential point is that, if 
two or more sinusoidal components are combined, the total energy 
dissipation is simply the sum of the dissipations of the separate com- 
ponents; all “cross terms” vanish, owing to (4). Similarly, one may 
consider that an oscillating current performs no work against a potential 
that oscillates with a different frequency, or with the same frequency 
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but 90° off phase; this again follows from (4). To determine how much 

of a certain sinusoidal component is contained in a. current intensity 

f(t), one calculates simply how much work would be performed by this 

current against a test potential V(é) oscillating in step with that com- 
Ps 


ponent; the coefficients a, and b, have the form SQV) dt accord- 
ai 


ing to (5). 

A sinusoidal oscillation is understood, by definition, to extend over 
the whole range of the variable t, from —%» to #, Any oscillation with 
frequency » which follows a sine law but lasts only for N cycles, from 
t= —N/2vtol= N/2vis not really sinusoidal. It may be regarded asa 
combination of sinusoidal oscillations with somewhat different fre- 
quencies which remain “in step” for N cycles and cancel out outside 
that time interval. ‘fo examine the contribution to this combination 
from oscillations with different frequencies, we calculate the expansion 
(2), taking f(d) = sin2avé for t between —N/2v and N/2y, and f O= 0 
for ¢ outside this range. Equation 5 yields 


ag = bo = Dn = 0. 


1 N/[2v 


n , 
ty = “gin (2rvl) sin( 2" 2 : dt 
2T 


T —N/ 2y 


1 f- E ( n \,| E ( 4 n a} i 
= COS | 47) ¥ —- — cos oo L 
27 _xpyl 2T/ "OY or i 


— n/2T Sn /2T 
sin (w T ’ a) sin’ (w T yen ) 


v v 


== ~*~ a) 
wi) 
(> ~ x) oy + i) 


The second term of the last expression is usually negligible for practical 
purposes, but the first one is of nearly constant magnitude N/2r7' as long 
as Nr(v — n/27)/v is much smaller than one, that is, over the whole 
range of frequencies n/27 which differ from » by much less than »/N. 

This range of frequencies, which are contained in the combination 
with nearly equal coefficients is called the “band width” of the oscilla- 
tion of limited duration. ‘The band width v/N is the reciprocal of the 
duration of the oscillation. Any phenomenon of limited duration ex- 
hibits, when analyzed into sinusoidal oscillations, a frequency spectrum 
with a band width equal to the reciprocal of ils duration. 
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Notes on 
statistical distributions. 
and tests 


Statistics serves to describe and analyze phenomena in which the re- 
sult of any single experiment is not predictable in full detail but regulari- 
ties are nevertheless observed in the combined results of numerous ex- 
periments. The following notes summarize some concepts and pro- 
cedures of statistics with reference to typical examples. 

Probability distributions. Consider the predictions that can be 
made about a series of throws of a pair of dice. The predictions derive 
from the initial statement that all faces of each die have “equal proba- 
bility” of turning upwards in a throw; the implications of this statement 
are discussed in Sect. 6.2.. Since each die has six faces, each face of a die 
has the probability ¢ of turning up in any one throw. There are 36 com- 
binations of faces of two dice, all “equally probable;’” therefore eich com- 
bination has probability gig of turning up in any one throw. Out of the 
36 combinations, the combination of the two faces with the number 1, 
which we call the (1,1) combination, yields a total score of 2. Two com- 
binations, namely (2,1) and (1,2), yield a score of 8, three combinationis, 
namely (3,1), (2,2), and (1,3), yield a score of 4, ete. A 4-point throw has 
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a total probability 4s because it can result from 3 combinations, each 
with equal probability zg. One can thus construct a table of the number 
of combinations for cach score, and of the corresponding probability: 


Combinations C, | 2 3 4 5 6 5 4 38 2 1 
ae 2. 3 Al 5 G6. 5 3 2 1 


Dp ahjy}j apatites & gthn, ft ~vL _§& Fl es 4 = 
Probability Pn 86 BE BE BE BE BEC BE B86 86-3 


The set of values pn, given in this table as a function of the score n, is 
called the “probability distribution” of the number scored in a throw. 
In a long series of N throws, an -point throw occurs a number of times 
v, such that the ratio y,/N, called the experimental “frequency” of 
n-point throws, approaches the probability p, very closely. 

In quantum physics, as discussed in Sect. 6.2, the probability distribu- 
tion p1, po +** Pr ++’ of alternative events 11, Hy +--+ Hy +++ is deter- 
mined either by experimental observation of the frequency of occurrence . 
of events, or by theory, though not necessarily from an initial statement 
of equal probability. 


Means and mean deviations. An important quantity in a series 
of dice throws is the arithmetic mean of the scores observed in a series of 
throws. If a 2-point throw occurred yy times, a 3-point throw v3 times, 
etc., the mean score is 

Qvo + 8yg tert 121g Barry, Ty Nn 


Vg -- v3 +: ** Pig :: Dn Pn N 


Since the “frequency of occurrence” of an-n-point throw, namely, the 
ratio v,/N, approaches the probability pp, the arithmetic mean score (1) 
approaches the quantity ; 


(n) = 2aNPn = 2 wW6 +3 $6 racemosa a6 = 7. (2) 


This quantity is called the “average” or the “mean” score in a throw, 
whether determined by experimental observation of frequencies or by 
calculation of probabilities. It is a “parameter,” that is, a numerical 
characteristic, of the probability distribution. In the problem of dice 
throwing, a 7-point throw is also the most probable result, according to 
the table, because scores larger and smaller than 7 by equal amounts are 
equally probable. However, probability distributions do not possess 
in general this symmetry, and their mean does not coincide, in general, 
with the most probable value. The probability distribution of the dice 
point has many characteristic parameters beside the mean, such as the 


mean square score (2) = Y,_ npn, the mean cube (n®) = Ey npn, ete. 
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It is often more interesting to characterize the distribution of the de. 
viation of the score from its mean, that is, the distribution of » — (n), 
than the distribution of n itself. The mean deviation vanishes, of cour Se, 
because deviations by excess or defect cancel out on the ¢ average, The 
mean square deviation is the most interesting parameter, next to the 
mean of n itself and is rated to the mean square of n, 


((n = (n))2) = Za pale — (n))? =?) — (wy (3) 


3 a : a 2 
This “mean square deviation” is also indicated by An”. In the example 
of dice throws we have 


((n — (ny? ) = ys — 7)? + Fs — 7)? 
qeeet gte (12 — 7)? = 5.83. (4) 


The “root mean square deviation” An, equal to 2.41 in our example, in- 
dicates the order of magnitude of the deviations from the mean which are 
likely to occur. 


Repeated trials. Consider an experiment in which a certain event 
has a probability p to occur; for cumple; a dice throw in which the 4- 
point event has the probability <3 C= “py. In a series of N experiments, 
the number of times, », in whieh aie event occurs, approaches the pro- 
duct of N and of the probability p, as noted above. If various “trial” 
series of N experiments are performed, the value of » varies in general 
from one trial to the next. We consider here the distribution of » in 
successive trials. 

The probability P() that the event occurs exeeely v times in a trial can 
he calculated as follows: In a sequence of N experiments, v occurrences 
“may be distributed differently; the number of alternative sequences 
with different distributions is V(V — 1)+--(N —v+1)/1K2x*3x 

-xXv. Each experiment has the probability p of yielding the event, 
and a probability 1 — p of not yielding it. The probability that the 
event occurs in » experiments at specified positions in a sequence is p"; 
the probability that it does not occur in any of the N — v renaining OX 
periments is (1 — p)¥~", The probability that the event occurs just in p 
specified experiments, and no more, is p’(1 — p)*~”. This probability 
multiplied by the number of alternative sequences with the same num- 
her y yields 

N(N — 1)(N — 2) --- N-—v+1) 


PO) = - ML — pyY, (5 
(») Ree Pil =p)". (5) 
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This probability, as a function of », is called the “binomial distribu- 
tion.” The mean number of events is 


(vv) = 2, »P(v) = Np, (6) 
as expected. The mean square deviation of v is 
(vy — @))”) = 2 — Np)P@) = Np(l = p). (7) 


If both Np and y are large numbers, the probability distribution (5) is 
represented approximately by the “Gaussian distribution” 


PO)~ ea i@ Np) Np =p) (8) 


V2nNp(l — p) 


The approximation is surprisingly good when Np and » are only as large 
as 5 or LO. 


Poisson distribution. The study of the time distribution of atomic 
events may be regarded as a study of repeated trials. A period of 
observation of é seéonds constitutes.a “trial” consisting of a very large 
number N of “experiments,” each of them lasting for a very small in- 
terval At = i/N. The probability p of occurrence of an event in one 
experiment is, therefore, extremely small, but the mean number of events 
in a trial, (v) = Np, need not be small. Under these conditions, y is 
negligible as compared to N, and 9 is conveniently represented in the 
form (v)/N. The distribution (5) reduces then to the simpler approxi- 
mate form 


, Pv) = oY ee), 


(9) 
v! 

where vy} = 1X 2X3 X-+:Xv. The mean of the distribution is, of 

course, (v) and its mean square deviation reduces also to Np = (y). 


Acorrelation test. Consider a set of balls, contained in a box, which 
are of several colors, for example, white, red, and blue, and are marked 
with different numbers of spots, for example, 1, 2,3, or 4 spots. To deter- 
mine whether the number of spots and the color of each ball are corre- 
lated, one may extract a sample of N balls from the box and classify them 
according to color and number of spots. Call the total number of balls of 
each color NV, N,, and Nz, respectively, the total number of balls with 
each number of spots V1, No, Ns, or N4 and, for example, »;3 the number 


. 
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of red balls with 3 spots. All these numbers may be arranged in rows and 
columns as in the following “contingency table”: 


Number 
of : 
9 ‘ Ai Total 

spots i = 8 
Color 
White Yo Viod Pw3 Vt Nw 
Red Pry Yr rg Vr N, 
Blue Voy Vp9 YH3 Vos No 
Total Nx Noe Nz N4 . N 


An analysis of possible correlations between color and spot number 
starts usually from the initial assumption that there is no correlation. 
One regards then the N balls as distributed among the 12 boxes of the 
table with equal probability subject only to the condition that the totals 
for the boxes in each row and column have the observed values Ny, N,, 
No, Ni, Ne, Nz, and Ng. The probability of any sct of values of yy, 
Yoo *** vo can then be calculated, and from the distribution of this 
probability the mean of each number y is obtained. The mean number, 
for example, of red balls with 3 spots equals the total number of balls N 
multiplied by the fraction of all balls which are red, namely N,/N, and 
by the fraction of all balls which have 3 spots, namely N3/N, 


N,N3 = N,N 
NN N. 


(v3) =N (10) 

Any correlation between color and spot number brings about sys- 
tematic deviations of the numbers in the table from their mean values 
(10) calculated on the basis of no correlation. In the absence of correla- 
tion there are deviations duc to sampling accidents. An index of the ex- 
pected magnitude of these deviations for cach number, fike »;3, is 
provided by the mean square deviation according to the Poisson distribu- 
tion. A convenient index of the aggregate deviation of all numbers in 
the table from their means is found to be the expression 


2, Pwr = Wm) | Gus = Gna)? (vos — (vo)? 


or) Gy 8 eG 


At) 


a 
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The value of this expression depends on sampling accidents, besides 
possible correlations. The sums of the deviations of the numbers v in 
each row and in cach column must vanish, so that only 6 out of the 
12 numbers in the table are independent. A value of the index x? com- 
parable to the number of independent deviations (6 in our example) is 
likely to arise from sampling accidents alone. A much larger value is 
unlikely. The number of independent variations is called the “number 
of degrees of freedom” in the table. Statistical tables give.the proba- 
bility that x? exceed any given value, owing to sampling accidents only, 
for each number of degrecs of freedom. If this probability is very small, 
one concludes that a systematic correlation exists. 


Correlation coefficient. When two variables, like the eolor and 
number of spots of balls in the preceding example, are correlated, it is 
useful to describe the kind and magnitude of the correlation by some 
suitable index, to signify, for example, that the blue color is preferentially 
associated with 4 spots. There is a gencral procedure to investigate and 
deseribe correlations called “analysis of variance.’ Mere we consider 
the correlation coefficient which is defined only for pairs of variables rep- 
resented by numerical indices." 

Consider then two variables « and y, whose values can be determined 
by a single observation but vary in successive observations with some 
probability distribution, and consider their deviations x — (x) and 
y — iy). <A correlation of these variables may be such that positive 
deviations of both variables (x —- () > 0, y — {y) > 0) are frequently 
found in single observations and so are negative deviations (w — (x) < 0, 
y — (y) <0), whereas simultaneous occurrence of a positive and a 
negative deviation (for example, « — (2) > 0, y — (y) < 0) is infre- 
quent. The correlation is then called “positive.” This qualitative 
characteristic of the correlation is represented by the sign of the mean 
product of the deviations 


Ay = ((% — &))(y — (y))). (12) 


The magnitude of this mean product is also a characteristic of the cor- 
relation but acquires a meaning only when compared to the expected 


magnitude of the separate deviations x — (x) and y — (y). 
A correlation coefficient should then be suitably defined as a combina- 


1The color of a ball docs not fall in this class even though it may be represented 
by a numerical index according to an arbitrary code, for example, blue = 1, white = 
2, red = 3; it would then be generally meaningless to consider an “average” value 
of the color index. 
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tion of Ary and of the root mean square deviations Av and Ay. The 
definition 
Any , 
r= : (13) 
Aw Ay 


1s convenient, because, as shown below, 
2 
r<i, (14) 


so that the magnitude of r constitutes an absolute index of the strength 
of the correlation. A value r = +1 indicates that pairs of deviations 
a — (x) and y — (y) are in a constant ratio and indicates a complete 
correlation, 


To prove Eq, 14, one may consider the mean value of the combination 
of deviations [(Ay*)(a — (ey) — (Azy)(y — (y))]. The square of this 


expression cannot be negative and neither can its mean value. We write 
therefore 


0 < ((ay")@ — ()) — (Ary)(y — @))P) 
= Ay*((x — (@))) + (Ary)?((y — (y))”) 
—2(Ay”)(Ary)((z — (e))(y — (y))) 
= Ay*Ax® — Ay?(Aay)? = Ay?[Ax” Ay? — (Ary)?]. (15) 
Since Ay? is itself non-negative, it follows from (15) that 
(Any)? < Aa® Ay? (16) 


which is equivalent to (14). 


Complex humbers 


Algebra introduces negative numbers to represent conveniently the 
operations of addition and subtraction. In order to define the square 
root of negative numbers, algebra introduces a further kind of number, 
called “imaginary.” The sum of an imaginary number and of an ordi- 
nary (“real”) number constitutes a “complex” number, which is equiva- 
lent in many respects to a pair of positive real numbers. The algebra of 
complex numbers is not only more general than the algebra of real 
numbers but also remarkably compact. As a by-product it serves to 
deal with a pair of real numbers combined in the form of a single complex 
number, The following notes summarize the main definitions and — 
properties of complex numbers. 

The unit of imaginary numbers is defined as V —1 and is indicated 
usually by the letter 7. The product of the imaginary unit 7 and of a real 
number a constitutes an imaginary number ta of magnitude a. he 
square of ia is the negative real number (ja)? = Pa? = (—Da? = —a?. 

The sum of a real (positive or negative) number @ and of an imaginary 
“number 2b (with b positive or negative) constitutes a complex number, 
359 
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indicated simply by a + 7b. The number a is called the “real part” 
and b the “imaginary part”’ of the complex number a + 2b. The number 
a — ib is called the complex conjugate of a + ib and is usually indicated, 
in physics, by (a + ib)*. 

_ Complex numbers are added and multiplied according to the usual 
rules of algebra, keeping in mind the special property of the imaginary 
unit 7” = —1. Notice in particular 


(41 + ty) + (+ is) = (tas) +r +2), (1) 
(a+ ib)? = (a — b*) + iad, (2) 
(a — ib)? = (a? — b*) — i2ab, (3) 
(a + ib)(a — tb) = a? + B*, ; (4) 


The positive real number a? + b? in Eq. 4 is called the “squared magni- 
tude” or “squared modulus” of the number a + ib and is indicated by 
7192 7 
la + ib]. Notice that 
la-+ ib? = [a — wf? (5) 
Plane diagram of complex numbers. It is often convenient to 
represent complex numbers as points of a plane (sce Vig. V1.1). With a 


*s 
Fig. VIL Geometrical representation of complex numbers. 


system of cartesian coordinates (w,y) one may represent a real number a 
as a point of the x axis, at the abscissa x = a, an imaginary number 7b 
as a point of the y axis at the ordinate y = b, and a complex number 
a+ 1b as the point with coordinates (« = a,y = b). The sum of two 
complex numbers, defined according to Eq. 1, is represented in Fig. 
VI.1 by a diagram of vector addition. 


COMPLEX NUMBERS 361 


The point with cartesian coordinates (v = a, y = b) may also be 
identified by polar coordinates which represent the distance of the point 
from the origin of coordinates and its direction with respect to a reference 
direction which is usually that of the positive x axis (I'ig. VI.1). The 
polar coordinates are 


Vx? 4 y? = Vety= ja + idl, 
b 


Qa 


i 


p 


(6) 


y 
¢ = arctg - = aretg 
v . 


and are called, respectively the “magnitude” or “modulus” (sce Eq. 4), 
and the “azimuth” or “phase,” of the complex number a + ib. The 
relationship (6) between polar and cartesian coordinates can be inverted 
to yield « = p cos¢ and y = p sing, so that © 


a+ ib = p(cosp + ising). (7) 

Product of complex numbers. The identification of a complex 

number by its magnitude and phase permits a simple formulation of the 

rule for constructing products of complex numbers. Given two complex 
numbers a, + 2b, and ay + tbe, their product is defined as 


a+ ib = (ay + ib1) (a2 + tha) = (a1a2 — Dba) + i(byag + ards). (8) 


The magnitude and phase of this product are 


p= V (aya2 — by be)” + (by a2 + abo)” ; 


= V ay2as? + by7bo? + by2 a9? + a7,” 


= V (ar? + by”) (ay? + 2?) = pipe (9) 
bya + aide ; by/a, + be/a2 
= arete = arcle 
De as obs. isn aaa) 


tego: + tede 

1 — tgdr teoo 

That is, the magnitude of the product is the product of the magnitudes 

of the factors, and the phase of the product is the sum of the phases of 
the factors. 

In particular, the square of an imaginary number 7b, with magnitude 

b and phase 90° = 4m radians, has the magnitude b? and the phase 

180° = @ radians, in accordance with the fact that it is real and nega- 

_ tive. Complex conjugate numbers have phases of opposite sign accord- 


= arctg 


= o1 + de. (10) 
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ing to (6); when they are multiplied by each other, as in (4), their phases 
cancel out and their product is real and positive. 


Exponential form of complex numbers. The phaso of a complex 
number is akin to the logarithm of a real number in that the phase of a 
product of two numbers equals the sum of their phases. To specify the 
connection between phases and logarithms, we consider numbers of 
magnitude 1, whose products, quotients, powers, and roots also have 
magnitude one. In particular the Nth root of a number z of magnitude 

‘one and phase ¢ has the phase ¢/N. If N is a very large number, and ¢ 
is expressed in radians, the number with magnitude J and phase ¢/N is 
very approximately 1 + i¢/N because the magnitude of this number, 
namely Vi + @/N, and its phase, arctg(¢/N), differ respectively 
from 1 and from ¢/N by amounts proportional to 1/N? and 1/N°. 
Therefore, the number z is represented exactly, in the limit of very large 
N, by 

o\ 
z= lim (1 +64) : (1) 


N=x N 
The lim (1 + 1/N)% is the number e = 2.718---, which is the base of 
N=o 


“natural logarithms.” The lim (1 + a/N)*, where a is any number, 


=O 
is the ath power of e. Therefore, the representation (11) of the number 
is equivalent to 
eae, (12) 
A general complex number a + ib of magnitude p and phase ¢ may be 
regarded as the product of the real number p and of the number z of 
magnitude 1, and is therefore represented by — 


a-+ ib = pe™, (13) 


This representation combines the magnitude and phase of a complex 

number into a single algebraic expression by means of the number e. 

The product of two numbers, calculated according to (9) and (10), can 

now be represented in condensed form by the ordinary rules of algcbra, 
. . . bal 

pre’*!pge"F? = pypyoct rte) (14) 


Finally, according to (13), the natural logarithm of the number a -+ 1b, 
that is, its logarithm in the base e, must be defined as 


In(a -+ ib) = Inp + i¢. (15) 


That is, the phase of a complex number is the imaginary part of its 
natural logarithm, 
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Geometrical. calculation 
of probability amplitudes 


The problem of calculating the probability amplitudes for pairs of 
cigenstates of atomic orientation was outlined in Sect. 8.3. The calcula- 
tion is to utilize Eq. 9, page 111, 


(Bm | Pm) = ,,(Bi| Am) (Am| Pm), (1) 


among the probability amplitudes pertaining to the cigenstates of three 
analyzers with orientations P, A, and B. The angles which identify 
these orientations with respect to one another, with the help of reference 
planes, are defined as follows (sce Fig. 8.5): 

éa and $y are the azimuth angles about the axis P from the reference 
plane of this axis to the planes PA and PB respectively; 

$y is the azimuth angle about A from its reference plane to the Siune 
AB; 

(ap, Opp, and Oga are the angles between the axes indicated as sub- 
scripts; 

Wa is the azimuth angle about A from the plane PA to the reference 

plane of A; 
; 363 
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vp and Yp are azimuth angles about B from the planes PB and AB, 
respectively, to the reference plane of B. The probability amplitudes 
(Am | Pm), (Bm| Az), and (Bm%| Pm) should be, respectively, functions 
of the three sets of Kuler angles (¢a,0ap,Wa), (6,0na,¥p), Nd (p,Opp,pp). 


Fig. 8.5 Angles relating’ tho orientations of the axes P, A, and B and of their re- 
spective reference planes. 


The functional dependence of the probability amplitude (Am%| Pm) 
on the Euler angles can be factored into three functions of the separate 
angles by the expedient of considering additional reference systems P’ 
and A’ whose axes coincide respectively with P and A and whose ref- 
erence planes coincide with the plane PA. Repeated application of Eq. 
1 yields then 


(Am| Pm) = %,,(Am|P’m’)(P'm’| Pm) 
= Di Dy (Am Alm!)(A'm'|P'm!)(P’n!|Pm). (2) 


» 


Because the reference system P’ corresponds to an analyzer with field 
parallel to that of P, the probability amplitude (P’m’|Pm), which de- 
pends on ¢a only, vanishes unless m’ = m, and has magnitude 1 if 
m' =m. Ti has, therefore, the mathematical form 


(P’m"| Pm) al Snutme fmiGa) () 
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where the symbol ' 
{i form’ = m 


4 
lo for in’ x4 m,’ (1) 


Ontm = 


and fi,(@a) is a real function yet to be determined. Similarly, we have 
(Aiti| AMT) = Siumee’ HOM), (3') 

Equation 2 reduces now to 
(Am|Pm) = faa) (A’m| P’inje! Sma) (5) 


The probability amplitude (A’77| P’m) depends only on the angle ap, 
besides the quantum numbers 7’ and m and the quantum number J, 
defined on page 90, which identifies the number of components 
separated from the atomic beam under consideration. This function is 
usually indicated by 9) (0). Itis the only function required to repre- 
sent probability amplitudes when the axes of all magnets are coplanar.’ 
When the axes P, A and B lie in the same plane, only two values of Opp 
are consistent with given values of Opa and @ap, namely, Opp = Opa = Bap, 
and interference occurs only with phase differences 6 = 0 or 6 = 7 as 
pointed out on page 107. This interference effect is analogous to the 
addition of parallel or antiparallel vectors and can be represented by the 
combination of real probability amplitudes. Accordingly the function 
% _.,(0) can be real, as will be verified below. We then write (5) in the 
for 

, (Am|Pm) = eh O°" 99 5, (Bap) of Sma), (5’) 
where the functions f and 6% are yet to be determined but are under- 
stood to be real. 

The mathematical form of the function f,,.(@) is determined by con- 
sidering two additional referénce systems P’, and P” whose axes coin- 
cide with the axis P and whose reference planes form angles ¢’ and $” 
with the reference plane of P. Application of (1) and (8) yields 


(Pm! Pm) = ei tule) = (P’m| P’m)(P’m| Pm) 


= e Lin(G"' 9") e Fm 9") = etl! —6) thn (OD) . (6) 
This equation requires that fn(@) be a linear function of ¢. Since, more- 
over, fn(@’) must vanish when ¢’ = 0 and P’ coincides with P, we have 


Jin (6) = and, (7) 


where a, is a constant that remains to be determined. 


? 


1'fhis standard symbol is called the “Kronecker delta,” and should not be con- 


fused with the phase differences. 
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Let us now reexpress Iq. 1 utilizing the results obtained thus far. 
We select for simplicity the reference planes of A and B to coincide, 
respectively, with the plancs PA and AB, as shown in Fig. VIL1, which 
makes ¥a = 0 and ~g = 0. The probability amplitudes to be entered 
in (1) have then the form 


(Bm|Pm) = ciaB yO, (Opp) chm®B, i 
(Bit | Am) = 99.5 (Op,) cB, (Am|Pm) = 0% am (Bap) e'mPA, 

‘and Eq. 1 becomes 

ent B DD an(Opp) e%m$B = D9) a (Opa) cam*B 4). (dp) cltmPA, (9) 


By evaluating the squared magnitudes of both sides of this equation, we 
obtain an expression of the Eq. 7, page 108, among probabilities, namely, 


[d 5m (Opp)|? a ar [bd (Opa) l (5 sam (Oap) |? 
+ 20% DELL baa (Opa) 0O nmap) 9% (Opa) 9% rim(Oap) 
X cosl(ag — ag) bpl. (10) 


Notice now that the angle @gp, on the left side of (10), is related to the 
angles Opa, Sap, and ¢g on the right side by the formula of spherical 
trigonometry 


cOsdpp = cosOpa CcOsPap — sinOpa SiNnGap COSdz. (1) 


In particular, the magnitude of Opp, and the probability [> in (Opp) |? 
that depends on it, must be periodic functions of dg with the period of 
2 radians, as can also be scen from Fig. VII.1. In order that Eg. 10 
fulfill this condition, all the constants ag, must differ from one another by 
whole numbers. 

This requirement allows some of the ag to be equal, but such equality 
does not in fact occur in the problem we are considering. We assume 
that there are as many different values of ag as there are values of Mm, 
so that each cigenstate of the analyzer A may be identified by its value 
of ag or by the corresponding symbol, rather than by #7 itself? The 
constant e,, defined as the ratio of the phase of (Bri| Am) to tle azimuth 


*If there were several cigenstates of A with the same valuc of a, cach of them 
could be identified by the value of « and by the value of some other variable. It 
could then be proved that any additional variable remains unaffected when the 
molecular beam is split by Stern-Gerlach analyzers of different oricntation, and that 
the problem of beam decomposition by analyzers of different orientation ean be 
treated separately for each value of the additional variable. No such additional 
variable has been relevant to the description of phenomena in Chapters 7 and 8, 
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angle ¢p, will turn out to coincide with the quantum number 7% which 
was introduced simply to enumerate the eigenstates of an analyzer. 
The properties which determine the constants a, and the functions 
p_, are brought out by considering the situation in which’ the axes 
P, A, and B are nearly parallel. The angles @ap, @na, and @gp are then 


Fig. VIL1 Angles relating the orientations of nearly parallel axes P, A, and B, 
and of their respective reference planes. 
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small and the functions 5% ,»,(@) are expressed adequately by an ex- 
pansion in powers of these angles. From the equations (9) and (10) we 
shall calculate the coefficients of the first few terms of the expansion, 
determine the values of a,, and then formulate equations whose solution 
yields the complete functions 0% (8). 

- For 6 = 0, the function 6 ;,, reduces to dim, Which equals 1 or 0, 
according to (3). Its expansion has, therefore, the form 


db sm(0) = Onm + Dim + Crim” ae (12) 


Entering this expansion into (10), and disregarding terms which con- 
tain more than two factors Opp, Opa, OF Sap, We obtain 


Srim(L F 2DmOBp +H 2enmOpe” e+) + Diim2Opp? + ++ . 
Sim{L + 2b (OBA +. OaP) + VinmOBaOap + 2Crnn(Ona” + Oa”) 
+ 222"), DimOBAOap COS| (cm — m)On] + +++} 
+ Din? (Ona? + Oar? + 26pa0ap cos[(oy, — m)bz]} +--+. (18) 


This equation is fulfilled for arbitrary values of the angles @gp, Oya, and 
Dap, if, and only if, the groups of terms with 0, 1, 2 ---+ factors 6 fulfill it 
separately. The terms with no such factor are 6, on each side of the 
equation and are identical. The terms with one factor 6 would be ditl- 
ferent, since Opp ~ Opa + ap, unless the coefficient b,,, vanishes ; our 
first result is then Dm = 0. Among the terms with two factors 6, those 
with 7% + m fulfill the equation provided either b,;,, = 0, or Opp” = 
Opa” + Gap? + 20pa0ap cos[(e;, — m)ép]. Now the angles Opp, Oza, 
Sap, and ¢g are related by (11) which reduces to Opp” = Opa” + Dap? + 
20pa0ap coség when the angles @ are small, a result which follows directly 
by solving the triangle in Fig. VII.1 according to plane geometry. 
Therefore, the coefficients bj» can differ from zero only for values of mm 
and m such that ay, — om = +1. Once- this condition is established, 
the terms of (18) with 7% = m and with two factors 0 are seen to fulfill 
the equation provided Cam = 32m Vmmdanm Notice that the condition 
(14), on page 118 requires that Dy, ,n(0) 0% n,,(0) = 1, a condition 


which is fulfilled by the expansion (12) only if Ong = —lmei We have 
therefore ¢,,, = — pr Dam. Since we have assumed that all values 


&», are different, the XY, consists of only two non-vanishing terms, namely 
those for which Om = A “I, 

The coefficients big», and a» will be determined by the requirement, 
that not only the magnitudes but also the phases of the two sides of (9) 
be equal when the expansion (12) is utilized. We write then once more 


Inq. 9 for #% =m, with the expansion (12), utilizing the simplifiea- 
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tions already established, such a8 bm = 0, and multiplying both sides 
by em GBTeA) | 


. ‘ ‘ Jl egy as 
(1 + CnmOpp? +++ -) gitn@B+oB—oB—ba) 
aa {1 + Cmm(OBa” + ap”) + as -| 
re Lai Daim Opa ef (im) 6B Sap spree, (14a) 


We know that the Zq has only two terms, with ag — a, = +1; it is 
therefore convenient, and permissible since all values a, are assumed to 
be different, to replace the indices m and m with indices a and a + 1, 
and thus to rewrite (14a) in the form 


(1 + Cae$ap” +°° .)oia (a +oR—oB oa) 
= [1 + Cua(Opa” + Oar”) ++++] — (batt a)” Opa 68 Oap 
— (bo—t a)” Oa eB Op +++ 
= 1 + Cu(Opa” + Oar”) 
— [Batt a)” + Gat «)*\nadar cosdp +++ 
— 1 a+41 a)? — (bet a)" lOaap sindp «++. (140) 


Consider now the difference of angles ¥p + $3 — dp — ¢a in the ex- 
ponent on the left side of (140). This difference would vanish if the 
triangle in Fig. VII.1 were plane and the sum of its angles were 180° = 
x radians. Actually, the sum of the angles of a spherical triangle ex- 
ceeds + by an amount equal to the solid angle subtended by the triangle, 
expressed in steradians. This angle equals, in our approximation, 
5Opa0an Sings, so that 


pic B+éB—iB—ba) — pia )OBAIAP sindR 
= 1 + 103 Opa0aP sing + ue ere (15) 


When this result is entered in (140), the terms of the two sides without . 
any factor 7 are scen to be equal, taking into account the carlicr results 
“Caw = — $[ att ad? + a a—1)] and (be a1)? = (da—1«)"; the terms 
with the factor 7 will be equal, provided 


de = —[(bagt'a)® — (bet a)"] = Waa—t)® — esta)”. (16) 


The condition (16) proves fundamental. It relates the values of any 
two successive coefficients of the sequence De+1 a) Da a—1; Va—1 a—2) Cte. 
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This sequence cannot extend indefinitely, because each coefficient be. 
longs to a pair of eigenstates and there is only a finite number of eigey_ 
states, namely 27 +1 eigenstates for molecules with the quantum 
number j. There must therefore exist one maximum value of a, let’s 
call it B, for which there is no state with a = 6+ 1, that is, such that 
(ba41 8)” = 0. Equation 16, with ow = 8 and (ae a) = 0, gives 
(bg g-1)” = 38; the same equation, with a= 8-1, gives then 
_(bp—1 p—2)” = $(8 — 1) + (bg ga)? = 9(26 — 1). Continued applica. 
tion of this procedure yields 


(pn ani)? = $8 — 4n)(n + 1), (17) 


where 7 is any non-negative integer. The sequence of coefficients b thus 
obtained would continue indefinitely for increasing values of n, unless 
the value of @ is such that 28 is an integer. In this event the sequence 
stops when n = 28, because (17) yields (bg —g—1)” = 0. The condition 
28 = integer yields thereby a finite sequence of coefficients bea whose 
indices a@ and a’ differ by one and take the 27 + 1 values 6, 6 ~ | 
B — 2, +++, —B +1, —8. Since we were to find the values of @ for a 
sequence of 27 + 1 states with quantum numbers m ranging from 7 to 
—j, it follows that the value of 8 must coincide with the quantum number 
j and that the values of a must coincide with the values of the quantum 
number m. Accordingly, we may replace in (17) the index 6 with j and 
n with j — m, which yields 


w Il 


(Om Ewe re iG + m) G cae an 1). (17) 


All requirements: are fulfilled by assigning to the coefficients ns On, 


a, in Iq. 8 the values m, m, and m, and to bg, in the expansion (12) the 
values 


Dan = 4 VG+EMG — m) . form=m-—1, 


bam = — 3 Vj + m)(j — m) form = ™ a 1, (1s) 
bam = 0 — otherwise. 

The earlier result, 
Cam = — Lam? vields now mm = — 4137 + 1) —m?). 


Having thus calculated »%,,,(0) for small values of 6, one may 
determine complete functions >” ,,,(0) by considering again Eq. 9, but 
under conditions where only one of the angles 9, for example @ga, is re- 
garded as small. We replace then, in (9), 0 ,a(@pa) with the expansion 
(12), disregarding the term with Opa”. Owing to (18), the 2, reduces to 
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three terms, with m = m, m+ 1, and m — 1, and we have 
etFtB 9” um OBP) cimB 
_ [etre d im(Oap) + Om m41 OBA elit) oB D9 ud m(Oap) 
Dy at Onn PB OO 5 (ap) eA --- (19) 


The angles 6gp, Ys, and ¢g can now be expressed as functions of Op, 
$x, ¢a, and of the small angle @g,; one finds 


Op. = Oap + Opa cosdp +°°-, 
cosfap 


vp = op — Opa Sings Ayes (20) 
sindap 


1 
op = OA et Opa SiINdB-——— + 
sinfap 


The value of 9” m(@np) can be expressed as the sum of 6% (ap) and 
of a series in powers of the small difference 


Onp — Par = Opa cOsdp +; 


dd @ vim(OAP) 


Opa COSdp +o. (21) 
déap 


p iim(OnP) = p imap) + 


Upon substitution of these results, and expansion ine powers of @ga, 
Eq. 19 reduces to 


cosgap Gi) 
1 — Opa sings —-— + imOpa dina po? . (Gap) 
sinfap ; sin AP 
a 5 a : 
- Opa cosdéz +e: = 5%). (Oap) 
dO Oap 


+ Opa {cosdz [bx m1 of Da. +1 map) + bis m1 bP ny mOar)| 
+ 1 sings [Oar a mel bp” w+ mOAp) _ Din m—1 d ey m@ap)]} + eee (22) 
This equation must be fulfilled. separately by the terms without the - 


factor 7, and by those with the factor 7. One obtains thus the separate 
“equations 


ad ee 


= bia m+1 © bY Hl m (Oar) + Dake a m—1 p m— 1 map); 


dbap 


m cosbap — m 
ah d }) am(OaP) 


sindap ; ; 
= Di, MEL DO nad map) a by m1 bp) map). (23) 


. 
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The angle 0ap may now be indicated simply by 9, and the values of the 
coefficients b,;,, may be taken from (18). We also replace the tio equa- 
tions (23) with their sum and their difference, and find 


dd cm % cosd ~ m 


d (2) om 9 
do sind \ 


= — Vj Lim + DG — mm) 0% wei m(O), (24a) 


dim — Leos) — 
an —— 8 am) 
r sin 


= Vj + 7) Gj — w+ 1) DO nat m(0). (24D) 


In the special case % = m = j, the right side of (24a) vanishes and the 
equation reduces to 
dy. 1 — cosd 
jd Oras 


* dO g sind 


9, (0) = 0. (25) 


The function 6;;(0) which obeys this equation, and which equals 
1 at 6 = 0 in accordance with (12), is 


; 1 + cos6\? 2; 
b),,(0) = (a) = (coss0)™, (26) 


When one enters this result on the left side of (24b), with ®% = m = j, 
the right side yields 6% ;_, ;(0) = — V2 sin}0(cos$0)27—, Repeated 
application of (24b) yields in sequence all the functions 6,0). To 
find the remaining functions )%,;,,(0), with m + j, one must. utilize 
an additional equation, analogous to (24b). The additional equation is 
obtained by developing once more the application of Iq. 9, to the case 
where Oap is small instead of @g4. One finds the equations - 


db .,, mm — mcosd 


dé sind 


d @ am (0) 


| = dP mir) V G+ m+ YG=m), Fa) 
Dd im th — m Coss 
i) sind 


d (i) mm (0) 


= = dP am r() VG + m)G— m+ 1). (270) 
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Since (24b) and (27b) can be expressed in the form 
1 sin : 9 oe vim ‘ 
a/ (G+ mG — m+ 1) 


9 = é)= — ‘ 
ma 1m(@) ng@ deosi9 


sin 40 cosy0 ; ; 
Gm + m) ip (mh — m) ~ alg bY antl}, 


C085 sing 


1 ’ 1g dd” Fim 


0? bm = 5 . 
(?) av MG —m + 1) 


deos30 


+| @ ++ mm) — a Gm — m)- apm} (28) 


sing 
repeated application of these formulas replaces factors cos$6 with factors - 
sin46, or vice versa, and thereby transforms the initial expression (26), 
p;, = j(c0s3)”, into a homogencous polynomial of degree 27 in cosy0 
and sin46. For small values of j these polynomials have only a few terms 
as shown in Table 8.1. For a general value of 7 they are represented by 
the formula 


> ay(0) = ¥ = Zn (- 1)” | : vii + m G = ™ G a ") G — m 
G+m—xn)\G-—m— nnn + m — mi)! 


x (cos40) 257 -2n-bamh—m (sin 46) Qn — m+ mm (29) 
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Mathematical formulation 
of quantum laws 


Quantum mechanics constitutes an claboration of the concepts and 
laws‘ developed in Chapters 6 to 9, namely: (a) the concepts of incom- 
patible variables and of their eigenstates and cigenvalues (Chapter 7); 
(b) the superposition of states, represented by the combination of proba- 
bility amplitudes (Chapter 8); (c) the law of variation of states in the 
course of time (Chapter 9); (d) the interpretation of the laws of macro- 
scropic physics as equations among the mean values of variables. On 
this basis a complete theory of atomic phenomena can be developed 
utilizing only the mathematical symbols that represent eigenvalues and 
probability amplitudes, but it proves convenient to utilize more con- 
densed types of symbols. 


Matrix equations. Macroscopically, the total energy F of a particle 
is the sum of its kinetic and potential energies, K = 3m? = p?/2m and 
V(x,y,z) = V(r). For an atomic particle in an arbitrary state a the cor- 

374 
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responding relationship holds among mean values and is expressed in 
the forms: 


(Ea = (K)a + (Way (a) 
SpE | (Ela) 2 = Bo pla P+2Vi|(]a)2, (1b) 


9 


Sy (a] E)B(H|a) = 2,(alp) x (pla) + Y(alNV@Ela). (le) 


Since this relationship constitutes a gencral law, it must hold inde- 
pendently of the values of probability amplitudes which identify the 
arbitrary state a. In the Eqs. 1b and le, the state @ is identified by 
various sets of probability amplitudes, namely (/|a), (p|a), and (ra), 
which are not independent of one another since, for example, (Z]a) = 
>,(Z|r)(r]a). To obtain a form of (1) which holds irrespective of the © 
specification of the state a, this specification has to be given by a single 
set of probability amplitudes, for example, in terms of (t|a) and (a/r) = 
(r|a)*. We write then (1) once more in the form 


Ye [De (alr’) Cr’ | 2] HEE | 1) r] a)] 


9 


“4 


sw ‘) i S: p a A € | 
= “p [2e(alr (ir Ip)] om [2-(p|r) (r]«)] ae Der Be (Ur!) bere V(r)(r[a), (2a) 
where, in the last term, the symbol ! 


1. whenr’ =r ; 
Opry = : (2 ) 
0 otherwise, 
and (a|r) has been expressed as ¥,-(a|r’)é-, to achieve formal analogy 
with the other terms. The analogy is still more obvious if we regroup 
the summation terms in (2a) and write 


Ly, (a|r’) [Ze(e"| B)E(E|4r)] (r]a) 
5: Pp ‘ 

= ZyZe(a]r/) (Ze(e' |p) — lr) + dee VI] (tla). (2b) . 

Lach term on the left or on the right of this equation contains a product 

of probability amplitudes (a|r’)(r|a) = (@’}a)*(r|a). The statement 


1This symbol is called the “Kronecker delta;” it does not indicate a phase dif- 
ference. 
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that (2b) holds for an arbitrary sct of probability amplitudes (r]q@) is 
mathematically equivalent to the statement that 


2e(6"| B)BCB|x) = Zp |p) = (Pla) + deeV) 3) 
m 


for cach pair of possible positions 1’, r, of the particle. 

The new Kg. 3 relates the probability amplitudes of the eigenstates 
of the total, kinetic, and potential energies, and the eigenvalues IZ, p*/2m, 
and V(r) of these variables. Only the existence of these eigenvalues And 
probability amplitudes is assumed, but no advance knowledge of their 
numerical. values. Equation 3 constitutes, therefore, a general law, 
that is, a quantum analog of the macroscopic formula H = p?/2m + 
V(r). The values of the sums in the equation may be considered even 
when the actual eigenvalues ‘and probability amplitudes are unknown. 
It is therefore convenient to represent each sum by a BUUBOLY abbre- 


viated symbol, defining for example, for any pair of positions r’ and r of a 
particle, 


(| 2 |r) = Yer" |Z)ECE |r). (4) 


Eq. 3 takes then the more condensed form 


(r’| Zr) = (| p?/2m|r) + (| Vr). (3”) 


The set of quantities (r’| |r) can be arranged in a square arrays of 
rows and columns such that the quantities (r’| /|r,) corresponding to a 
single given position r =r; and to alternative positions r’ = r',, re, 
r’3, +++, lie in a column labeled by the position r,, and the quantitics 
(r’{ EL |r) eoeepending: to a single position r’ = r’y and to alternative 
positions r = ry, re, ++-, lic in a row labeled by the position r’2. Such 
an array is called a ‘matrix,” and each of the quantities (r’| |r) is called 
a “matrix element.” 


Column 
index 


Row \\ od ., ral To Te Ay «heed 
index 

ry tals (r’ | #4 x1) (r’, | | 22) (x E13) Fasten eas 
t's ee ee (re | 12] 11) (r’9| Ere) a re 


a (sir) ’s[F |r.) wee ee 
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[equation 3’ holds among any three elements of the matrices (r’| |r), 
(r’|p?/2m|r), (r’|V|r) that occupy identical positions in the arrays. 
Such an equation is called an “equation among matrices” or, briefly, a 
a “matrix equation.” 

Owing to the definition (4) of (r’| #|r) and to the facts that the eigen- 
values Hf are real and the probability amplitudes (|r) are the complex 
conjugates of their reciprocals (r| Z), an interchange of rows and columns 
in the matrix (4) yiclds 

(file!) = ees) (5) 


A matrix with this property is called “hermitian.” 

Equation 8, or 3’, was obtained from (2a) after the arbitrary 
state a was specified by the probability amplitudes (rja). Alternative 
specification through the probability amplitudes (p|a@), or through (Z| a), 
leads respectively to the matrix equations . 


(p’|Z|p) = (p’|p?/2m|p) + (p’| V |p), 3") 
("| B|B) = (B'|\p?/2m| 2) + (H'|V |B). 3") 


Further expressions can, of course, be obtained in correspondence to 
still different sets of eigenstates, pertaining to variables other than posi- 
tion, momentum, or total energy. Equations 3’, 3”, and 3’ are said 
to represent the same equation in different “schemes” of cigenstates. 


Determination of eigenvalues and eigenstates. The matrix 
elements (r’| Vr) of the potential energy have the mathematical form 
8,rV (x), as scen by comparing (3’) with (8): That is, when the matrix 
clements are arranged in a square array, only those elements of the array 
differ from zero that lie on the “main diagonal” of the array, from the 
upper left to the lower right corner. A matrix with this special form is 
called a “diagonal matrix.” The matrix (r’|V|r) is diagonal because 
the eigenstates of the position r of a particle are also eigenstates of its 
potential energy (the potential energy being a function of position only). 
In Eq. 3” the matrix of the kinetic energy is diagonal, as is the matrix of 
the total energy in Eq. 3”. A “scheme” of cigenstates always exists 
in which the matrices of two or more compatible variables are diagonal, 
no simultaneously diagonal matrices exist for incompatible variables. 

The matrix of a variable is diagonal when the scheme adopted is a 
scheme of eigenstates of that variable; the non-vanishing elements of the 
diagonal matrix are simply the eigenvalucs of the variable. Therefore, 
the problem of determining the eigenvalues and the eigenstates of a 
variable can be defined mathematically as the problem of finding a 


diagonal matrix of that variable. For example, if the probability ampli- 
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tudes (r’|p) and (p[r) are known and the potential energy function V(r) 
is given, the matrices (r’| p?/2m|r) and (r’| V |r) in (3’) can be calculated. 
Equation 3’ defines then the value of each matrix element (r’| Z]r). 
The diagonal matrix ("| Z|) = dyyF of the total energy can be ex- 
pressed in terms of the non-diagonal matrix (r’|Z}r) if one knows the 
probability amplitudes (/|r), 


(EEE) = dyy8 
Lerr(B" |r) ("| Lx) (| L) 
= De (L’ |r’) [(r' | p?/2m |r) + bepV (1) ](r | 2). (6) 


Conversely, the requirement that (6) be fulfilled by the energy cigen- 
values 7 and the corresponding probability amplitudes (Ji’|r’), (r| /), 
is sufficient for the mathematical determination of these quantitics once 
the matrix sum (r’|p?/2m|r) + 6,,V(x) is given. The expression on the 
right of (6) is called a “transformation” of the sum of matrices that ‘“di- 
agonalizes” it. The determination of eigenvalues and eigenstates is thus 
expressed as the problem of “diagonalizing” a given matrix (or sum of 
matrices). 

For the purpose af determining the eigenvalues 4 and the probability’ 
amplitudes (r] #2), Eq. 6 is conveniently reduced to a linear form. This 
is done by multiplying cach side of (6) by (r’”| 4”) and taking a summa- 
tion over 1’, Considering that Dy: (r’’| 2’) (H" |r) = 8,0,, one finds 


Ze (e” | p°/2m|x')(r’ | LZ) + VG%0" |B) = EE. (7) 


This formula represents a system of infinitely many linear homoge- 
nous equations, one for each position r”’, with the infinitely many un- 
knowns (1’| Z). The equations are expressed in algebraic form, but are 
actually integral equations because the symbol 2, represents in fact a 


triple integral if dr = fi f} dx dy dz. A system of equations which has 


the form (7), but is truly algebraic, that is, which consists of a finite 
number of equations with a finite number of unknown probability ampli- 
tudes (r’|), has non-vanishing solutions only if the determinant D 
formed by its coefficients vanishes. This condition constitutes’ an alge- 
braic equation among the coefficients; since the coefficients include the 
unknown energy eigenvalues, these eigenvalues are determined as the 
roots of the equation D = 0. Once this equation is solved, the proba- 
bility amplitudes are easily calculated. In general, the equation (7) is 
not truly algebraic and the determination of eigenvalues and eigenstates 
requires the solution of an integral or differential equation. It will be 
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shown below that Eq. 7 is equivalent to the Schroedinger differential 
equation (2), page 170, which is also derived from () = (K) + (V). 


Operator equations. ‘The matrix equations 3’, 3”, and 3’”” represent 
the same relationship among matrices that pertain to the same variables 
but to different schemes of eigenstates. Since the relationship holds 
equally in different schemes, it is convenient to represent it by symbols 
that do not refer explicitly to any one scheme of cigenstates. Consider, 
in this connection, that matrices pertaining to the same variable but to 
different schemes are related by equations such as 


(BK |B) = 2eoCi |r’) ("| Kx) Ce] 8), (8) 


and that any two matrices so related are said to be “equivalent.” We 
shall then indicate all equivalent matrices pertaining to any one variable 
by a single symbol. The symbol will be the letter which ordinarily in- 
dicates the variable, but in sans serif character, for example, E, K, V. . 
We regard the matrix of the kinetic energy (£"| K |) as the representa- 
tion of K in the scheme of energy eigenstates and 5y’p p?/2m as its repre- 
sentation in the scheme of momentum eigenstates. The three equations 
3’, 3”, and 3’” will be regarded as special forms of the general equation 


E=K+V. (9) 


Notice that this equation has the same form as the equation = 
K + V among macroscopic variables, but is not equivalent to it because 
the symbols E, K, and V, represent matrices rather than ordinary algebraic 
variables. Actually (9) indicates the fact that the mean value equation 
(E)q = (K)a + (V)q holds for any state a of a particle. Any equation 
among macroscopic variables is replaced in quantum mechanics by an 
equation among matrices. We write, for example, K = p?/2rm, and 
therefore ‘ 

E= = p°+V. (9’) 
2m 

Relationships that involve probability amplitudes as well as matrices 
are also represented by equivalent equations in different schemes of 
cigenstates. For example, Eq. 7, which determines the energy cigen- 
values and eigenstates and pertains to the scheme of position eigen-- 
states, is equivalent to the equation in the scheme of momentum cigen- 
states 


9 


- (p| 4) At Zp (P| V{p’)(p’| £) = (p| L)E. (7’) 


Because equivalent equations such as (7) and (7’) contain alternative scts 
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of probability amplitudes, (r| /) and (p| £), which pertain to the same en- 
ergy eigenstate, one utilizes a single symbol to indicate any set of proba- 
bility amplitudes pertaining to a given state a. The symbol consists 
of the letter 4, with a subscript which identifies the state, and is called 
“state representative’ or “state vector.” (A wave function Ya(r) = (r|a) 
- constitutes a special form of state representative.) Equations 7 and 
7’ also contain sets of quantities, such as Dp(p| V|p’)(p’| Z), obtained 
from probability amplitudes by linear combinations whose coefficients 
are matrix elements. The result of equivalent transformations of proba- 
bility amplitudes performed in various schemes of eigenstates is indicated 
_ by @ product symbol such as Vég. Because Voy indicates the result of a 
transformation of the state representative VE, the symbol V is usually 
called an “operator” rather than a matrix symbol. The general term 
operator is more appropriate than “matrix symbol” because a lincar 
algebraic transformation whose coefficients are matrix elements may be 
replaced by any non-algebraic transformation of a given set of proba- 
bility amplitudes which yields identical results. For example, the set of 
quantities Z,(r| K|r’)(v’| 2), which is represented by the operator sym- 
bol Kuz, may also be obtained without the use of matrix elements by. 
calculating derivatives of the probability amplitudes (r|Z), as will be 
shown below. 
The symbols of operators sirid state representatives permit us now to 
write a general equation, of which (7), (7’), and equivalent cquations 
are special forms, namely, 


2m 


1 
(Gan +v) Up = Unli. (10a) 


This equation may also be expressed in terms of une total energy opera- 
tor E = p?/2m + V, in the form 


Ely = bel (10b) 


Iuquations among operators and state representatives are called 
“operator equations.” They represent in compact and convenient form 
the complex quantitative relationships among the eigenvalues and cigen- 
states of incompatible physical variables. Some operator equations, for 
example, (9), are the analogs of macroscopic equations. Others, which 
derive from the law of motion, have no macroscopic analog but serve - 
to define ‘standard relations of incompatibility. 


The law of motion. Commutators. We shall now express by 
means of an operator equation the fact that the time derivative of the 
mean position of a particle must equal the mean value of its velocity. 
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The time derivative of the mean value of a variable, for a system in an 
arbitrary non-stationary state, a(d), can be obtained from the law of 
variation of probability amplitudes given by Eq. 10, page 128. For the 
velocity component in the x direction we write 


d les ; 
Wxa = di (ro = Ay 2, (a(t) 9) x (r| a(t) 


= ‘ D, (2u (a) | LE |) ¢ (Ze @| £Z)(E|a@))) 


S SyEp(a(d) | E(B" |x| E)(B] a(t) 

¢ 

x fae Iz) 
dt 


I 


TT OE 


se 


("|| B) a(e)) + (a8) || 8) 


BorBe = {(a(0) | WV E"(B #| B)E|a(o) 
hh 
— (a(t) |B) (E"|| BE) BU a) } 

= Ey Su(a() |B) - (A (E'\a| EB) — (2 |r| B)B\ (Ea). (11) 

ee | 
Since the mean value (v;)_ can also be expressed by means of the proba- 
bility amplitudes (#|a(é), in the form 

(z)a = Zy(a(i)|v)v2(v| a(t)) 

Dy Bn (a) | B)(L" |v; |B) Had), (12) 


the requirement that Eq. 11 hold for any state is equivalent to the matrix 
equation 


l} 


(H’|og| B) = = { (BE! \2|B) — (B" || BYE}. (13a) 
nh 


This equation is expressed in the scheme of energy eigenstates, but can 
equally well be expressed in other schemes; in operator notation it reads 


Ve =e {Ex — xE}. (186) 
h 


The expression Ex — xE is called the “commutator” of the operators 


Eand x. The commutator of two operators A and B vanishes if, and only 


if, the corresponding variables are compatible. In this event, there Is a 
scheme of cigenstates in which the matrix form of both A and B is di- 
agonal; the operator products AB and BA are then also represented in that 
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scheme by matrices which are diagonal and equal. It follows that the 
matrix form of AB — BA vanishes, in any scheme. We conclude, then, 
from Eq. 13) that the position of a particle and its total energy cannot 
be compatible; if they were compatible, the velocity operators v., vy, 
and vz would vanish and the mean velocity would vanish for all states of 
the particle, Ag it is, Eq. 136 constitutes a quantum mechanical law 
‘which relates the operators corresponding to the energy, position, and 
velocity of a particle. The law applies generally to the operators cor- 
responding to any variable Q of an atomic system, to its time derivative 
@ = dQ/dt and to the total onergy of the system. It is stated by the 
equation : 
Q =~ {EQ — @E}, (14) 
} 


which follows from (Q) = d(Q)/dt just as (13b) follows from 2) = 


d(x) /dl. 

Uncertainty relations. As discussed in Chapter 11, the quantum 
mechanical uncertainty relations establish lower limits to the products 
of the mean square deviations of certain pairs of incompatible variables. . 
“An uncertainty relation can be formulated for an arbitrary pair of 
variables sand @ in terms of the commutator of their operators, FG — 
GF, which vanishes for an arbitrary state only if the variables are com- 
patible. The mean value of a variable F of an atomic system in an 
arbitrary state is expressed, in the notation of operators and state repre- 


sentatives, by : 
(15) 


(Pa = Yat Fda 
where 4," indicates the set of probability amplitudes reciprocal to the 
set indicated by ¥,. The mean square deviations of and @ are, then, 
AP? = (PF — (Pal ya = dat [F — (PYal? ba, (16a) 
AG? 7: (IG > Gal ya ba fG : al’ Ya (160) 
The product of mean square deviations, whether in quantum mechanics 


or in macroscopic statistics, fulfills an inequality which in our ease takes 
» 


i 


the form ? 
AIPAG? = (Ya F[F — (P)ala) (a1 — @)al?ba) 

= [eat — (FP )alIG ~ (@)albal?. (17) 
The characteristic property of quantum mechanical statistics lies in the 


fact that va TFG, is not real, unless the variables F and G are compatible. 
One verifies that ba GF, is the complex conjugate of %atFGd,_ by ex- 


2 equation 17 is a generalization of Iq. 16, page 160, just as (16a) and (160) are 
andlogous to Eqs. 18 and 15 on that page. 
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pressing the operators in matrix form and utilizing the fact that the 
matrices are hermitian (Eq. 5). Therefore, VatGF¥e does not represent 
the mean value of a physical quantity; it is a combination of two real 
quantities (its real and imaginary parts), which are physically meaning- 
ful. These parts are separated utilizing the identity FG = 3(FG + GF) 
— i4i(FG — GF), which yields . 


bat [F _ (F yallG 7 (Ga) va 
fda [E(FG + GE) — (F)a(@)albu} — t{aTdt(FG — GF) da}. 
(18) 


Here each of the separate expressions in the braces is real, as one verifies 
again expressing the operators in matrix form and utilizing the property 


(5) of the matrices. Equation 17 gives, then, - 


AF? AG? > {dy t[3(FG + GE)—(P)a(@aldal? + £{tatt(FG — GF) da}. 
. (19) 


Equation 21, page 161 constitutes a special case of this general for- 
mula. The first term on the right of (19) is analogous to the squared 
mean product of deviations (Arty)? in the formula of macroscopic statis- 
tics (16), page 358. The second term represents the additional uncer-- 
tainty due to the quantum mechanical effect of incompatibility. This 
term vanishes for an arbitrary state of the system only when the variables 
F and G are compatible and the commutator FG — GF vanishes. In 
general, the value of the second term depends on the state of the system. 
However, there are pairs of incompatible variables, namely, those that 
are called “complementary,” for which the commutator FG — GF has a 
fixed value, independent of the state a of the system; there is then a 
lower limit to the possible values of AF?AG?. The position coordinates 
and the momentum components of a particle constitute typical pairs of 
complementary variables as discussed in Chapter 11 and further illus- 


trated below. 
Complementarity of position and momentum. The commuta- 
tor equation 13), or rather its more general form (14), constitutes a 
basic law, whose further implications are brought out by considering it 
‘together with the macroscopic relationships between energy, position, 
and velocity. Thereby one obtains a commutator equation which in- 
volves the operators of only tio variables, such as the position and the 
momentum of a particle, and thus determines completely the relation- 
ships among their eigenstates. 
Because the total energy of a particle is the sum of its kinetic and 
potential energies, and because the potential energy is compatible with 
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the particle position, so that Vx — xV = 0, the RomnmtanOr: in Ing. 13b 
reduces to the commutator of K and x. 


~ Ex — xE = (Kx — xK) + (Vx — xV) = Kx — 2xK. (20) 


Moreover, the kinetic energy is a function of the momentum or of 
the velocity components, so that the operator K may be expressed as 
2m(va" + v,2 + v, *), and (13b) becomes 


‘ 9 2 2 
Ve = = 3M va"x — xvq" + v,2x — xv," + v.2x — xve"}. (21) 


Vinally, the commutators of the squared velocity components on 
the right side of this equation may be reduced to the commutators 


of the components themselves by means of the identity A°B — BA? = 
A(AB — BA) -+ (AB — BA)A, to yield 


Va am {va(Vex = xVx) fb (Vax — XVa) Ve Vy (Vyx = XVy) 


= 


++ (vyx — xv,)vy, -- ve(vex — xvz) + (v2x — xvz)v2}. (22) 


This equation is fulfilled provided 


VyX — XVvy = 0, V.x — xv, = 0 (23) 
and 
t 1 
= M(VaX —~ XVz) = — (p2x — xpz) = 1. . (24a) 
h. h 


We ‘have here typical examples of commutators which are equal to a 
constant rather than to another operator. (Actually a constant, such as 
h, may be regarded as the operator corresponding to a physical variable 
whose eigenvalues are all equal to the constant and of which any state 
is an eigenstate.) It follows from Iq. 24a that when the uncertainty 
relation for the variables 2 and Pe is expressed in the form (19), the term 


alta” U(prx — xpz) a]? equals AR whatever be the state a, in agreement 
with Iiq. 21, page 161. 


Equations analogous to (24a) are found, of course, for the y and z 
components of the position, velocity, and momentum vectors, namely, 


q 


t 
= mMvyy — YVy) = = (payee yPy) = 1, (24b) 
h h : 
t t 
—m(v,z — zv,) = ~(p,z — zp;) = 1. (24c) 
h h, 


These equations are special cases of a general result that follows from 


Eq. 14. One proceeds in analogy with Eqs. 20 to 24, that is, consider- 
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ing the dependence of the total energy F of the system upon the variable 
Q. Under rather broad assumptions * the relevant feature of this de- 
pendence is the derivative 0///dQ, which is called the “momentum con- 


jugate to Q,” and is usually indicated by P.4 One can show that (14) is 
fulfilled provided | 


t 

zr — QP) = 1. (25) 
Wquation 24a, (i/h)(pex — xpz) = 1,-suffices to determine the mathe- 

matical form of the operators x and pz, and thereby to calculate the 

probability amplitudes (|p,). In the scheme of eigenstates of the 

particle position, Eq. 24a takes the form 


= (pele) — 2!(@/|palt)] = Bee (26) 


where the symbol 6,,, defined by Eq. 2’, constitutes the matrix repre- 
sentation of an operator equal to 1. The matrix elements (r’}p,|r) must 
vanish whenever 2’ # 2, because the right side of (26) vanishes. They 
must, conversely, be infinite at r’ =r, otherwise the left side would 
vanish since x’ = x, whereas the right side does not vanish. A function 
of rand r’ with this singular behavior exists and is completely determined 
by Eq. 26; it is called the “Dirac 8’ function.” Instead of defining this 
function completely one may define only the result of calculating a linear 
combination of probability amplitudes (r|a) whose coefficierits are the 
matrix elements (r’|p,|r). One can prove that the value of this linear 


combination is obtained by calculating the derivative d(r\a)/dz as indi- | 


cated by the equation 
i a(rja)  h d(r’\a) 
Y(t" | pelt) (r| a) = 7D, ie ae 
a Ox t Ox 


(27) 


‘This indirect definition of the matrix elements (’ |p2|r) is seen to 
comply with the requirements of Eq. 26 by verifying that 


=e ((e’|pelne — 2°(t"|p2lx)] la) 
Mela iy 5 21) 


Seep Ope uv ’ 
r az vr Or'r 
a(rla 7 a(rla) 
= Zr Opry jane a+ clo | = Dr Oye & 
Ow ; Ox 
= Lr bye (tla). . (28) 


3'The dependence must be representable by a series of powers of Q. 
4'The momentum component-pz is equal to 0#/dv, = a(gmvy)/dv, = Mz. 
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The content of Eq. 27 can be expressed by stating that the result of 
transforming the probability amplitude (r|a) by the operator p, equals 
the derivative 8(r|a)/dx multiplied by #/z. Since calculating the deriva- 
tive of a function constitutes a linear transformation, this transforma- 
tion can be regarded as an operator and identified by the symbol 0/dx. 
Accordingly, the product of 4i/i and of 8/dx constitutes a representation 
of the operator p, in the scheme of position eigenstates, and one writes 


Py — (29) 


In the same scheme, the operator x is equivalent to the ordinary algebraic 
variable x. Indeed, p, = (h/i) 0/dx and x = « fulfill the operator equa- 
tion (t/h)(p2x ~ xp,) = 1. 
The equation analogous to (100) which identifies the eigenstates of the 
momentum component pz is 


Pep, = Vp, Px (30) 


In the scheme of the position coordinate x one can utilize the form (29) 
of pz and Iéq. 30 takes the form 


hh Oy, (x) : 
a = Wp_ (4) Pa (31) 
; tw Ox 
This equation coincides with Eq. 11, 0n page 145, and has the solution 
Yoe(@) = (e|p2) = of(Pel*, (32a) 
Similarly one finds that 
(y| py) = ePulPY, (z]p,) = ols, » (32b) 
that is, 
(t|p) = (| p2)(y| py) (elp2) = el. -  (82c) 


This is the fundamental expression of the momentum cigenfunctions 
which is derived in Chapter 10 from the analysis of diffraction experi- 
ments. It follows, from the independent determination of (32c) obtained 
here, that the diffraction experiments need not have been regarded as 
independent experimental evidence on the properties of atomic particles; 
on the contrary, their results can be predicted theoretically on the basis 
of (32c), which is based, in turn, on evidence presented ahead of the dif- 
fraction experiments. All the results developed in Chapters 11 and 12 on 
complementarity, on the uncertainty relations, and on the Schroedinger 
equation, can be obtained as applications of the formulas of this Appen- 
dix. In particular, Eq. 10 takes the form of the Schroedinger equation 
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(2), page 170, if one sects p? = p?+p/+p. = (| ¢)?[(a] ax)? + 
(a| dy)? + ([dz)?] in accordance with (29) and dg = Px(r) = (r| F). 


Application. ‘The energy levels of radiation. We consider the 
example of the electromagnetic field in a rectangular cavity resonator 
with perfectly reflecting walls, for the purpose of determining its energy 
eigenvalues. Radiation in free space can be treated as a limiting case of 
the radiation enclosed in a very large cavity. 

Call A, B, and C the dimensions of the cavity, and take coordinate 

- axes directed along three of its edges with the origin at one vertex. The 
multiple reflection on the cavity walls restricts the possible distributions 
of the electric and magnetic field to certain “modes” with specified 
orientations of the fields E and H and specified numbers of interference 
fringes.5 One possible distribution, with the clectric field parallel to the 
z edge of the cavity and with m fringes in the x direction and n fringes 
in the y direction is 


E, =0 a * OW si ( “) ( “) 
ly = yy = 0, D ee sin{ mar — } sin{ nx — }, 
2 = 0, 7 z ar si ieee 


I, = — QA) si ( “) ( “) 
2 = — QW) sin{ ma — } cos| nz — }, 
: B Oe COs ne B 


mar a\. y 
I, = — a cos aed sin en , H,=0. (33) 


In this formula, ¢ is the light velocity and Q is a variable that indicates 
the amplitude and phase of the radiation: The strength of the magnetic 
field at any point is proportional to Q, the strength of the electric field 
to the time derivative Q() = dQ/di. The macroscopic Maxwell equa- 
tions require that Q(d) oscillate sinusoidally with the frequency 


(31) 


According to quantum mechanics, the Maxwell equations are fulfilled 
only by the mean values (E) and (H). The mean values (Q) and (Q) 
must fulfill corresponding equations, and in particular (Q) must equal 
d(Q)/dt. Because of this requirement and because the radiation energy 
depends on both the magnetic and the electric fields, which are propor- 
tional to Q and Q, respectively, the field strengths HW and F are incompati- 


5 See, for example, P. Morse and H. Feshbach, Methods of Theoretical Physics, 
McGraw-Hill, New York, 1953, Sect. 13.3. 
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ble variables. Their incompatibility is characterized by the application 
of Eq. 25. To define the momentum conjugate to Q, one must express 
the energy of the radiation in the resonator as a function of Q and Q. 
The energy stored per. unit volume. of space in the form of electric or 
magnetic fields equals the squared field strength divided by 87. By 
taking this value at each point of the cavity for each of the fields as 
given by (33) and integrating over the volume of the cavity, one finds 
for the radiation energy the expression 


(35). 


LABC ., LABC , ae n 
iB = ae 5 Q- Tv" ° Q? } 
2 16ac" 2 167 ro 


where ABC represents the cavity volume. Since the energy is propor- 


tional to the squared time derivative Q, the momentum P is proportional 
to Q, 


al ABC , 
p=—-=——4, (36) 
aQ 169e? 


just as the momentum of a particle is proportional to its velocity. ‘The 
operator P has the differential form (i/i)d/dQ analogous to (29). ‘The 
clectric and magnetic fields being proportional, respectively, to Q (that 
is, to P) and to Q are complementary variables, related to one another 
by quantum niechanical uncertainty relations analogous to those that 
apply to the velocity (or momentum) and the position of a particle. 

It also follows that the energy cigenvalues of the radiation are de- 
termined by solving a Schroedinger equation that has the same mathe- 
matical form as the equation for the energy cigenvalues of a particle. 
The variable Q of the clectromagnetie field corresponds to the position 
coordinate of a particle, the factor (ABC/16xc”) which multiplies $Q? 
in (35) is analogous to the particle mass, and the term 4 (ABCr?/167) 
(m?/A® + n?/B)Q? to a potential energy. Notice that a potential 
energy proportional to the squared position coordinate corresponds to 
an elastic force under whose influence a particle pérforms harmonic 
oscillations. The Schroedinger equation which one obtains in the radia- 


tion problem is analogous to Eqs. (9), page 183, for the one- -dimensional 
motion of a particle and is 


~ QABC/\Gme2) dQ? 2 1a 


i? a *Q|E) LABC J fm? WP, Sek 
al ara 3 Q(Q|L) = (Q|E)E. 


A 
(37a) 


One simplifies this equation by replacing Q and FH with the 
dimensionless variables £ = (ABC/16c)#(n?/A? + n?/B)4Q/h, 
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zi ° N14 * 
¢ = 20 /hime(m?/A? + n°/B?)” = 2E/hy, to obtain 


d?(E| E) 
—~—— 5 + PEE) = El Be (370) 
dé 

Since this equation corresponds to the motion of a particle fully con- 
fined within a “parabolic potential well,” a qualitative discussion by the 
method of Chapter 18 shaws that it has an infinite sequence of eigen- 
functions (¢|#y), where N = 0, 1,2 ---, indicates the number of dark 
interference fringes in the probability distribution |(&|Hy)|*. It is 

verified that the eigenvalues of (87b) are the odd numbers 


ey = 2N +1, (38a) 
to which correspond the eigenvalues of the radiation energy 
Ey = shven = (N + 3Yhy. ; (88) 


Successive eigenvalues of this sequence are separated by the constant 
interval hy, in agreement with the experimental evidence represented 
by Eq. 1, page’39. The eigenfunctions of (37) have the form 


1 14 - 
(§| By) = Vani ese Hy(é), (39) 
a Tv 
where . 
:. (—1)"NY 2 ; 
COSC nem ON 


is called the “Hermite polynomial” of degree N. 

By means of these results one can verify that the mean values of the 
electric and magnetic fields at each point of the cavity vary in the course 
of time in accordance with the macroscopic law. The magnetic field 
components are proportional to the variable Q, according to (33), and 
Q is proportional to & Therefore, for radiation of the type (33) in an 
arbitrary state a(d), the mean value of H at each point of the cavity is 
proportional to 


(E) = Ze(a(t) EEE AM) 
Zw=ni (a(t) | Hw) [Dew |HEE| Ey) Ew: | a(t) 
Lyly(a(0)| Bye! En’ !(Hy | €| Bye Gw lO By, |a(0)) 
= Yy(Ey || Ly)(Ew|a(0))? 
%0 N-1 ; Hy 2 Bn 
+ 22 =02N'0(a(0) | Ey) (Ew |&| By) En: |a(0))cos ih sry 


ll 


HT 
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where the probability amplitudes (//y|a(0)) have been assumed to be 
real for simplicity. This general formula represents (€) a8 the’sum of a 
constant term -and of sinusoidal terms oscillating with frequencics 
(iy — Eyr)/h = (N — Nv, which are multiples of the macroscopic 
frequency v given by (34). In fact, the only non-vanishing terms on the 
right-of (40) are those that oscillate with frequency »; no constant term 
and no multiples of » oceur because the values of the matrix elements 
are found to be 
VEN’ = forN’=N+1 
(Ey [£| Ey) = EN for’ = N —1 
0 otherwise. (41) 
One also finds, in analogy with (13), 
(Hy: |é| By) 
Qriv NEN’ for N’=N+1 
(in: — Ey) . 
= yo teary J J 
ii (Ewl§lEw) =) _ ogy NEN for N’=N-1 


0 otherwise, 


so that the mean value of the electric field, being proportional to ), 
also oscillates sinusoidally with frequency v. Notice, in particular, that 
the mean values (E) and (H) vanish when the radiation 1s in a stationary 
state. , 


od 
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Flectron oscillations 
in non-stationary states 
of the hydrogen atom 


Atoms absorb or emit radiation in transitions between stationary 
states, that is, while they are in non-stationary states. In a non- 
stationary state the probability distribution of an clectron’s position 
varies in the course of time. The variation may be described, according 
to Chapter 9, as a combination of sinusoidal oscillations which con- 
stitute the alternating currents responsible for the emission and absorp- 
tion of electromagnetic radiation. Each sinusoidal oscillation derives 
from the interference of two stationary states. The effect of interference 
can be studied in detail for the H atom utilizing the data of Chapter I4 
on the stationary states and on their wave functions. The main results 
of this study are applicable to many-electron atoms because the emission 
and absorption of light is generally due to a single electron moving under 
conditions similar to those that prevail in the H atom (Chapter 18).! 

Intraatomic currents yield only very weak emission or absorption of 
radiation if they flow in opposite directions in different parts of the same 

1 Analysis of the interference between stationary states of an undisturbed atom 
provides also information on the stationary states of an atom whose electron distribu- 
tion is distorted by an electric field from external sources (Sect. 22.8), 

: 391 
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atom so that their effects cancel out. A strong net effect results when 
the mean position of the electron oscillates; converscly, there is no strong 
effect when the mean position remains centered at the nucleus despite 
the oscillation of other statistical parameters of the electron distribution 
such as the mean square distance from the nucleus. It 1s, therefore, of 
interest to determine which pairs of stationary states yield, upon inter- 
ference, an oscillating, off-center, mean position of the electron. Transi- 
tions-between the states of such a pair are favored by the ready emission 
or absorption of light. It will be seen that the quantum numbers J, m, I’, 
and m’ of two states yielding an off-center mean position fulfill certain 
equations called “selection rules,”? namely: 
P-Vv=+1 , (1) 
and . 
m—m =0, 1, or -1. (2) 
Consider a non-stationary state a(t) of a H atom which is a combina- 
tion of two stationary states with quantum numbers (n,l,m) and (n’,U’,m’) 
belonging to the set described in Sect. 14.8. (The extension to a com- 
bmation of many states is straightforward.) According to Sect. 14.3 
and to Eq. 1, page 122, the wave function of this state is represented by 
(7,0, a(f)) = (7,0,6|7,1,m) (n,l,m]a(d)) + (r,0,6| n!,U’,m')(n! Um’ |a(t)) 
= (r|n,l)(0|Lm)(b| mje" (n,L,m | a(0)) 
+ (rin Ulm’) (¢] mean! Um! | a(0)). (3) 


* One may assume without loss of ¢ generality that the phase difference of 
the probability amplitudes (n,l,m|a(0)) and (n’,l’,m’|a(0)) vanishes and 
that the probability amplitudes themselves are real. Considering also 
that (¢|m) = e™*/W/2n and that (r}n, 1) and (6/1,m) are real, the proba- 
bility distribution of the cleetron position may be expressed in the form 
of Iq. 7, page 127, 


| (r,0,6|a(Q)) ? = >| (| ,1)?(0| Lm)? (n,l,m| a(0))? » 


+ (r| nV)? (0 Um’)? (n! Um’ | a(0))? 
+ rl nOG|n’ lM) O|n.) jn) 
“n Ey, 
x cof —(m — me |oriom| aco, iM sn’ |a(o))} (4) 


b 


The first two terms represent together a weighted mean of the stationary 
probability distributions of the two states (n,ljm) and (n’,l’,m’), with 
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weights (n,1,m | a(0))? and (n’,l’,m’|a(0))*.. The last term represents the 
effect of interference between the two states, namely, a departure from 
the stationary mean probability of electron position, and oscillates 
sinusoidally with frequency (#,,, — £,)/h. If the state a were a com- 
bination of N stationary states instead of two, the probability distribu- 
tion (4) would include the mean of N stationary distributions and a 
number of oscillatory departures from the mean, one for each pair of 
states in the combination. 

At each instant of time, for example, at ¢ = 0, the-departure of the 
probability distribution (4) from its stationary mean value is propor- 
tional to (r|n,l)(r|n’,U)(0|2,m) (| Um’) and can be mapped utilizing the 
explicit form of (r|n,l), (6{lm), (r]n’,’), and (@|U',m’), much as the sta- 
tionary distributions are mapped in the figures of Chapter 14. Whereas 
the stationary probability is positive at all places and only its magnitude 
varies from point to point, the departures from the stationary distribu- 
tion are positive at some point and negative at other points. Figure 
JX.1 shows sample maps of the regions of positive and negative de- 
parture for various pairs of states (n,l,m) and (n’,U’m’). The varia- 
tions of probability distribution in the course of time correspond to a 
net electron flow, defined-as on page 181, ff., which oscillates back and 
forth between the regions marked with different hatchings. 

When the quantum numbers m and m’ are equal, the probability 
| (r,0,6|{ a(2)) |? has the same distribution over all meridian planes through 
the z axis with different coordinates ¢ and oscillates in step on all these 
planes. When m # m’, the departures from the stationary mean differ 
in phase on different meridian planes, as shown in the figure by the 
fact that the equatorial sections are not uniform about their center. 
Instead of considering the off-phase oscillations in the various meridian 
planes, one may visualize the probability distribution (4) at each time 
instant 1, for m ~ m’, as obtained from the distribution at ¢ = 0 by 
rotation about the z axis at the uniform rate of (#,, — ,)/h turns per 
second. 

Let us first. consider the necessary conditions for the mean electron 
position to lie off the center of the atom in the direction of the z axis of 
coordinates. The conditions are two: (a) that there is a mean departure 
upwards or downwards from the z = 0 (equatorial) line in the distribu- 
tion pattern on the meridian xz-plane; and (b) that this departure does 
not average out when the mean is taken over all meridian planes (that 
is, over the coordinate ¢). Figure TX.1 and Eq. 4 show that condition 
(b) is violated whenever the quantum numbers m and m’ are different, 
that is, that condition (b) is expressed by the selection rule 


m—m' = 0, (5) 
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1 Inffects of interference of stationary states of the H atom with n = 2, 
The diagrams represent cross-sectional maps of the departures of electron 
distribution from its stationary components, for different pairs of interfering states 
(a,hiny(n ium’). The cross-hatched areas represent positive departures in Iq. 4, at 
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Soq 


= 0, the hatched areas negative departures. When the departures actually vanish 
on the ay plane, the cy map represents a cross seetion just above this plane. Inter- 
ference patterns with an off-center electron distribution are marked with a black 
corner, 
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Condition (a) is certainly violated whenever the upper and lower 
halves of the xz pattern in Fig. [X.1 are identical, that is, whenever 
(L — m) — (l’ ~ m’) is even, or, in view of (5), when! — is even. To 
obtain a more complete formulation of condition (a), one must actually 
calculate the mean value of z = 7 cos? over the distributions shown 
schematically in Fig. [X.1, that is, the value of , 


(2) = [2, r(rjnjl)(r] nV) [29 cosa(0| Lan) (8| l,m) ]- (6) 


The first factor on the right of this formula is generally different from 
zero, but the second factor is found to vanish unless Eq. 1 is satisfied. 
Kquations 1 and 5 express the selection rule for a displacement of the 
mean clectron position in the direction of the z axis. 

Consider now the necessary conditions for the mean position of the 
electron to lic off the center of the atom in a direction perpendicular to 
the z axis. These conditions are also two: (a) that there is a mean de- 
parture crosswise, along the z = 0 line, in the distribution pattern on a 
meridian plane; and (b) that the effect of this departure does not average 
out when all meridian planes are considered. If m — m’ is even, the 
pattern on any meridian plane is symmetric with respect to the 2 axis 
and condition (a) is violated. The patterns in the zy-plane in Vig. IX.1 
show that condition (b) is violated whenever m and m’ differ by two or 
more. Therefore the quantum numbers m and m’ must obey the condi- 
tion 

m—~ m= +1, (7) 


Condition (a) is certainly violated whenever the upper and lower 
halves of the pattern of Fig. IX.1 show departures of equal magnitude 
and opposite sign, that is, whenever (J — m) — (i’ — mm’) is odd, or, in 
view of (7), when i — l/iseven. To obtain a more complete formulation 
of condition (a), one must actually calculate the mean value of r sin@ 
over the distributions shown schematically in Fig. [X.1, that is, the 
value of - 


» (sind) = [2 r(r| nl) @]n’l’)] (do sing(6! l,m) (| Um]. (8) 


The first factor on the right side of this formula is the same as in (6) and 
is generally different from zero, and the second factor vanishes, ‘like the 
corresponding factor of (6), unless (1) is fulfilled. Therefore, Equations | 
and 7 express the selection rule for a displacement of the mean electron 
position in a direction perpendicular to the z axis. Since the conditions 
(5) and (7) are mutually exclusive, a displacement oblique to the z axis, 
with components parallel and perpendicular to it, occurs only in super- 
positions of more than two states (n,l,m). 
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The condition (1), 2 — /’ = +1, which applies in all circumstances, 
is of greatest importance for the analysis of spectra. It is referred to in 
Chapters 15, 17, and 18, and is illustrated particularly by the diagram ° 
of He levels (Fig. 17.3). The conditions (5) and (7) have particular im- 
portance for the emission or absorption of light In a magnetic field when 
the “normal” Zeeman effect obtains (see page 244). Under these 
circumstances, light emitted in transitions between pairs of states with 
given J and I’ and various values of m — m’ has different frequencies. 
A transition with m = m’ radiates with the same intensity distribution 
and polarization as a linear radio antenna directed along the z axis. 
A transition with m — m’ = +1] ravliates with the same intensity dis- 
tribution and polarization as a single charge which rotates about the z 
axis. According to (4) the direction of rotation is indicated by the sign 
of the ratio (My — L,)/Gn’ — m). 

Notice finally that the selection rules represent a specification and 
limitation of the angular momentum gained or lost by an atom when it 
absorbs or emits radiation. Since the azimuthal quantum number | in- 
dicates an eigenvalue U(J -+ 1)#? of the squared angular momentum I? 
(page 200), Eq. 1 specifies that absorption or emission of radiation by an 
atom is accompanied by a variation of I? equal to 


Wd + 1) ~ VU + DPR = - EE 4D = EAL + LED. 
(9) 


The component 1, of the angular momentum along the z axis has the 
cigenvalues mii specified by the quantum number m. The selection 
rule (2) specifies that 1, varies by -&/ or remains constant in a transition 
with ready absorption or emission of radiation. Moreover the change of 
l, in the transition relates to the polarization of the radiation. A transi- 
tion without change of 1, emits only linearly polarized radiation. 
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| Resonance 


In classical physies, ‘resonance’ indicates a situation where two oscil- 
lation frequencies coincide. Tor example, a pendulum performs forced 
oscillations at resonance when the driving disturbance oscillates with a 
frequency equal to the frequency of free oscillation of the pendulum. 
The oscillation amplitude rises then until it is limited by friction or by 
its reaction on the driving agent. The forced oscillations impressed by 
one pendulum on another one under resonance conditions are of par- 
ticular interest in connection with quantum mechanical analogs. 

Consider the pair of identical pendulums shown in Tig. X.1, which are 
linked by a light spring. If one of the pendulums is initially set”into 
motion, it drives the other one into oscillation through their coupling. 
Because of the resonance condition, the second pendulum increases its 
oscillation amplitude until it has absorbed the whole initial energy of the 
_ first pendulum, which comes thereby to rest. At this point, the roles of 
the two pendulums are interchanged and the “second” drives the “first” 


one. ‘The exchange of oscillation energy from one to the other pendulum 


and back again is easily demonstrated experimentally and continues 
indefinitely, except of course for friction or other disturbances. 
; 398 
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Mathematically, this phenomenon is deseribed in the following man- 
ner. The pair of coupled pendulums has two “normal modes” of steady 
harmonic oscillation, namely, one in which the two pendulums oscillate 
“in step” with equal amplitude and never stretch their link, and one 
in which they oscillate with equal amplitude and opposite phase and 
stretch their link (the link then pulls them back towards their equi- 
librium positions). The first of these modes has the same frequency 


Fig. X.1 Coupled pendulums. 


»y, as cach pendulum would have in the absence of coupling; this fre- 
quency is a little lower than the frequency vp of each pendulum when 
the other one is kept fixed at its equilibrium position and the pull of the 
link speeds up the oscillations. The second normal mode has a frequency 
va higher than yp by an amount equal to 6 = v9 — 71, because the link is 
stretched here by the opposite displacement of both penduluns and thus 
pulls them twice as strongly as if one were fixed. The displacements 
from equilibrium, a and 8, of the two pendulums are given as functions 
of time by , 
‘ a = A cos2ayyl, B = A cos2anyl, (1) 
for one normal mode and by 

a = A cos2rvel, B = —A cos2rryl, (2) 


for the other one, where A indicates the amplitude of oscillation of either 
pendulum, Each normal mode may be regarded as an oscillatory varia- 
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tion of a single variable of the whole system, namely, in the first case, 
the sum = a + 8 of the displacements of the two pendulums and in 
the second case, their difference 7 = a — 8. Therefore Eqs. 1 and 2 
may be expressed respectively in the forms , 


E=a+ B = 2A cos2rl, 7 = 0 (1’) 
&=0, n= a — B = 2A cos2rvel. (2°) 


If one pendulum starts at rest with a shift A and the other one with 
no shift, their subsequent motion is a combination of both normal modes, 
with equal amplitudes, namely, 


ll 


a 


B 


A[} cos2avyé + § cos2arvof] 


A[4 cos2avyt — 4 cos2rvol] (3) 
or 


E = A cos2rvyt ny = A cos2rvet. (3/) 


The formulas of cosine addition and subtraction change (8) to the form 


a 


B 


These formulas represent the motion of each pendulum as an oscillation 
with frequency vp and with an amplitude that varies sinusoidally with 
frequency 6 = vy — 7. 

When the two pendulums differ slightly, for example, if one of them 
is a little shorter than the other, there is a near-resonance condition. 
.The system of two coupled pendulums has still two normal modes of 
oscillation, which are, however, not as simple as in the case of exact 
resonance. If one of the pendulums starts at rest in a displaced position 
and the other one with no displacement, their subsequent motion is a 
combination of the two normal modes with slightly different coefficients, 
The first pendulum still drives the other one into a forced oscillation but 
not quite to the point of transferring to it all of its energy. 

In quantum mechanics the two-pendulum system has characteristics 
quite similar to those described above. One schematizes usually & pen-. 
dulum as a “harmonic oscillator,” that is, as a particle of atomic size 
held in the vicinity of an equilibrium position by an elastic force. The 
elastic coupling of two equal oscillators consists of an additional weak 
force proportional to the difference between the displacements of the two 
particles from their respective equilibrium positions. In the absence of 
coupling, each oscillator has a sequence of stationary states with evenly 
spaced energy levels of oscillatory motion and with increasing mean 


A cosr(vg — »1)t cosm(y, + v)t = A cos2rdt cos2avot 


A’sinr(yg — vy)t cosr(y, + vo)t = A sin2rdt cos2rvol. (4) 
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square values of the displacement a or 6 respectively. (The same holds 
for each oscillator if there is a coupling, but the other oscillator is con- 
fined tightly by an additional strong force.) The-stationary states of 
separate oscillators are not stationary states of the pair of coupled oscil- 
lators. ‘The oscillator pair has an array of stationary states, each 
identified by a pair of quantum numbers nz and n,, where nz charac- 
terizes the probability distribution of the normal mode variable & = 
a+ 6 and n, characterizes the distribution of » = a — 8. That is, the 
normal mode variables & and 7 may be regarded in quantum mechanics 
as in classical mechanics as displacement variables of two hypothetical, 
independent, compound. oscillators. In particular, the first excited 
states (nz = 1,2, = 0) and (m = 0,n, = 1) have nearly equal energies if 
the coupling is weak. The first excited state of one separate oscillator, for 
instance, the state (rn, = 1, ng = 0), can be represented at a given time 
as a superposition of the first excited stationary states (ng: = 1, n, = 0) 
and (nm = 0, m, = 1) of the coupled pendulums. Such a state is non- 
stationary because its stationary components have somewhat different 
energies. It varies slowly in the course of time and coincides alternately 
now with the first excited state of one separate oscillator and then with 
the corresponding state of the other oscillator, in analogy to the classical 
phenomenon represented-by Inq. 4. 

This relationship between a pair of stationary states with nearly equal 
energies and their non-stationary combinations is encountered frequently 
in quantum mechanics and is called a “resonance effect.” In the first 
place, this effect occurs for any pair of identical weakly coupled systems, 
irrespective of whether they are harmonic oscillators.’ In the second 
place, it occurs for any single system with a pair of states that have 
equal—or nearly equa first approximation and that com- 
bine in higher approximation to’ yield a pair of actual stationary states, 
according to the procedure of Chapter 16. Call r and s the two first 
approximation states of the separate oscillators. Call 1 and 2 the sta- 
tionary states obtained by combining r and s, and /) and L, their energy 
eigenvalues. A non-stationary state a(t) which coincides with 7 at the 
time t = 0 may be represented as a combination of the stationary states 
1 and 2 with probability amplitudes that vary according to the law Ds 
page 122, namely 


(Lfa(e)) = e241 [a(0)) = eM) 
(2|a(i)) = e##/*(2|a(0)) = eT Q/r). (5) 


In the course of time the magnitudes of these probability amplitudes 
remain constant, but their phase difference varies at the constant rate of 


fi 
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(kK, — 2)h radians per second. The state a(é) returns, therefore, to 
coincide with r periodically, at time intervals h/(1 — /#2), like the 
oscillation (4) of coupled pendulums returns to be concentrated on the 
pendulum with coordinate a at time intervals 1/26 = 1/( — »). In 
particular, if the non-stationary states r and s have exactly equal energy 
mean values Ho,! all the probability amplitudes (r| 1), (s]1), (r]2), and 
(s|2) have the same magnitude, namely, ark and differ only in phase. 
The state a(t) coincides then alternately with rand s, as the oscillation 
(4) concentrates alternately on one and on the other pendulum. 

The analogy between the oscillations of a macroscopic pendulum and 
the oscillations of a quantum mechanical variable is properly appreciated 
by considering non-stationary rather than stationary states of a quantum 
mechanical system. Consider, for any quantum system, the non-sta- 
tionary states which can be represented as superpositions of only two sta- 
tionary states. The superposition of stationary states with energies 1; 
and 4; yields a state in which the mean value of any variable, for exam- 
ple, of a particle position, oscillates in the course of time with frequency 
(#; — E;)/h (unless that variable happens to-be constant). That is, 
sinusoidal oscillations of a variable occur in any quantum mechanical 
system. The proper analog of the alternating oscillation of two coupled 
pendulums is not a quantum mechanical state of the type a(4) represented 
by (5), but the superposition of the state (i) and of a stationary state 0 
with energy Ho quite different from 1, and Hy. The superposition of the 
pair of stationary states 0 and 1 and the superposition of 0 and 2 con- 
stitute the analogs of the normal modes of coupled pendulums. Since 
a(t) is itself a superposition of 1 and 2, the superposition of 0 and of 
a(t) constitutes a further superposition of (0,1) and of (0,2) and is 
therefore the analog of a combination of normal modes. 

The entire discussion of this Appendix is readily extended to the treat- 
ment of more than two macroscopic coupled pendulums or more than 
two quantum mechanical states. A system of n coupled pendulums has 
n normal modes of oscillation whose frequencies are nearly equal if the 
pendulums are themselves nearly equal and their coupling is weak. 
Similarly, a set of n quantum mechanical states with nearly equal first- 
approximation energies yields in higher approximation 7 statiohary 
states with nearly equal energy cigenvalues. . 


1 This valna . j Z A : 

This value need not coincide with the first-approximation energy eigenvalue of 
the states r and s, just as the frequency v of the example of the classical pendulums 
does not coincidé with their frequency in the absence of coupling. 


Answers to problems 


. 


Ll. N/Ape = 6.025 X 1023/55.84 = 1.079 X 10”. 
1.2. 6.0 X 10/18 X An (6.4 X 10°)" = 6500. 
1.3. (a) Layer contains 0.008 divided by Mr, = 4.4 x 1075 
u = 44% 107-5 moles/em?. Thi 
ness equals 4.4 X 107° X volume of one mole = 1.0m. (b) Rane, ne 
ha x 10-5 XN = 2.7 X 10" Number of F atoms = 3 X 44 x ae 
x 10% (¢) 5X 2.7 X10 +9 X 8.1 X 10" = 8.6 x 10” , XN = 8.1 


QA. 1.2 X 4n(100)? = 1.5 X 10° particles/sec. 
9,2, Current equals number of ionizations per s ti 
‘ 4 s per second times charge of i 
is, 1.5 X 10° X (5.2 X 10°/34) X 1.6 X 107! = 3.7 x gees ene pe 
2.3. Cross section equals number of observed events divided by length of track 
and by number of atoms per em’, that is, 60/2.1 X 10° x 0.05 aba 
y numb ’ : 0.03 ; 23 
aan 57 X 6.0 K 10" = 
2.4, B® must be responsible beeause the neutron absorption is proportional to BY 
 1RA5 10 Ae hee teNatt wae 
= 18:45). B" cross section equals fractional absorption divided 


concentration (2:5 
that is 0.02/0.18 X 2.7 x 10" = 4 x 10-2 em? 


by B" absolute concentration, 
Qu, from Eq. 5, with n/no = 1/8 X 108, d = 6.0 X 10% X 19.3/197 


9 


3.1. (@) b= 
9,4 =79,¢ =48X 107" osu, tm? = 5 X 108 ev = 8 X 


em73, Q = 0.5/107, 2 = = 48 
107% erg, sint(0/2) = gs © ie V3b = V3(2 X 79e2/mo") V3=3X79% 23% 
10-2°/8 X 107° = 68 x 107! em. from Eq. 4 Appendix II and from Eq. 2. ¢ 

The number is reduced in proportion to (Zap)? /(Zau)? = (47)°/(79)? = 1 /2 g a 


4el. Ky = he 7 hug = he/d — he/\y = 6.6 X 10777 X 3 X 10%1/1.7 X 10-8 — 


1/2.7 * 107°) = 4.38 X 107 erg = 2.7 ev. 
4.2. Minimum potential difference in volts equals photon energy hy = he/d, ex 


pressed in ev. (a) 2.0 X 10! volts, (b) 2.0 volts, (c) 2.0 X 10> volts. 
403 
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4.3. The collision is elastic since the electron energy is below the threshold of 
excitation for Hg. Conservation of energy and momentum requires the fraction of 
energy lost by the electron to be 2me/(Mug ++ me) = 5.5 X 107°. 

4.4, The emitting atoms have been raised to their third energy level £3 from which 
the red line is emitted but not to their fourth level. Therefore £3 — Li < K < Ey — 
Ey, that is, 12.1 << K < 12.7 ev. 

4.5. A diagram of levels and transitions, similar to Fig. 4.6, shows that the emis- 
sions L2 and B1 follow the collisions C3 and the emission L1 follows either Cz or the 
emission Bl. Therefore, C3:C2 = (Niz + Npp:i(Nu — Nay; further, Cr = 0 for 
n> 3. 

4.6. The Rydberg constants for the isotopes are in the ratio of the reduced masses 
Ryis: Rriz = mpigimniz = (1 + 1/7.0 X 1823):(1 -+ 1/6.0 1823) ~ 1 —.1/42 x 
1823 = 1-13 x 1075, 


_ BL. (a) I = 7.9 X 1079 erg/em? see, (b) I/h X 10° = 1.2 X 10” photons/cm? see, 


(ec) f° “ae f" sind do r°I(@) = 8.8 < 10° erg/sec = 0.88 watt. 


a 2. (a) 12.0 erg/sec, from 5.1 (c) above, with J = 100(he/A)/10—3 = 6.7 X 10° ev/ 
em’see = 10.7 X 10~” erg/emsec, at 60° and 10 m, (6). 12.0/6.7 X 1.6 X 107! = 1.1 
X 10” photons/see, (c) 0.37 photons/sec, since 10g of Hg with atomic weight 200 
contain 10-9 x 6.0 X 10/200 = 3 X 10” atoms, (@) Via?) = W(2)E/2ave = 
< 10-8 em, from the value of @*) = 1.6 x 107!? CGS units per atom, obtained 
from the formula in Problem 5.1, considering that I = 10.7 X 1077 erg/em?sec at 60° 


and at 10 m for 3 X 10” atoms. 


6.1. (a) Eq. 3 for m = 0 gives no = N exp(—T'/r); that is 0.10 = exp(—10/r);7 = 
~10/In(0.10) = 4.3 sec., (0) n3/N = 0.20, from Eq. 3 with m = 3. 

6. : Any apecified sequence of counts has the same probability (3)° = ¢y. (a) aps, 
(b) ax, (c) as, ) 5 . “s because there are 20 distinct sequences of the specified kind. 

6. 3. (a) (m) = rmed min /N = (T/r) 221 Mn—1/N = T/r = Ap. = 3, (b) (in? ) = 
Two me nm/N = (P/)Emar mm a/N = (T/)22. iim ~ 1)nm-1 bt Mml/N = 
(L/t)? + (1 /r) = 9 +3 = 12, (ce) Am? = (m2) — (my? = T/r = 3. 

6.4. The expected number of counts is (m) = 1.04Nt; the expected increase of 
counts is (m) — Nt = 0.04Né; the mean square deviation is (sce Problem 6.3) Am? = 
(m) = 1,0-4Nt; the root mean square deviation is Am ~ V Nt; critcrion of significance 


0.04ANt = 3VNi: t = 5625/N sec. 


7.1. Since the components have equal intensities, (m) = 0 and Am? = ¢(3)? + 
4G)? + 3(—3)? +4(-3 3)? =F. 7 

7.2. (a) According to Eq. 18 the separation is ni/j = 2.7 X 1079 x 103/23 = 1.8 
x 10~" erg = 1.1 X 10-5 ey, (b) » = 1.8 X 10—17/h = 2.7 X 10° cyeles/see. 

7.3. (@) (iit) = m cosd, (b) Am? = 3G +1) — mm?) sin’a = 3(2 — m?) sin’a. 

TA. K = 38. 


8.1. Eq. 9 with m =m = 1 becomes cosopp = cosaRA coseap — sinapa sineap, 
which holds for agp = apa -+ AP. 
Sin ip ek L od * . 
8.2. For j = 3, i = m = 3, Eq. 22 becomes exp(i}x) costa exp(iim) = costar X 


~ja-avi, 


7 1 : ae Pee: : 
exp(tj7) cosy ~ sin}a exp(—itx) sinkx, thatis, iV) = 4a -+oVW2 
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8.3. f = |(B1[P1) |? = |cosepa coswap — sinapa oxp(#37) sinaap |? = cos’apa X 


cos’wap -+ sin’ega sin?waB — 2 cosepa coseap sinapa sineap costar = cos’app + 


+ sin2opa sin2aap. 

9.1. (a) Because the energy levels of the atoms in the field are evenly spaced, their 
differences are multiples of one another. (6) The largest difference among four evenly 
spaced levels is three times the spacing. 

9.2. Enter in Eq. 4 the probability amplitude (Am|Pm) for m = --4,m = # from 
Inq. 21 and Table 8.1 of Chapter 8. Choose the reference planes as in Problem 8.2. 

- Fenter in the exponential of Iiq. 4 the valuc if/ji = 1.7 X 10° radians/see. Enter 
into Eq. 2 (Am| Q(m) from Eq, 4, and (Bm|Am) from Iq. 21 Chapter 8, for m = 4 
1” ‘The result is |(BE/Q(3)[? =.costte — 1.7 X 10%; 1B —Lows) 2 = 


or —3%. 
sint(ta — 1.7 X 10%). 

10.1. (a) Application of Eqs. 3 and 4 for two crystal cells on adjacent lattice planes 
yields the Bragg condition in the form 2d sing0/A = N. The maximum value of ), 
Amax = 2d = 4.2 A, corresponds to N = 1 and @ = 180°, that is, to perpendicular in- 
cidence of the X rays on the lattice planes. (b) For particles the analogous Bragg 
condition is 2p dsink0/h = N. Emin = Pmin?/2m = 1?/8md? for N = 1, 0 = 180°, 
that is, Hmin = 8 ev for electrons and #min = 4 X 10—? ev for neutrons. 

10.2. Owing to interference the intensity 7 is not proportional to s*, but to a quan- 
tity [S|? to be calculated according to Eq. 14. Enter d in place of m1 ~ ra; notice 
that p-d = mvsindd, where m is the neutron mass 1.7 X 1077! g, Hence 7(@) = 
2|S(0) 2/r? = 2(s?/r)[L + cos(6.4 sind)]. 

10.3. Equation 16 can be generalized to apply-to molecules with different kinds 
and different numbers of atoms, as apparent from its derivation. For COs, Eq. 16 
beeomes (0) = sc? + 2so7{1 + sin[2(mv/H)2dco sin $0]/2(mv/i)2dco sinke} + 4sosc 
X sin[2(mv/hi)dco sin}0]/2(mv/h)dco sink = [10.8 + 6.7 sin(14.0 sin}6)/14.0 sin39 + 
14.8 sin(7.0 sin}0)/7.0 sindo] X 10-* cm?, In a plot of o(?) take as abscissa x = 
7.0 sindé and notice that sinx/z equals 1 at x = 0, vanishes at 2 = nm and has max- 
ima or minima near (n + 3)z. ‘ 

ILL. The probability distributions of , y, and z are given by Eq. 34, those of pz, 
Py and pz (which are stationary) by Eq. 32. The results are (x) = (qx/m)t, (y) = 
(qy/m\, (2) = (ge/m)t, (Dz) = Qe, (Py) = Gy (Pe) = Ge, Av? = Ay? = A? = P+ WE] 
4mid?, Ap? = Ap,? = Ap? = 12/402, Ax Ape = Ay APy = Az Ap, = 28(1 + 7°0/ 
4m2d') 4, Notice that the minimum value of Az Ap,, etc., consistent with the uncer- 
tainty principle occurs at é = 0. 

11.2. P(R) = f"exp(—2r/a) (4x1 /a? dr = 1—exp(—2R/a)(1 + 2R/a + 2R?/ 
a”); Ry = 1.84a. 

13.1. Continuity of (c]#) requires 1 + A = B, continuity of d(v|2)/dx requires 
K(1 — A) = K’B. Solution: A = (K — K)/(K + K) = (2 - KY(K + KY = 
Vol(WB + VE Vo)%s RUB/Ve) = 1/(VE/Vo + VE/Vo — 1Y 

13.2. The four continuity conditions are: 1 -+ A = B+ C, K(L-~ A) = 
KYB ~ C), B exp(iK’a) + C exp(-iK’a) = D oxp(ik’a), KB exp(iK'a) — 
C exp(—iK’a)] = KD exp(iKa). Solution: A = (K2 — K?)/(K? + KK” + QiKK’ X 
cotK’a), |A[® = [L + 4B — Vo)/Vo? sin’ V 2m(# — Vo) a/h)|—. In plotting ex- 
press sin’(W 2m(E — Vo) a/f) as — sinh?(V2m(Vo ~ E)a/h) when Vo > E; this 
hyperbolic sine is very large, so that |A ? ~ 1, unless V2m( Vp — Boa/i <1. At 
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Vo = BE, |AP = (1 + 442/2neB)-. For Vo < BE, |A vanishes whenever 

V2m(E — Vo) afi. = nx, and has maxima at V2m(E — Vo) a/ti ~ (n + ar; |AP 
also vanishes at Vy = 0, 

13.3. Equation 20 yields, in the limit of Vo = », By = n2h2/8ma", where n = 1, 2, 

- is the number of bright fringes of the cornespondnie probability distribution. n 

this limit each wave function vanishes at the edges of the well, that is, at x = + sa 


(sec p: 186). The wave function is then, (z|[n) = V2/a cos(nme/a) for nm odd, and 


(x|n) = V2/asin(nex/a) for n even. Notice that i dx|(2\n) |? = 


13.4. The eigenvalue Ey is obtained by entering ee wave function (|N) in the 
Schroedinger equation 9a, with V2(2) = $kx®, The equation is seen to be fulfilled 
. With the eigenvalue EF By = (N + 4)hi(k/m) %, Note that a macroscopic particle under 


the influence of the force —kzx oscillates sinusoidally with frequency »y = V k/m/2r; 
in terms of this frequency, Ey = (N + 3)hv. The mean potential energy (Vz) = 
ef x"! (x|N) dx is found to be 4n. Since Hy = (K) + (Vz), the mean-kinetic 
energy must also be $y. Note that when a macroscopic particle per forms sinusoidal 


oscillations, its kinetic and potential energies are also equal to one another when 
averaged over a cycle of oscillation. 


13.5. From Eq. 7: Enjn ye, = En, + En, + Ep, = neh? /8ma® + 17h? /8mb® + 
pe/2m. From Iq. 8: (eyz|natpP2) = (ln \(yln,elp.) = V2/a cos(nenz/a) X 
V2/b cos(nyry/b) exp(ip.z/h) for nz and n, odd; the cosine is replaced with a sine 


whenever nz or ny is even. In mapping for nz = 2, n, = 3, notice the three dark 
fringes across. the conduit, centered at x = 0 and at y = +1 A; there are six bright 
fringes with maximum probability equal to 0.22 per A? at the points with coordinates 
(40.75 A, 2 A), (40.75 A, 0), (£0.75 A, —2 A). 

13.6. From the law of time dependence (2|b(@)) = exp(— iMet /h)(2|b(0)) = Vt x 
exp(—~imht/ma’), (3)b()) = exp(-iLst/h)(8|bO)) = VE exp(—iMrht/4ma?), (a) 
(x]{b(O) = (x|2)(2|6)) + (e13)B/0O) = a~” sin(Qrx/a) exp(—irht/ma®) + av 
X cos(8ex/a) exp(—i9mht/dma?), (b) |(eib@) = am'Isin2Qax/a) + cos’(Brx/a) + . 
2 sin(2rz/a) cos(8rxr/a) cos(Saht/Ama’)], (c) (&) = —(48a/2522) cos(Srht/4ma’). 


14.1. Obtain the component wave functions (r,9,¢ | n,1,m) from Eqs. 18, 15, 16, and 
17, where m coincides with m, since m = 0. Enter the time dependence of (n,l,m|b(d)) 
in the form exp(~ikgt/h) = exp(iet/n®) where w = —H,/h = 2.0 X 10! radians/sec. 
Combine the components. (a) (7,8 6100) = (1/ra¥) 4 (v3 exp(—7r/a + tet) -+ § VA 
X cosd (r/a) exp(—4dr/a + itet) + 4 OVER cos’a — 1)(r/a)* exp(—3r/a + tyeol)], 
(b) (7,9 ,61b())]2 = (1/2ra*){ fexp(— 2r/a) + (4)® cos’6(r/a)? exp(—r/a) + 4 (4)9(8 cos?e 
— 1)*(r/a)! exp(—2r/a) + 4 cos? (r/a) exp(—3r/a) cos(Zut) + (4)%3 cos’a — 

1)(r/a)’ exp(—4r/a) cos(But) + £ 4)% cos? (8 cos’e — 1(r/a)® exp(—Br/ay x 
cos(xget)], (©) (x) = (r)(sind)(cosp) = 0, (y) = (r)(sind)ising) = 0, @) = (r)(cosd) = 
(3)*4a cos(fot) + (2)83/3 a cos(s$set), where a = Bohr radius = 0.53 X 107% em. 
Notice how the caleulation of (z) and (y) and (2) reduces greatly. This is an example 
of the selection rules given in Appendix IX. 

_ 14.2, Because the potential energy depends only on the coordinate r, and the 
eigenfunctions depend on 7, @, and @ through separate factors (see Eq. 18), the gen- 


eral formula (V) = XrV(r)|(r] nlm) |? reduces to (—e2/r) = =e [ dr(i/r) X 


2 . . . 
]@7[n,0/. Because exch wave function (r|n,J) is the product of an exponential and of 
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a polynomial in 7, the integrand reduces to a sum of terms of the type é 
i 2 : “ype &” exp(—é). 

The result is (V) = —¢?/an® = 272/02? ev = 2K, independently of 1. pv » 
= (K) + (V) follows then for the eigenstates of energy In, (K) = BH (V) _ 
4n _ 

—B,= 18.6/n* ev. , ; 


we 


15.1. Splitting into four components implies j= The gyromagnetie patio as 
defined by Ieq. 2, is then y = p/jh = 2.7 < 107 /% X 1.05 x 1th re 
CGS units = —e/mc. The magnetic moment stems entirely from spin currents 
15.2. The fractional wavelength shift of 0.0016/1849 = 1/1.2 & 108 due to the 
magnetic field implies a corresponding shift of the photon energy, which is normally 
6.7.ev = 10.7 X 107 erg. An energy shift of 10.7 X L07#/1.2 x 108 = 9 x i013 
erg caused by a field of 1000 gauss implies a difference of 9 X 1072! crg/gzauss = 1 
Bohr magneton between sucecssive eigenvalues ofss;; the Zeeman effect is accordingly 
normal and the magnetic moment is due to orbital currents. 


16.1. There are four states (n,4m) with n = 2: (2,0,0), (2,1,1), (2,1,0), (2,1,-1) 
with equal energy HZ in absence of disturbance. Because the electric field F oxerts 
a torque perpendicular to its own direction, it leaves unaffected the component l, of 
lin the direction of F. The single state with l, = #, (2,1,1), and the single state with 
l, = —h, (2,1,—1), remain energy eigenstates; their energies are unchanged by F 
beeause the mean position of the electron. coincides with the nucleus. Two states 
with 1, = 0, combinations of (2,0,0) and (2,1,0) with off-center electron distribution 
(Sect. 14.4) are energy eigenstates in presence of F, with eigenvalues Hy + e(z)F; 
according to Chapter 12 they are the combinations with maximum and minimum (2), 
These combinations and the corresponding (z) = -48¢ are given by Kgs. 28, 25, 26, 
pp. 213-214; the enorgies of these off-center states are therefore Hy 4: 1.59 X 10 ey, 

16.2. From Eq. 13 the gyromagnetic ratio is —}(e/me)g, and g is for cach 1 and p: 


io. 12 2 
. 1 1 Q ! fs 

2 4 A 8 
g 23 8 oT 


16.3. The fractional wavelength shift 6/5890 ~ 1073 implies a spin orbit coupling 
energy of 1/1000 of the photon energy hc/5.9 X 1075 = 2.1 ev = 3.4 X 107" erg. 
From Eq. 14 the energy shift due to the magnetic field for j = $ and 4, respectively, 
is9 X 107°°4. 73 erg and 9 X 10-723 erg, with H in Gauss. The required shift 
is produced by H = 107? X 1078 X 3.4 X 107? /9 X 107! X BX b= LX 10! 
gauss. 


17.1. Wave functions of a single electron in the ground state from Problem 13.4; 
(x |0)(y|0)(2}0) = a—%427% exp(—32"/a") a4 a Aexp(—4y"/a?) a4 4 exp(—422/ 
a) = a2 exp(—}r?/a?); in the first excited state of motion along r:(x|1) X 
(y|0)(2|0) = taka x exp(—$r°/a?). (a) Wave functions of the two-clectron 
states from Hq. 18: (r1,r2}100,009,S) = a'r xy exp[ (re + 2?) /a?] + (-1)5 Xx 
ant e734 x9 expl—}(r? + re) /e"), (0) substituting r= R + de, re = R — tr gives 
(R,r{100,009,0) = 2a7%#r-%4 X exp(—B?/a?)a-*4a 4 exp(—Fr’/a”), (R,r| 100,000, 1) 
= gba % exp(—R2/a®)a7? r—% x exp( —1/a), Notice that these wave functions 
are products of an oscillator wave function of the center of mass coordinates R and 
of 2 wave function of the relative position r of the two particles. In the para state 
the motion of the center of mass is the same as the motion of a single particle in its 
first excited state, while in the ortho state the relative motion of the two particles is 
excited and the motion of the center of mass is in the ground state, This separation 
of the wave function is a characteristic of motion under the influence of elastic forces. 
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e particles, 15 
escape from nuclei, 187 
scattering, 26 ff., 97, 344 
by helium, 252 
Rutherford formula, 29-30 
Absorption spectrum, 48 
- Acetylene, 309 
Acid, 331 
Actinide elements, 281 
Addition of angular momenta, 282, 236 ff. 
Alkali atoms, 226, 23+ ff., 240 
Alloys, 328 
Ammonia, 306 
.Ammonium ion, 805 ; 
Angular momenta, addition of, 232, 2361f. 
Angular momentum, 218, 223 ff. 
component, eigenstates of, 224 
orbital, see Orbital angular momentum 
spin, see Spin 
squared, eigenstates of, 224 
-total, 232, 283 
Anthracene, 320 


Antibonding states, 287, 293 

Argon atom, 277 ff. 

Atomic events, randomness of, 64 ff. 

Atomic number, 25, 31 

Atomic orbitals, 294, 208 

Atomic weight, 6 

Atoms, 4 
energy levels of, see Energy levels 
ionization potentials of, see Tonization 

potential 

planetary model of, 32, 52 
quantity of electricity carried by, 7 
radii of, 167, 248, 270 ff. ‘ 
shell structure of, 46, 271 ff. 
stability of, 81, 154-155, 246-247, 268 
structure of, 25 ff. 
volume of, 6 

Average, see Mean 

Avogadro’s number, 6, 16 

Azide ion, 316 

Azimuthal quantum number, 1, 200, 226, 
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B rays, 15 
Balmer series, 50 
Band width, 168 ff, 351 
Benzene, 319 
Berillium atom, 250, 277, 30-1 
Binding energy, 45, 48 
see also Ionization potential 
Binomial distribution, 355 
Bohr, magneton, 229 
principle of complementarity, 154 ff. 
radius, of hydrogen atom, 167, 192 
theory of hydrogen spectrum, 51 ff. 
_ Bohr-Sommerfeld quantum condition, 
189 
Bond, angles, 306 
direction patterns, 305, 307 
energy, 299 
Bonding states, 287, 293 
Borate ion, 316 
Born-Oppenheimer approximation, 268, 
289 
Boron atom, 249, 277, 30-+4 
Bragg reflection, 188 ff. 
Bubble chamber, 21 
Butadiene, 318 


Calcium atom, 278 
Canal rays, 8 
Carbon, atom, 304 
dioxide, 315 
_ monoxide, 310 
Carbonate ion, 316-317 
Carboxyl, 331 
Cathode rays, 11 
Cavity resonator, 61, 387 ff. 
Center of mass, 215, 348 
Chemical bond, 286 ff., 296 ff. 
Chemical elements, 4, 272 ff. 
Closed shell effects, 275 ff., 287, 305 
Cloud chamber, 20 
Coherent superposition, 102, 120 
Cold emission, 187 
Collision, elementary processes of, 22 ff, 
elastic and inelastic, 40 
Combination, of spectral terms, 49 
of probability amplitudes, 111 
Combustion, 302 
Commutator, 381, 384 
Complementarity, 154 ff., 383 ff. 
Complete set of eigenstates, 97, 101, 198 


Complex conjugation, 118, 360 
Complex numbers, 359 ff. 

Components of states, 80 If., 88, 95, LOL 
Configuration, 274 ff., 294 

Conjugate momentum, 385 

Conjugated bonds, 319 


~ Constant proportions, law of, 4 


Contingency table, 356 

Copper atom, 279 

Correlation coefficient, 357-358 

Coupling, spin-orbit, see Spin-orbit. 
coupling 

Covalent bond, 300, 325 

Critical potential, 43 ff. 

Cross section, 23, 24 

Crystal structures, 325 ff. 

Current circulation, within atoms, 90, 
218 

Cyanide ion, 311 


6, symbol of Kronecker, 365, 375 
de Broglie wavelength, 141 
Debye-Scherrer diffraction pattern, 130, 
140, 145 

Deviation, from mean, 354 
Diagonalization of matrices, 378 
Diamond, 325 
Diffraction, 129 ff. 

by crystals, 137 ff. 

by molecules, 145 

of electrons, 140 ff. 

of light, 185 ff. 

of molecules, 141 

of neutrons, 141, 

‘of X rays, 187 ff. 
Dimerization, 332 
Dipole, electric, 302-303, 329 

induced, 332 ff. 
Dissociation, ionic, 331 
Double bonds, 307 ff. is 
Doublet, levels of alkali atoms, 226, 232, . 

240 

Ductility, 328 
Dye action, 319 


Kigenfunction, 83 

Eigenstates, 75 ff. 
analysis into, 95 ff. 
characteristic property of, 170 ff. 
complete set of, 97, 101, 193 


Higenstates, determination of, 172, 
377 ff. 
probability of, 101, 106 ff. 
superposition of, 100, 109 
variational properties of, 169 Mf. 
Ligenvalue, 75, 83 
determination of, 168 ff., 377 ff. 
Kigonvalue equations, 83, 128, 145 
Einstein’s equation of photoelectric 
effect, 39, 50 
Hlectric dipole, see Dipole 
Electric field, 57 
Electrolysis, 7 
Electromagnetic radiation, 56 ff. 
Flectron, 11, 12 
diffraction of, 140 
pairing of, 299 
Electron volt, 13 
Electronegativity, 301, 823 
Elementary charge, 7, 16 
Elementary processes, 22, 41, 63 
randomness of, 63 ff. 
Emission spectrum, 48 
dnergy dissipation, by electromagnetic 
radiation, 56 , 
Energy, eigenstates of, see Stationary 
states and Energy levels 
levels of atoms, 34 ff., 41, 50 ff. 
classification of, 50, 198 ff., 2385 ff, 
282 ff. 
in magnetic fields, 98, 226 
levels of particle in potential well, 
187 ff. 
levels of radiation, 59, 387 ff. 
of chemical reactions, 12 
Ethylene, 307 
Iixchange energy, 263, 297 
Excited states, 43 
exclusion principle, 2-46 ff. 
[exponential function, 60 
léxtraction potential, 38, 45, 48 
Extraordinary ray, 80 


Faraday’s constant, 7 
_ Fine structure of spectra, 51, 226, 283 
Fluorine, 302 
Fourier analysis, 57, 76, 77, 122, 148, 
348 ff. 
Franck-Hertz experiment, 41, 64, 96 
Free particles, motion of, 147 
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Free radicals, 299 

Ty y 7 7 . 4 
I requency of oecurrence, 3538 
Fresnel mirrors experiment, 134 


Gaussian distribution, 855 
Geiger counter, 20 
Graphite, 321, 336 ; 
Gratings, ruled, diffraction by, 135 
Ground state, 43, 179 
Gyromagnetic ratio, 218, 221 

of combined currents, 243 

of orbital currents, 224-225 

of spin currents, 227 
Gyroscopic motion, 222 


Ilarmonie oscillator, 388 ff., 400 
Hartree self-consistent method, 273 
Heisenberg uncertainty principle, 154 ff. 
Heitler-London treatment of He, 294 
Helium atom, 248, 276 

spectrum of, 259 ff. 
Hermite polynomials, 389 
Hermitian matrix, 377 
Heteropolar bond, see Ionie bond 
Homopolar bond, see Covalent bond 
Hydrogen atom, classification of sta- 

tionary states, 193 ff. 

energy levels, 50, 203 

ground state, 191-198 

size of, 168 ff., 204 ~ 
Hydrogen bond, 325, 331 
Hydrogen, cyanide, 311 

molecular ion, 285 ff. 

molecule, 254, 285 ff. 
Hydrophilic action, 331 
Hyperfine structure of spectra, 51, 286 


Identical particles, 250 ff. 
Imaginary numbers, 359 ff. 
Incoherent superposition, 102, 120 
Incompatibility of physical variables, 
73 ff., 81, 92, 154, 37718, 3881 ff. . 
Independent-electron approximation, 
249, 268, 271 ff., 288 
Inclastic collisions, 40 
Interference, 102, 118, 136 
Interference fringes, 135, 176 ff. 
in hydrogen atom, 198 ff. 
in molecular orbitals, 291 ff. 
size of, 181 
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Tonic bond, 300, 326 
Ionization, 8, 19, 45 
potential, 45, 248 ff., 270 ff. 
Ions, 7, 281, 327 
radii of, 327 
Isoclectronic sequences, 31, 281, 309 ff, 
316 ff. 
. Isotopes, 10 - 


Jamin interferometer, 118 
Kronecker, § symbol of, 865, 375 


Laguerre polynomials, 211 

Land6é factor, 243 

Larmor precession, 123, 219 

Laue diffraction pattern, 180, 139 
Leakage through potential barrier, 187 
Legendre functions, 210 

Light quantum, see Photon 

Linear bond pattern, 305 

Lithium atom, 249, 277 

Lyman series, 51 


Magnetic energy, 93, 241 ff. 
“Magnetic field, 57 
Magnetic moment, 90, 220 ff. 

effective, 87 f{f., 218 
Magnetic quantum number, m, 211 
Mass:‘number, 11 
Mass spectroscopy, 9-10 
Matrix, 114, 376 

diagonal, 377 

diagonalization, 878 

clement, 376 

Hormitian, 377 

unitary, 114 
Mean, 353 

cube, 358 
. square, 353 

square deviation, 354 

of physical variables, 157 ff. 

Metallic bond, 321 ff., 327-328 
Methane, 305 
Meyer-Gerlach experiment, 65 
Michelson interferometer, 133 
Millikan experiment, 15, 65 
Molecular beams, 85 ff. 
Molecular crystals, 336 
Molecular orbital, 288, 299 


Molecular weight, 6 
Molecules, 5, 298 
diffraction by, 145 
diffraction of, 140-141l | 
Momentum, conjugate to a variable, 385 
cigenstates of, for particles, 86, 143~ 
144 
for photons, 77 
Monochromator, 75 
Multiple bonds, 307 ff. 
Multiple proportions, law of, 4 
Multiplets, 283 
Multipole, electric, 330 


Naphthalene, 320 
Neon atom, 249, 275, 277 
Neutrons, 85 
diffraction of, 141 
Nickel atom, 279 
Nitrate ion, 316-317 
Nitrogen, atom, 306 
molecule, 310 
monoxide, 316 
Nodal surfaces, 183, 198 ff. 
Nodes, 183, 258 
Normal coupling, 282 ff. 
Nuclear motion, effect on atoms, 53, 215 
in molecules, 269, 291 
Nuclear spin, 235 
Nucleus, 25 


Onc-electron bond, 288, 299 7 
One-electron states, 273, 288, 29-4 
Operator, 380 ff. 
Orbital, 288 
atomic, 204, 298 
molecular, 288, 299 
Orbital angular momentum, 193 
component, cigenstates of, 212 
component squared, eigenstates of, 108 
quantum number, i, 200 
squared, eigenstates of, 200 fF. 
total, 283 
Orbital current, 218, 283 
gyromagnetic ratio of, 224-225 
Ordinary ray, 80 
Orthogonal states, 81-82, 97 
Orthohelium, 259 ff, 
Orthohydrogen, 254 
Oscillation, sinusoidal, 57, 348 


Oxygen, atom, 306 
molecule, 311 
diffraction by, 146-147 


Pairing of electrons, 299 

Paraffin, 336 

Parahelium, 259 ff. 
Parahydrogen, 254 
Paramagnetism, of Og, 311 
Particle, energy, eigenstates of, 86 

momentum, eigenstates of, 86, 143 

position, eigenstates of, 95 
Pauli exclusion principle, 246 ff. 
Phase, 101, 111 ff., L44 

difference, 100, 104 ff. 

in particle diffraction, 142 ff. 
of stationary states, 127 
Phenanthrene, 320 
Photoelectric effect, 36 ff. 

Kinstcin equation of, 39, 50 
Photoelectric threshold, 37 
Photographic emulsion, 20 
Photon, 33, 59 

energy, cigenstates of, 75-76, 389 

momentum, eigenstates of, 77 

polarization, eigenstates of; 78 If. 
Planck constant, h, 33, 39 

hi, 122 
Plane waves, 77, 82 ff., 143 ff. 
Planetary model, 32, 52 
Plastic deformation, 328 
Poisson distribution, 68, 355 
Polar coordinates, 196 
Polar groups, 325, 329 ff. ° 
Polarization of light, 73, 78 ff. 
Polymethine compounds, 319 
Potassium atom, 278 
Potential energy, 174 

step, 184 

well, parabolic, 389 

square, 187 ff. 
Principal quantum number, n, 205, 292 
Probability, in macroscopic and quan- 
tum physics, 69 ff. 
- of eigenstates, 101, 106 ff. 
combination law, 108 
Probability amplitudes, 102, 110 ff. 

combination rule of, 111 

reciprocity law of, 113 

time dependence of, 121 ff. 
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Probability distribution, 353 
Proper state, see Ligenstate 
Proper value, see Kigenvalue 
Proportional counter, 20 
Proton, 235, 254 


Quadrupole, electric, 330 
Quantum number, 90 
a, 199 
j, 90, 223 
J, 283 
l (azimuthal), 200, 226, 292 
. L, 288 , 
m (magnetic), 90, 221 
m, 198 
mj, 240 
Ms, 229 
n (principal), 205, 271, 292 
ny (radial), 202 
8, 229 
S, 249, 283 
Quantum physics, 35 
main facts and concepts, 64, 69, 74, 
95 ff., 104, 108 ff., 127, 153 ff., 374 
Quantum propertics of electromagnetic 
radiation, 59 


Radial quantum number, n,, 202 

Radiation potential, 44 

Randomness of atomic events, 64 fT. 

Rare carths, 280 : 

Rare gases, 271, 277 ff. 

Reciprocity, 93, 96, 118 

Reduced mass, 58, 215-216, 342 ~ 

Resonance, 264, 297, 398 ff. 
stabilization by, 301, 314 

Root mean square deviation, 354 

Russell-Saunders, see Normal coupling 

Rutherford scattering, see a-particle 

scattering 
Rydberg constant, 50 ff. 
Rydberg-Ritz combination principle, 49 


Schroedinger equation, 168 ff., 378 ff. 
time dependent, 175 
Scintillations, 17 
Selection rules, 392 ff. 
Self-consistent potential, 273 
Scparation of components of motion, 
182 Mf., 195 ff., 208 f., 215, 289 


Ald INDEX 
Shells, atomic, 46, 271, 276 
effect of completion, 275 ff., 287, 305 
Silicon, atom, 275 
carbide, 326 
Sinusoidal oscillations, 57, 348 ff. 
Sodium, atom, 277 
chloride, 300-301, 326 
Solvation, 331 
Sommerfeld quantum conditions, 189 
Specific charge, 7,9 
Spectra, fine structure of, 51, 226, 283 
dependence on atomic number, 272 
hyperfine structure of, 51, 236 
Spectral analysis, 35, 72 ff. 
Spectral terms, 50 
Spectroscopy, 47 ff, 
_ symbols of, 202, 208, 276, 283, 291 
Spin angular momentum, 229 ff. 
total, 249, 254, 283 
Spin current, 219, 227 ff., 283 
gyromagnetic ratio of, 227-228 
Spin magnetic moment, 229 
Spin, nuclear, 235 
Spin-orbit coupling, 233 ff., 241 ff., 274, 
282 ff. 
Stability of atoms and molecules, 31, 
154-155, 246-247, 268 
State, of a quantum mechanical system, 
75 ff.- , 
components of, 80 {f., 88, 95, 10L 
representative, 380 
_ vector, 380 
Stationary states, 34, 43, 64, 95, 102, 
122 ff. 
phase’ differences of, 127 
Stern-Gerlach experiment, 86 ff. 104 ff., 
123 ff., 219 ff. 
Subshell, atomic, 276 
Superposition, of eigenstates, 100, 109 
principle of, 102 


Tetrahedral bond pattern, 305 
Three-electron bond, 288, 299 
Transuranic elements, 281 
Triangular bond pattern, 305 
Triangular condition, 240 
‘Two-electron bond, 299 

see also Chemical bond 


Uncertainty relations, 154 ff., 382 ff. 
United atom limit, 293 
Unsaturated electrons, 299 


Valence, 303 

Van der Waals force, 325, 334 ff. 

Variables, in quantum physics, 74-75 

Variational property of cigehstates, 
169 ff. 

Vulcanization, 325 


Water, 330-331 
molecule, 306-307 
Wave equation, 83, 150, 175 
Wave function, 112, 144 - 
Wave mechanies, 132 
Wave number, 82 
Wave packet, 148 ff. 
Wave properties of particles, 153 
Wave vector, 82 
Wentzel-Kramers-Brillouin 
tion, 186 
Wigner coefficients, 240 


approxima- 


X rays, 46 
diffraction of, 137 ff. 
spectra of, 272 _ 


Yield strength, 329 
Zeeman effect, 94, 218, 225 ff., 244 


anomalous, 244 
normal, 244 


